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PREFACE 


Electromagnetic Field Theory and Transmission Lines is a core subject for all the students 
of BE/BTech in Electronics and Communication Engineering, Electronics Engineering, 
Electrical Engineering, Electronic Instrumentation Engineering, MSc (Electronics), MSc 
(Applied Physics), AMIETE, AMIE, and other courses throughout the world. EMF theory 
is essential for the design and analysis of all communication and radar systems. Moreover, 
it has numerous applications in all fields of life. It is a universal theory and has many 
advantages over the circuit theory which has limited applications. It is also useful in bio- 
medical engineering in connection with radiation therapy. It is extremely useful to 
interpret electromagnetic interference in the systems for compatibility studies. The 
behaviour of electromagnetic waves between the transmitter and receiver can be 
understood only with the concepts of the electromagnetic field (EMF) theory. 


I have been teaching this important subject for several years, referring to books 
written by several experts like Kraus, Jordan, Hayt, Kreyszig and Narayana Rao. However, 
the general belief is that no single book available caters to the needs of a complete 
course required for undergraduate and post graduate programmes. In view of this, an 
attempt is being made to bring out a simplified book on the subject of Electromagnetic 
Field Theory and Transmission Lines. 


I hope that this book will be extremely useful for students, teachers, professionals, 
engineers, technicians, designers and also for short-term course organisers. 


Any suggestions to improve the book will be welcome. 


G.S.N. Raju 
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INTRODUCTION 


This introduction provides 
» a list of some applications of EMF theory 


» a comparison between EMF and Circuit 
theories: the reasons why EMF theory is 
superior and why it is essential for engineers 
and scientists 

small and large value representation, 
frequency ranges of TV channels and so on 
for general information 


information about the notations used in this 
book 


comprehensive background of the parameters, 
symbols, units and meanings 
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Electromagnetic Field (EMF) Theory is often called Electromagnetics. It is a sub- 
ject which deals with electric field, magnetic field and also electromagnetic fields 
and phenomena. 


EMF Theory is essential to design and analyse all communication and radar 
systems. In fact, it is also used in Bio-systems and in this context it is called Bio- 
electromagnetics. 


APPLICATIONS OF ELECTROMAGNETIC FIELD THEORY 


Electromagnetic Field Theory is used in 


1. Wireless communications 

. Satellite communications 

. TV communications 

. Cellular communications 

. Radio broadcast 

. Mobile communications 

. Microwave communications 


. All types of antenna analysis and design 


Oo AN Oo Ol d CQ N 


. All types of transmission lines and waveguides 


a 
© 


. Bio-medical systems 


mÓ 
Ó 


. Electrical machines 


pi 
N 


. Speed-trap radars 


. Weather forecast radars 


= me 
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. Remote sensing radars 


pa 
O1 


. Radio astronomy radars 


a 
ON 


. Ground mapping radars 


pay 
N 


. Meteorological radars 


= 
oo 


. Plasmas 


a 
Nel 


. Electromagnetic interference and compatibility 


N 
oO 


. Electromechanical energy conversion systems 


N 
QÓ 


. Electric motors 
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22. Cyclotrons 

23. Nuclear research 

24. Radiation therapy 

25. Heating deep tissues 

26. Stimulating Bio-physiological responses 
27. Relieving some pathological conditions 
28. Induction heating 

29. Melting 

30. Forging 

31. Surface hardening 

32. Annealing 

33. Soldering 

34. Dielectric heating 

35. Joining plastic sheets 

36. Sealing plastic sheets 

37. Agriculture 

38. Reducing acidity in vegetables to improve taste 
39. Telephones 

40. Fibre optic communications 

41. Lasers 

42. Masers 

43. Electric relays 

44. Transformers 

45. Microwave ovens 


The design and analysis of a system, device or circuit requires the use of 
some theory or the other. The analysis of a system is universally defined as one 
by which the output is obtained from the given input and system details. On the 
other hand, the design of a system is one by which the system details are obtained, 
from the given input and output. These two important tasks are executed by two 
most popular theories, namely, circuit and electromagnetic theories. The differences 
between them are listed on next page. 
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DIFFERENCES BETWEEN CIRCUIT THEORY AND 
ELECTROMAGNETIC FIELD THEORY 


Circuit theory 


Field theory 


1. 


16. 


Deals with voltage (V) and 
current (I) 

V and I are scalars 

V and I are produced from E and 
H respectively 

V and I are functions of time (t) 


Radiation effects are neglected 


Using circuit theory, transmitter 
and receiver circuits can be 
analysed and designed. But it 


cannot be used to design or 
analyse a medium like free space 
This is simplified approximation 
of field theory 

The variables of circuit theory, V 
and I are integrated effects of 
variables of field theory E and H 
Circuit theory cannot be 

used to analyse or design a 
complete communication system 


. Is useful at low frequencies 


. At low frequencies the length of 


connecting wires is very much 
smaller than A 


. Cannot be applied in free space 
. Is simple 


. Basic laws are Ohms law, 


Kirchoff’s laws 


. Basic theorems are Thevenin’s, 


Nortan’s, Reciprocity, 
Superposition, Maximum power 
transfer theorems 


Basic equations are Mesh/ Loop 


Deals with Electric (E) and Magnetic 
(H) fields 

E and H are vectors 

E and H are produced from V and I 
respectively 

E and H are functions time (f) and space 
variables (x, y, z) or (p, 6, z) or (r, 6, 9) 
Radiation effects can be considered 


Using field theory, the medium also can 
be designed and analysed 


This is a more accurate theory 


The variables of field theory, E and H 
are integrated effects of variables of 
circuit theory V and I 

Field theory can be used where circuit 
theory fails to hold good for the analysis 
and design of a communication system 
Is useful at all frequencies, particularly 
at high frequencies 

At high frequencies the length of 
connecting components are of the order 
of À 

Is applicable in free space 

Is complex but it is simplified by using 
appropriate mathematics 

Basic laws are Coulomb's law, Gauss's 
law, Ampere's circuit law 

Basic theorems are Reciprocity, 
Helmholtz, Stoke’s, Divergence and 
Poynting theorems 


Basic equations are Maxwell, Poission, 


equations Laplace and Wave 
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NOTATION OF SCALAR PARAMETERS 
Parameter Notation Definition Unit name 
/symbol 
Frequency f It is the reciprocal of one Hertz (Hz) 
time period of a periodic 1 Hz = 1 cycle/sec 
waveform 
Energy W It is the work done when Joule (J) 
force is exerted througha| 1 Joule = 10” ergs 
distance of one metre 
Power P It is the time rate of Watt (W) 
energy 1 W = 1 Joule/sec or 
1 W= 1 volt x 1 amp 
Charge Q It is the product of Coulomb (C) 
current and time 1 C = 1 A-sec 
Resistance R It is the ratio of voltage Ohm (Q) 
and current 1 Q = 1 volt/1 amp 
Conductance G It is the reciprocal of R Mho 
1 Amp 
1 Mho = 
° = 1 Volt 
Resistivity p It is the resistance meas- Ohm-metre 
ured between two parallel 
faces of a unit cube 
Conductivity o It is the reciprocal of Mho/metre 
resistivity 
Electromotive Emf, V | It is the ratio of power to Volt 
force current 1 Volt = 1 J/C or 
watt/amp 
Electric flux y It is displaced charge Coulomb (C) 
t 
b b 
Magnetic flux $ o=-] V dt Wee ney 
0 1 wb = 1 volt-sec 
Magnetomotive y. 
"d V. (mmf)| Vn =| H.dL Amp (A) 
A 
Capacitance C C -2 Saads en 


1 F =1 C/1 Volt 
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Parameter Notation Definition Unit name 
/symbol 
Inductance L D E Henry (H) 
Mutual M M-N, o,,/ I Henry (H) 
inductance 1 H = 1 wb/amp 
Permittivity € c= = Farad / metre 
d (F/m) 
Permeability u u= " Henry / metre 
(H/m) 
Permittivity of E, 8.854 x 10? F/m F/m 
free space 
Permeability of Ho 4x x 107 H/m H/m 
free space 
Relative ES €,=— 
permittivity <0 
of a medium €, = 1 for free space No unit 
Relative u 
permeability H, H, =— No unit 
of a medium Ho 
Ll, = 1 for free space 
Electric Xe Xe =€, -1 
susceptibility X is pronounced as Chi No unit 
Magnetic 
susceptibility 255 Xm =H,y-1 No unit 
Steradian Str It is a measure of Steradian 
solid angle 
Intrinsic Lo 
impedance of No ae a 120 TQ 
free space $ 
Differential dL Small length m 
length 
Area S Product of two lengths m? 
Differential dS Product of two m? 
area differential lengths 
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Parameter Notation Definition Unit name 
/symbol 
Differential dv Product of differential m? 
volume length, width and 
breadth 
Volume v Product of length, width m? 
and breadth 
Angular Q 2nf rad/sec 
frequency 
Wavelength X v/f m 
Electric V = J E.dL Volt 
potential 
Magnetic V. -[ H.dL Ampere 
scalar potential 
Surface charge P. Q/S c/m? 
density 
Line charge P; Q/L c/m 
density 
Volume P. Q/v c/m? 
charge density 
Propagation Y a + jp dB/m 
constant 
Attenuation a It is a measure of dB/m 
constant reduction of EM wave 
as it progresses 
Depth of ó It is the depth at which ó = 1/a (m) 
penetration an EM wave is attenuated 
or skin depth to 37 per cent of original 
value 
Phase constant p It is a measure of phase rad/m 
shift of EM wave 
Group velocity v It is the velocity with m/sec 
a which energy propagates 
in a guided structure 
Phase velocity v It defines a point of m/sec 
i constant phase 
VSWR S Ve M No unit 
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Parameter Notation Definition Unit name 
/symbol 
V 
Reflection p Reflected wave = No unit 
coefficient Incidentwave V; 

Mc Transmitted wave i 
Transmission T - No unit 
esefficiént Incident wave 

E 

Surface Zg zg = tan Q (Ohm) 
impedance Is 
oe {2 

apacitance C C= a Farad 
Velocity of V. Af 3 x 10° m/s 
EM wave in 
free space 

: 2n 
Guide À hg =— Metres 
wavelength i Be 
Phase constant B B, = 2n 
in waveguide : & A g Rad/m 
Wavelength in 2n 
parallel plates A, Av B, Metres 
p 
NOTATION OF VECTOR PARAMETERS 
Parameter Notation Definition Unit name 
/symbol 
Force F It is the product of mass Newton (N) 
and acceleration Kg-m 
1 Newton = 5 
sec 

Electric field E It is the force per one Volt/m or Newton/C 
strength Coulomb 
Conduction J It is defined as the ratio A/m? 


current density 


of current to area 
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Parameter Notation Definition Unit name 
/symbol 
Displacement D D-eE C/m? 
electric flux 
density 
Displacement J js oD AJ 
current density d at 
Magnetic flux B B-uH Wb/m? 
density or Tesla 
Magnetic field H It is the current per A/m 
strength metre width 
Velocity V Rate of displacement m/sec 
Vector Bold faced - - 
letter 
Unit vector Bold faced - - 
small 
letter 
Electric dipole p Qd Coulomb-m 
moment 
Magnetic m IA A-m? 
dipole moment 
Polarisation P X,€o E Coulomb / m? 
Magnetisation M X4 H Ampere/m 
Torque T RxF N-m 
Surface current J, Current per metre Ampere /m 
density 
Poynting P ExH Watt/ m? 
vector 
Tangential E, Tangential component Volt/m 
component of E 
of E 
Tangential H, Tangential component Ampere/m 
component of H 


of H 
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Parameter Notation Definition Unit name 
/symbol 

Normal D, Normal component of D C/m? 

component 

of D 

Normal B, Normal component of B Wb/m? 

component 

of B 


SMALL VALUE REPRESENTATION 


Value Prefix Symbol Length 
107 Deci d dm 
10? Centi c cm 
10° milli m mm 
10% micro u um 
10° nano n nm 
10” pico p pm 
1077 femto f fm 
1015 atto a am 


LARGE VALUE REPRESENTATION 


Value Prefix Symbol Length Frequency 
10 deka da dam daHz 
10? hecto h hm hHz 
10? Kilo K Km kHz 
106 Mega M Mm MHz 
10? Giga G Gm GHz 
107 Tera T Tm THz 


7 
FREQUENCY RANGES OF TV CHANNELS 


Channel no. Frequency band (MHz) 
2 54-60 
3 60-66 
4 66-72 
5 76-82 
6 82-88 
7 174-180 
8 180-186 
9 186-192 
10 192-198 
11 198-204 
12 204-210 
13 210-216 

UHF Band 470-806 


SOME GREAT CONTRIBUTORS TO 
ELECTROMAGNETIC FIELD THEORY 


BENJAMIN FRANKLIN (1706—1790) 


American scientist-statesman, established the law of conservation of charge 
and determined that there are both positive and negative charges. He invented 
the lightning rod in 1750. 


Chartes Aucustin De Coutoms (1736—1806) 
French colonel, formulated Coulomb’s law in 1785. 


Anpre Marie Ampere (1775—1836) 


French physicist, invented the Solenoidal Coil for producing magnetic fields. 
He developed Oersted’s discovery and introduced the concept of current 
element and force between current elements in 1825. 


Hans Christian OersteD (1777—1851) 


Danish professor of physics. In 1820 he discovered that a magnetic needle is 
deflected by a current in a wire. 
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Karı FRrENbRICH Gauss (1777—1855) 


German mathematician, developed Divergence theorem and Gauss's law. Gauss 
was the first scientist who measured electric and magnetic quantities in absolute 
units. 


MicHaeL FaRApAY (1791—1861) 
Director of the Royal Society in London. He formulated Faraday's law in 1837. 


HEINRICH FRIEDRICH Emit Lenz (1804—1865) 
Professor of physics, discovered Lenz’s law. 


HERMANN Lupwic FERDINAND Von HELMHoLTz (1821-1894) 


Professor at Berlin, working in the field of Physiology, Electrodynamics and 
Optics. He formulated the wave equations in Electromagnetics. He established 
Helmholtz theorem. 


James Cerk Maxweit (1831-1879) 


Scottish physicist, was a professor at Cambridge University, England. He 
published the first Unified Theory of Electricity and Magnetism. Founded the 
science of electromagnetism and formulated relations between electric and 
magnetic fields. These are the laws of Gauss, Faraday and Ampere. 


Jean-Baptiste Brot (1774—1862) ano FeLix Savart (1791-1841) 


They were professors of physics at the College de France. The Biot-Savart law 
was proposed in 1820. 


Heinrich Hertz (1857—1894) 


Professor at the Karlsruhe Polytechnic. In 1886 he assembled the apparatus for 
a complete radio system with an end-loaded dipole as transmitting antenna 
and a resonant square loop antenna as receiver. 


Gue.ie_Mo Marconi (1874—1937) 


He repeated Hertz’s experiments in 1901 and startled the world by announcing 
that he had received radio signals from across the Atlantic. 


MATHEMATICAL 
PRELIMINARIES 


Mathematics is the backbone of all Sciences, Economics as 
well as all branches of Engineering. 


The main objective of this chapter is to provide a brief and necessary background of the 
following main topics of mathematics: 

fundamentals of scalar and vector coordinate systems 

operations with del 

determinants and matrices 

series and identities 

trigonometric functions 

differentiation and integration formulae 

integral theorems and so on 


points / formulae to remember, solved problems, objective questions and exercise 
problems. 


Ao you know? 


The analysis and design of any system or device is impossible 
without mathematics. 
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Mathematics is the backbone of science and engineering. For all analytical or 
computational purposes, mathematical background is essential. Mathematical 
modeling of systems is a common practice. The design and analysis of any 
antenna problem is possible only with mathematical concepts. No engineering 
system can be designed without using mathematics. Moreover, the solutions of 
antenna problems are simplified by mathematical approach. 


In view of this, basics of mathematics is presented in this chapter. 


1.1 FUNDAMENTALS OF SCALARS AND VECTORS 
A scalar has magnitude and an algebraic sign. For example, temperature, mass, 
charge and work. 


A vector has both magnitude and direction. For example, velocity, force, 
electric field and magnetic field. 


In this book, a scalar is represented by simple letters like A, B and a vector 
is represented by bold-faced letters like A, B. Unit vectors are represented by 
small bold-faced letters like a, b. 


The vector A is expressed in two forms: 
(i) A = (A, A, A). A, Ay 


(ii) A=A_a+Aa+Aa.a 
x x Yy y zz 


A, are known as the components of vector A. 
E y ay a, are unit vectors along the coordinate axes. 
The magnitude of A is written as A, 

that is, A= |All 

The unit vector of A is a and it is given by 


A 
a = — 
A 


The sum and difference of two vectors are given by 
A+B=(A, *B)a + (A, +B) a+ (A + B)a, 
A-B=(A -B) a, + (A, - B) a, + (A, - B) a, 

The dot product is denoted by 
A.BorB.A 
A.B-B.A - AB cs 0 

=A B+AB+t+AB 
Xx y y z z 
Here 0 is the angle between the vectors A and B. 


Dot product of two vectors is a scalar. 
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The cross product is denoted by A x B. 
A x B = AB sin 0 a, 
where a, is the unit vector perpendicular to A and B 


a, a, a, 


y 
or AxB-|A A, A, 
B. By. B, 


a,[A,B, - A,B,] + a,[A.B, - A,B.] + a,[A,B, - A,B,] 
where A=Aa,+ A, + Aa, 


and B= B a, + B a, + Ba. 


The cross product of two vectors is a vector. 


1.2 COORDINATE SYSTEMS 


Coordinate system is defined as a system which is used to represent a point 
in space. 
Coordinate systems, basically, are of three types: 
1. Cartesian coordinate system 
2. Cylindrical coordinate system 
3. Spherical coordinate system 


Cartesian Coordinate System 


Here a point, P is represented by P (x, y, z). The variables are x, y and z. 
A point obtained by the intersection of three planes given by 
x — k, (constant) 
y = k, (constant) 
z = k, (constant) 
The unit of x, y and z is metre. 
The Cartesian coordinates are represented in Fig. 1.1. 


The three axes, x, y and z are mutually perpendicular to each other. These 
are said to be orthogonal to each other. 


The unit vectors along the coordinate axes are represented by a v a, and a. 
Their magnitude is unity and they are in the increasing directions of x, y and z 
axes respectively. 
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Fig. 1.1 Cartesian coordinate 
(c) system 


Properties of unit vectors 


a.a=1 a.a =0 
x x y Z 
a.a=1 a xa =a 
W^ x y z 
a.a=1 a xa =a 
Z Zz y z x 
axa = a xa =a 
po Zz x y 
gd xg = a xa =-a 
V V i6 z 
axa= axa --a 
z z y x 
a.a= a xa-=-a 
x y a Z y 
A . — 
FX z 


Cylindrical Coordinate System 


Here, a point, P is represented by P (p, $, z). p represents the radius of a 
cylinder, ó is called the azimuthal angle and z is the same as in Cartesian 
coordinate system. 
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The unit of p is metre. 
The unit of is degree or radian. 
The unit of z is metre. 


In cylindrical coordinate system, a point is obtained by the intersection of 
three surfaces, namely, 


a cylindrical surface, p = k, (constant), metre 
a plane, $ = « (constant), radian, and 
another plane, z = k, (constant), metre 


All the three surfaces are mutually perpendicular to each other. These are 
said to be mutually orthogonal. 


In this book, the term Cylindrical Coordinate system is used to indicate 
circular cylindrical coordinate system. However, a point in cylindrical coordinate 
system is shown in Fig. 1.2. The coordinate p is the radius of the cylinder. $ is 
measured from x-axis and z is the same as in Cartesian system. 


AZ 


P(p, 9, z) 


< Se 7 


Fig. 1.2 A point in cylindrical coordinates x 


Herea,a, a represent the unit vectors along the coordinates p, , z. Their 
magnitude is unity and they are in the increasing directions of p, 6, z respectively. 


It is obvious that increase in p results in cylinders of higher radius. increases 
in anti-clockwise direction. z is the same as in Cartesian system. 


The relations between x, y, z and p, 6, z: 
x= p cos o 
y= p sin ọ 


Zis 
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and pe4x^-y, 0sp«e 


$ = tan! x, 0 € $ « 2n 
Z-2Z, 0O<z<0 
Dot products of a,, a, and a, with a, a, and a, are given by 


a,.a, = COS o 


a, a, = —sin $ 
a, a, = sin $ 

a, à, = COS o 

a.. a,-0 

a. a, = 


The unit vectors of cylindrical coordinates in terms of Cartesian coordinates 
are given by 
a —cosóa +singda 
p $ a, $a, 


a =- sin b a, + cos Q a, 


a, = a, 
A vector, A = (A, a,+ A, a+ A. a.) is expressed in cylindrical coordinates as 
A= (A, Ay 2 e [(4, cos b + A, sin $), (- A, sin ọ + A, cos ), A] 
That is A, = A, cos > + A, sin $ 
A =- A, sin > + A, cos > 
A,=A 
Zz Z 


A is also written as 
A= (A, cos à + A, sin oa, +A, sin $ + A, cos o) ay + A.a. 


Spherical Coordinate System 


Here P (r, 0, à) represents a point. r represents the radius of a sphere, 0 is the 
angle of elevation measured from z-axis and 6 is the azimuthal angle measured 
from x-axis. 
A point is obtained by the intersection of three surfaces, namely, 
a spherical surface, r = k (constant), metre 
a cone, 0 = a (constant), radian, and 


a plane, 6 = p (constant), radian 
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All these three surfaces are mutually perpendicular to each other. 


These are said to be orthogonal. 


a, ay a represent unit vectors along the coordinate axes. Their magnitude 
is unity and they are in the increasing directions of r, 0 and 6 axes. 


A point in spherical coordinate system is shown in Fig. 1.3. 


Z 
A 


P(r, 0, 


“LS d 


Fig. 1.3 A point in spherical coordinate 
System 


Increase of r results in spheres of larger radii. 0 increases in the clockwise 
direction and 6 increases in the anti-clockwise direction. 


The variables of Cartesian and spherical coordinates are related by 


x —r sin O0 cos 6, — œ < X «oo 
y =r sin 0 sin Q, -œ < y <% 
z= r cos 0, — oo < Z < oo 
and r =x +y +z O<r<oæ 
0 = cos! ES 0x0-zm 
X FY FZ 
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The relations between the variables of cylindrical and spherical coordinates 
are given by 


p=rsin 0 
$709 
z=rcos 0 
ip SA +z" 
0 and 
Z 
o= 9 


The unit vectors of spherical coordinates in terms of Cartesian coordinates 
are given by 


a, = sin 0 cos b a, + sin 0 sin b a, + cos 0 a, 

ay = cos 0 cos b a, + cos 0 sin $ a, — sin 0 a, 
= — sin + 

a, sin $ a, cos Q a, 


A vector, A= (A, Ay A,), is expressed in spherical coordinates as 
A=(A, Ay A) 
= [(A, sin 0 cos $ + A, sin 0 sin $ + A, cos 9), 
(A, cos 0 cos à + A, cos 0 + sin $ — A, sin 0), 
(- A, sin o + A, cos $)] 
The dot products of a,, a, and a, with a,, ay and a, are given by 
a..a,— sin 0 cos ọ 


a..àg = cos 0 cos ọ 


a. ay = — sin $ 
a,.a, = sin 0 sin $ 
a. ag = COS 0 sin $ 
a, à, = COS o 
a,.a,= cos 0 
a..ay =- sin 0 
a,.a, = 0 
Here, A,= A, sin 0 cos > + A, sin 0 sin ọ + A, cos 0 


A = A, cos 0 cos $ + A, cos 0 sin b — A, sin 0 
A =- A, sin > + A, cos > 
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The point A (x, y, z) = A (p, 6, z) = A (r, 8, $) in Cartesian, cylindrical and 
spherical coordinate systems is shown in a single Fig. 1.4 to understand the 
concept at a glance. 


p=rcos 8 


ry 


Fig. 1.4 Coordinates of a point in all the three systems 


The relations for differential length, area and volume are given in Table 1.1. 


Table 1.1 Differential Quantities in Different Coordinates 


Coordinate dL dS do 
system 
Cartesian dx a + dy a+ dz a, dx dy a, or dy dz a. dxdydz 
i or dz dx a, 
Cylindrical dp a +p do a, p dp dọ a or p do dz a, p dp do dz 
+ dz a, or dp dz a, 
Spherical dra + r d® a, r dr dð a, or r sin 0 dr dọ a, 1? sin 0 dr d0 do 
+r sin do a, or ^ sin 0 d6 do a, 
Relations between the polar coordinates (p, $) and Cartesian coordinates 
(x, y) are: 
x= p cos o 
y= p sin > 
= x+y? 
b -tan'! rÀ 
x) 


dx dy = p dp dọ 


EN - 
1.3 DEL (V) OPERATOR 


Definition The del or nabla is known as differential vector operator and is 
defined as 


za NM am d 
E Jw OL 


Del has units of 1/ metre (1/m) 


V 


Del is operated in three ways. 


1.4 GRADIENT OF A SCALAR, V (VV) 


Gradient of a scalar is a vector and is defined as 


oV oV oV 
=—a,+ + 


Examples are gradient of temperature, gradient of electric potential and so 
on. 


It gives the maximum space rate of change of the scalar. The scalar can be 
temperature, potential and so on. 


1.5 DIVERGENCE OF A VECTOR, A (= V.A) 

Divergence of a vector is a scalar and is defined as 

9A, OA, 9A 
+ + 

ox Oy az 


Z 


V. A =div A= 


Divergence means the spreading or diverging of a quantity from a point. It 
is applicable to vectors only. The divergence of a vector indicates the net flow of 
quantities like gas, fluid, vapour, electric and magnetic flux lines. In other words, 
it is a measure of the difference between outflow and inflow. 

The divergence of a vector is positive if the net flow is outward. 

It is negative if the net flow is inward. 

The fluid is said to be incompressible if the divergence is zero, that is, 
V . A = 0 is the condition of incompressibility. 


Examples and Features of Divergence 


1. Leaking air from a balloon yields positive divergence. 


2. Rushing of air into the drum under the carriage of a train yields negative 
divergence. 
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3. Divergence of water or oil is almost zero and hence they are incompressible. 
4. Divergence of electric flux density is equal to volume charge density, 


or, V.D=p, 
5. Divergence of magnetic flux density is equal to zero, 
or, V.B=0 


6. Divergence of gradient of scalar electric potential is equal to the laplacian 
of the scalar, 


Or, V.VV- Vy 


1.6 CURL OF A VECTOR (=V x A) 


Curl of a vector is a vector and is defined as 


a, ay, a, 
Curl A =VxA= ae ME 
ox Oy oz 
A, A, A, 


d d 0 d 0 d 
=a,|—A,-—A, |+a,| —A,-——A, |+a,| —A,-—A 
(2 Z Oz 'E * dx 1 IE y oy | 
It is a measure of the tendency of a vector quantity to rotate or twist or 


curl. In other words, the rate of rotation or angular velocity at a point is the 
measure of curl. 


As the curl of a vector represents rotation, it is also written as 
curl A-rot A- Vx A 
It may be noted that curl (gradient of a scalar) = V x (VV) is zero. 
This means that the gradient of fields is irrotational. Also div (curl) = 0. 
Examples: 
¢ When a leaf floats in sea water and its rotation is about the z-axis, curl 


of velocity V is in the z-direction. When (V x V) is positive, it represents 
rotation from x to y. 

* For a rotating rigid body, the curl of velocity is in the direction of the 
axis of rotation. Its magnitude is equal to twice the angular speed of 
rotation. 

In Cartesian coordinates, 


VV - av a, + av a, + ov a, is a vector. 


Ox oy Y az 
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Zo 9A, 9A 


.A Z is a scalar. 
x ox Ies 
0A 0A 
VxA = dA, Oy 4 Ca ees ie 9Ay Ay) is a vector. 
dy daz 7 əz dx) dx oy J 


In cylindrical coordinates, 
oV 1 oV dvi 
p ap + 5m ay x a, IS a vector. 
si 9(pAy) 19A, aA, 
p op po^ o 
Eod: 9A). [945 9A,|, ,1[9 (pA) Ap | 
pr DIE Eo a 


VV 


is a scalar. 


is a vector. 
In spherical coordinates, 
oV 19V 1 aV 


V= QT + is a vector. 
Y or T r 90 SB rsin0 do *$ 
1 à 2 Ó . 1 9A, . 
=— —(r^A 2a 0 — lar. 
s r? a ERE: 90 en 4o)+ in do ca ae 
9(rA 
a 1 2 (A, sin 6) dA ij 1 9A, (TA) x 
rsin 0 | 00 dp r|rsin0 do or 


x d rA cea i t 
3:| ^e 36 J ọ is a vector. 


Vector identities 
B.B-P 
B.B*- P? 
B+C=C+B 
B.C=C.B 
Cx B=-BxC 
(D+ B).C=D.C+B.C 
(D+ B)xC=DxC+BxC 
D.BxC=B.CxD=C.DxB 
D x (B x C)= (D . C) B- (D. B)C 
(E x B). (C x D)=E.B x (C xD) 
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-(E.C)(B.D)- (E. D)(B. ©) 
(Ex B) x (Cx D - (Ex B. DC-(Ex B.C)D 

V(V,V)-V, VV + VVV,, 

V.(VxCQ)-0 
V x VV-0 

V(V,, + V) 2 VV, + VV 

V.(C- B-V.C-«V.B 

Vx(C+B=VxC+VxB 
V.(VVOQ=C.W+VV.C 
Vx (VO=WxC+VVxC 
V(C.B)=(C.V)B+(B.V)C+Cx (V x B) +B x (V x OC) 

V.(Cx BO-B.VxC-C.VxB 

V x (C x B)» C(V.B) - B(V.C) + (B. V)C - (C. V)B 

VxVxC-V(V.O-V'C 


j C.dL = [vxo . ds 
L S 


$C.ds = f(v. C) do 


v 


§ (a,xC) ds = [vxo dv 


S v 


$ Vds =| Vv dv 


S v 


fva = | a,x Vv ds 
L s 


1.7 LAPLACIAN OPERATOR (v?) 


It is defined as V . V. Its unit is es It is a scalar differential operator. It is 
m 


operated on a scalar as well as a vector. 
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2 eee 
+ + 
Ox^ y^ oz 


viz 


Laplacian of a scalar electric potential (V^ V), is a scalar. 
Laplacian of an electric field (VB), is a vector. 


Laplacian of a scalar and a vector in different coordinate systems. 


_aV v.v 


v?v 3d ay? T 3 (Cartesian) 
120í( 09V) 102v ov 
V?V = a+ + Cylindrical 
T3165 pias ur UT en 
E CATENIS AERE, 
= 4 0—4 
Pu r? or ( or ju sind 90( 30 y r?sin?g 39? 
(Spherical) 
2 2 2 
V? A ed ee A dua (Cartesian) 


+ 
o? o^ o 


Ó Q 
- az es + Aya, + Aaa) t 2 Aas + Aya, t A.a.) 


9 
t niae + Aja, + A;a;). 


1.8 DIRAC DELTA 


The properties of Dirac Delta are 
Dt) = if t = t, and 
-0 otherwise 


Direct Delta is used to represent very short pulse of high amplitude. 
Sometimes it is also called unit impulse function. 


At t = 0, it is represented by 6 (t) 
At t = ty it is represented by à (t — t) 


J 54-5) dt=1 
0 


Dirac Delta is shown in Fig. 1.5. 
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e(t) 
t 
0 (a) &(t) att =0 
A 
e(t — to) 
>t 
Fig. 1.5 Dirac Delta (b) &(t) at t = tg 


1.9 DECIBEL AND NEPER CONCEPTS 


Decibel (dB) is defined as ten times the common logarithm of the power ratio, 
that is, 


1 dB =10 log; p 
2 


If P, and P, are input and output powers respectively of an electric circuit, 
then dB is negative if P, > P} This indicates power loss. If P> P, dB is positive 


and this indicates power gain. 


Decibel has no dimensions and it is used to express the ratio of two powers, 
voltages, currents or sound intensities. 


One Bel (B) is equal to ten decibels. 
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When input and output currents and voltages are known, we have 


1 dB =20 logio m 


vJ 
=20 logo z ) 
hy 
Neper (NP) It has no dimensions and is used to express the ratio of powers 


in communications. 


A Neper is defined as the natural logarithm of the square root of the power 


ratio, that is, 
1 Np= lo f= 3 ! log, Bì 
P J 


In terms of input and output currents or voltages, it is given by 


1 Np =log, Pe log, a 
1 


and 1 Np= 8.686 dB. 


1.10 COMPLEX NUMBERS 


By definition, a complex number is an ordered pair represented by 


Ae) 
where x is the real part and y is the imaginary part of A. Hence it is also 
represented as A = x + jy. 


Here, j2 4-1 z(0, 1)is called imaginary unit. 


Properties of Complex Numbers 
1. Two complex numbers are equal if their real parts are equal and their 
imaginary parts are also equal. 
2. If A, = x, + jyy A, = x, + jy, the sum of two complex numbers A, and A, 
is given by 
AA + uALT Gp ts) +j y +y) 
3. Subtraction of A, from A, is given by 
B = Ay - 4, =~ %) +j Yeo ys) 
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4. The product of A, and A, is 
C= A, Ay = Gu + jy) G5 + jy; 
= X4 Xy fa Yq + joi = Vi Vo 
= (x1 X3 = Y1 Y2) + j (X1 Y2 + X3 Y1) 
5. The division of A : by A, is given by 
p» Ae xti 
Ay Xatjya 
Multiplying numerator and denominator by (x, — jy,), we get 


A ju) Qo- jv») 


DIL 
Ao (x2+jy2) Go - juo) 
1X2 P a t Po Vi +y V 
Gaya) 
So p- Gt yog m y2) 
(x2 +2) 


1.11 LOGARITHMIC SERIES AND IDENTITIES 


2 13 04 
log (1+x) = at 


2 3 4 
This series converges for —1 < x < 1. 
It diverges for x = - 1 


log(1+x) = 


D x? x? x^ ] 


log, (xy) =log,x+log,y 


log, x) -log,x-log,y 
y] 
] 
lo a --log,y 
aE 
log, (x") =n log, x 
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log, x =log,x.log,b 
= log, x / log, a 
log, x -log;ox.log, 10 = 2.30 logio x 


logigx =log, x.logi,e = 0.434 log, x 


1.12 QUADRATIC EQUATIONS 


A quadratic equation is represented by ax? + bx + c = 0 where a, b and c are 
constants. Its roots are given by 


m) 
xn —b+.,/b° —4ac 


2a 


—b—,|b* —4ac 


and xX% = 
2a 


The roots may be real or imaginary and may be equal or unequal depending 
on whether the quantity (b^ — 4ac) is positive, zero or negative. 


1.13 CUBIC EQUATIONS 
It is given by 
f(x) = 2 + ax? +bx+c=0 


By substituting [y-54 for x, f(x) becomes 


y+ dy+e=0 


Here, d => (3b-a°) and 


e= EE (2a? —9ab+27c) 
27 


If A= 
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the three values of y are 
y=A+B 


_B) (-3)2 
A+B (A-B) C3? à 
2 2 


1 


2 


A+B (A-B) (-3) 
2 2 


y = 


2 42 
If Ge 0, the trigonometric solution is found by evaluating the cube 


roots of complex quantities. Then the angle $ is evaluated from 


1 

/ py 
cosó---/|-—i 
2) A273 


The values of y will be 


1 
y =2 Bi cos (5-120 Jana 


) 


ud 

I 

N 

| 
wl] a 
ke 

[e] 

o 

un 
i 
Q |- 

+ 

N 

d 

Q 


1.14 DETERMINANTS 


th 


A quantity is defined as a determinant. 


b, 2 
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It is said to be a second order determinant. Its value is given by 


mM d 


=m b, -mb 
b, by 192 70204 
Example The value of a determinant 
1 
l is 1x5-2x3-25-6--1 
Hp M dw 


Similarly, |b, b, b3| is called a determinant of the third order. 


€ 2 & 
1 -2 -3 
Example The value of a third order determinant |-4 5 -6 
-7 8 -9 
ee E 8I. e edm 
"e cgi cams ug CCS ee on 


=3-12-9=- 18 


Application of Determinants 


They are widely used in solving simultaneous equations and are also useful in 
developing the theory of matrices. 


Minor of a Determinant 


A, ag a3 
; ; p ck a, a 
In a determinant |b; b; 03], the minor of b, is given by 1 "21 and the 
6 € 
Cc O © aes 
: im pef a, l3 
minor of c, is given by 
bi bs 


that is, the minor of an element in a determinant is a determinant obtained by 
deleting the row and the column which intersect at that element. 

The Cofactor The cofactor of an element in a determinant is its minor with 
a suitable sign. The sign in the i^ row and j column is given by (- 1)". Then 
the cofactor, B, of b, is (- 1)? x minor of b,. 
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Properties of Determinants 


1. Value of the determinant remains the same after changing its rows into 
columns and columns into rows. 


2. Value of the determinant remains the same if any two rows or columns are 
interchanged but the sign changes. 


3. If two rows or columns are identical, the value of the determinant is zero. 


4. If each element of a row or column is multiplied by a factor, the determinant 
is multiplied by the same factor. 


5. If each element of a row consists of n terms, the determinant can be expressed 
as the sum of n determinants. 


6. When equi-multiples of the corresponding elements of one or more parallel 
lines are added to each element of a line, the determinant value remains the 
same. 


1.15 MATRICES 


A matrix is defined as a rectangular array of numbers or functions enclosed in 
brackets. These numbers or functions are known as the elements of the matrix. 


E 1 1] |2 1 4 b a b|le* x 
xamples 3h 13 o i) c. "nap" 


1 Yos 
l is a matrix containing two rows and one column. 


1 
3 0 1 


Here, a row means a horizontal line and a column means a vertical line. 


2 4 
Similarly, | | is a matrix containing two rows and three columns. 


Applications of Matrices 


Matrices are widely used to solve linear systems of equations. They often appear 
as models of different problems. For example, in electrical circuits and numerical 
methods they are used for solving differential equations. 


Types of Matrices 
1.Row Matrix—Example [1 2 3]. 
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1 


. Column Matrix—Example | 2 
3 


N 


B 2 
3. Square Matrix—Example | val 


O m. c 
no C 


0 0 3 


1 
5. Unit Matrix—Example | 0 


2 
4. Diagonal Matrix—Example -2 0] and |0 
0 
0 
1 
0 0 


00 0 
6. Null Matrix—Example l | 


© 
© 


1 2 3 
7. Symmetric Matrix—Example |2 1 6 
367 
8. Skew Symmetric Matrix—Example 
9. Upper Triangular Matrix—Example 


10. Lower Triangular Matrix—Example 


Properties of Matrices 


1. Two matrices A and B are equal if and, only if, they are of the same order 
and each element of A is equal to the corresponding element of B. 


2. The sum of A and B exists only when they are of the same order. 
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3. The difference of A and B exists only when they are of the same order. 


a by c dy 
If A = Ag b, , B- C5 d, 
az bz c3 dz 


A+B= l t C5 bd, 


4. Addition of matrices is commutative, that is, A + B = B + A. 
5. Addition and subtraction of matrices are associative, that is, 
(A + B)-C=A+(B-C) 
=B+(A-C) 
6. The multiplication of a matrix, A by a scalar, K gives a matrix each element 


of which is K times the corresponding elements of A. The distributive law 
is valid for such a product, 


that is, K(A + B)= KA + KB 
7. All the laws of ordinary algebra hold good for the addition or subtraction 
of matrices and their multiplication by scalars. 


8. Two matrices can be multiplied only when the number of columns in the 
first is equal to the number of rows in the second. Such matrices are said to 
be conformable. 


9. AB + BA 
Sometimes if AB exists, BA may not exist at all. 
10. IA = AI = A if A is a square matrix which has the same order as that of I. 
11. OA = AO = 0, where O is a null matrix. 
12. If AB = 0, it does not mean that A or B is a null matrix. 


13. Multiplication of matrices is associative, that is, (AB) C = A (BC) provided A, 
B are conformable for the product AB and B, C are conformable for the 
product BC. 

14. Multiplication of matrices is distributive, that is, A (B + C) - AB* AC 
provided A, B are conformable for AB and A, C are conformable for AC. 


15. If A is a square matrix, then A. A = A’. 
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16. The matrix obtained from a given matrix A by interchanging rows and 


columns is called Transpose of A denoted by A’. 
17. For a symmetric matrix, A'-—A 
18. (AB) = B.A’ 
19. Adjoint of a matrix A is the transposed matrix of cofactors of A. 


20. If A is any matrix, then a matrix, B if it exists such that AB = BA = I, is called 
the Inverse of A. Both the matrix and its inverse must be non-singular. 
Inverse of a matrix, A is denoted by A! so that A. A! = A”. A =1. 
Also, A! = A 

|A| 


21. Inverse of a matrix is unique. 

22. (AB)! = B' At 

23. A matrix is said to be of rank r when it has at least one non-zero minor of 
order r and every minor of order higher than r vanishes. It means that the 


rank of a matrix is the largest order of any non-vanishing minor of the 
matrix. 


1.16 FACTORIAL 


Factorial of n is defined as the product of the first n natural numbers. 


Factorial of n is represented by n! or Zn 
Factorial of n=n!=1x2x3-x......... xn 


Using Stirling’s approximation, n! is evaluated from 


1 
n! = e” n” (2nn)2 


0!=1 


1.17 PERMUTATIONS 


Permutations are defined as different possible arrangements which can be 
formed with a given number of items, taking some or all of them at a time. 


The number of permutations of n different things taken r at a time is given 


n! 
by np, and np, = / 


n-r) 
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If p, q, r types of elements exist among n elements, then the number of 
permutations are given by 


nM(plo-gltrt.)n-ptqctr 


The number of permutations of n different things taken all at a time is np. 


1.18 COMBINATIONS 


Combinations are defined as the number of possible groups which can be 
formed by taking some or all the number of things at a time irrespective of 
the order. 


The number of combinations or groups of n different elements taken r at a 
time is given by nc, 


n! 
where UC f= a 
r! (n—r)! 


(n+ ly C, =nC, nC, 


nC, * nC; +nC3+...+nC, 22" -1 


1.19 BASIC SERIES 


Binomial Series These are given by 


(atb)'-2a" X na" lb + M a? p? + Nd 2 p? 


Here the last term shown is the (r + 1)th term. 


If n is a positive integer, the series is finite and the last term is D". If n is less 
than unity, the series is infinite and converges only when b < a. For any value 
of n, and convergent, when x° is less than unity, we have 


(Gx) =1+nx +” a pu uo eo x + 


n (n—1) (n—2) (n—3) ge. 
d s. 
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(1£xy" 21xnx4 Out UDUD un. 


n (n—1) (n2) (n-3) 4, 
4! 


(x)! =1Fx+x Fx txt Ex’... 


1 
E E bodega 
2^ 24 246 
1 
atx? ir la, 8,24 35,3 
2 24 ^ 246 
cun * if Ixl<<1 
=x) =~1+x 


1.20 EXPONENTIAL SERIES 


ťa Lai 2101) Ant) 
— ó 
SSP 42? sus yp key: 
4 
Se a 
e =14+—4+—4+— 
1 x 3 
This series converges for all values of x. 
For x = 1, 
rae 1 1 1 


1.21 SINE AND COSINE SERIES 


If x is a variable, 
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1.22 SINH AND COSH SERIES 


3 5 


s X X 
sinh x =x + —+ +H oo 
3. 5 
2 4 
cosh x 214 — + —e.............. oo 
21 4 


1.23 HYPERBOLIC FUNCTIONS 


Hyperbolic sine of x =sinh x= ene) 
Hyperbolic cosine of x =coshx= ere) 
Hyperbolic tan of x= > =a x 
Hyperbolic cot of x p. er oe sedit 


- tanhx | CECI 


"ME 1 2 
Similarl A sech x = = 
" coshx (e*+e~) 
cosechx = NT ? 


sinh x - (e*-e*) 
It may be noted that 
sinh 0 =0, cosh 0=0, and tanh 020 


cosh x+sinh x =e* 


cosh x+sinh x =e * 


cosh? x - sinh? x =1 
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PONE: 
sinh* x x (cosh 2x - 1) 


cosh? x = ; (cosh 2x +1) 


sinh (x € y) =sinhx coshy+coshx sinh y 


cosh (x € y) =coshx coshy + sinhx sinhy 


Lange tanh x + tanh y 
1+tanh x tanh y 


1.24 SINE, COSINE, TAN AND COT FUNCTIONS 


For all values of 0, 


jO  $-j0 
sin 0 = E E 
2j 
9 (eP +e?) 
c = 
os 5 
If 0 = jx, 
=X x x =X 
sin jx =! i4 A et) 
2j 2j 
| 2a(e-e*) .(e* -e*) 
de 2 
= jsinh x 
e* x 
and cos jx = =cosh x 
Similarly, 


tan jx =jtanh x 
sinh jx = jsin x 
cosh jx 2 cos x 


tanh jx = jtan x 
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sin (-x) 2—sin x 
cos (-x) ^ cos x 
1 degree = 0.01745 radian 
1 radian = 57.29577 degrees 
sin?x + cos? x= 1 
sin (x + y) = sin x cos y + cos x sin y 
sin (x — y) = sin x cos y - cos x sin y 
cos (x + y) = cos x cos y - sin x sin y 
cos (x — y) = cosx cos y + sin x sin y 
sin 2x = 2 sin x cos x 
cos 2x = cos? x — sin? x 


sin x ees [- Joeos( 5 | 


2) 2 


: LP TP 
COS X =sin ACE sin 


E] 
20) 
sin (1—x) =sin x 


cos (t—x) =—cos x 


cos’ x - (1+ cos 2x) 


sin? x - (1- cos 2x) 
, à 1 
sin x sin y zi [-cos(x * y)* cos (x — y)] 
COS X COS y - [cos (x+y)+ cos (x— y)] 


sin x cos y - [sin (x - y) sin (x — y)] 


, ; . a+b a—b 

sin a+sin b =2 sin ——cos — 
2 2 

a+b a—b 


cos a - cos b. =2 SR For 
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. a+b . a-b 
cos a—cosb =-2 sin 5 sin J 


A cos x +B sin x 24. A? + B? cos(x £6) 


_ sind B 
cosé A 


tan 6 


A cos x+B sin x =VA?+B* sin (x+8) 


ee sind m 
an ð = =t — 
osé B 
_ sinx 
cos x 
cosx 
cotx =— 
sin x 
secx = 
cos X 
cosec X =— 
sin x 
tanx-tan 
tan (x+y) = y 
1-tanx tan y 
tan x — tan 
tan (x — y) ES amr) 


" 1+tan x tan y 


1.25 SOME SPECIAL FUNCTIONS 


Gamma function 
T (a) is defined as 


T (o) =fet at 
0 


This is true if œ > 0 


om 
roe 
2) 
Beta function 


1 
B(x,y) =| P a-e at, (x>0, y>0) 
(0) 


a T (x)T (y) 
T (x+y) 
Error function 
2 € p 
fx 2— | e* dt 
err x Jm J e 
erf (cc) =1. 


Bessel function 


Bessel functions are a set of solutions for differential equations of a certain 
type. These are useful to obtain propagation characteristics of electromagnetic 
waves in circular waveguides. 


Considering circular waveguides, solutions of the axial component is written 
conveniently in terms of Bessel function. For transverse magnetic wave, the 
solution is 

E, nm = Jn (K,r) (A cos nọ + B sin mọ) and 
for transverse electric wave 
1 E 
H = J, (Kar) (A cos nó + B sin mọ) 


znn 
where J, (K, r) = Bessel function of the first kind 
r = radius of the guide 
K, = cut-off wave number 


A, B, A! Bl, — constants 


The solutions for the Bessel function are obtained for certain values of K à 
These values of K, are known as eigen values. If K, is to produce solution of the 
Bessel function, (K, r) must be the roots of the Bessel function. Then 


J, (K, r) = 0 
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The propagation parametres for nm mode of TM waves are 
Phase constant, 


Bam E SK) 
where Kenn — Pam 
271/2 
Also, Bam =| K? = Pum \ 
r) 
where P „= the roots of the Bessel function 
27 
K= free space wave number EU 


The cut-off wavelength for the TM wave, 


Mm == 
i K 


cnm  Pnm 


The roots of the Bessel function for TM mode are shown in Table 1.2. 


Table 1.2 Roots of Bessel Function (TM) 


Order First order Second order Third order 
5 Pa P Py 
0 2.405 5.520 8.654 
1 3.832 7.016 10.174 
2 5.135 8.417 11.620 


The roots of the Bessel function for TE mode are shown in Table 1.3. 


Table 1.3 Roots of Bessel Function (TE) 


Order First order Second order Third order 
n Pn, Pn, Pus 
0 3.832 7.016 10.174 
1 1.841 5.331 8.536 
2 3.054 6.706 9.970 


MATHEMATICAL PRELIMINARIES IET ESI 


The propagation parametres for TE, , mode are 


7 1/2 
| = [c2 un El 
where Kn = Pum 
, 2p"? 
So, Bam 103. 
ry 
2nr 
X; nnt — p 
Pram 
À 
Guide wavelength, A, = 172 


2 
du 
he, nm J 
The variation of the first three orders of the Bessel function and their roots 
are shown in Fig. 1.6. 


y 

Jo (Pom) 

J, (Pim) 

Ja (Pam) 


-0.4 


Fig. 1.6 Bessel function 


Fresnel integral 


ex) = [cos(t’) dt 
0 
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x 


s(x) =| sin (°) dt 


Logarithmic integral 


T 1 
I(x) =| — at. 
iQ) | int 


1.26 PARTIAL DERIVATIVE 


Assume z = f (x, y) is a real function of two independent real variables, x and y. 
If x is kept constant, say x = x, and y is a variable, then f (x, y) depends on y only. 
If the derivative of f (x, y,) with y for a value y = y, exists, then the value of this 
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derivative is called partial derivative of f(x, y) with respect to y at the point 
(xy y,). It is represented by 


9 f dz 


xa (x1,91) OF ox Gy) 


1.27 SOME DIFFERENTIATION FORMULAE 


Assume 1, v to be functions of x and let a, n be the constants. Then, 


d(a) 
dx ~ 0 
d(u +) _ du do 
dx dx dx 
d(au) E PL 
dx dx 
d(u.v) do du 
=i) v 
dx dx dx 
dfu j e = > 
TR mr d dx 
xv J m 
du” n-1 du 
=nu E 
dx dx 
d 1 du 
S Rei idi 
d N n-1 
d (xum 
Lese 


La) =a* In(a) 
(sin X) =cos x 


d : 
—(cos x) 2-sin x 
dx 
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m x)= sec? x 

dx 

saree x)=- cosec? x 
dx 


MAD x) =cosh x 
dx 


COE) = sinh x 


dx 
d 1 
—(In (x)) == 
dx at 
d log, e 
zi =p 
E og, x) T 
1 
(cing NE 7 
1-x 
zi no 1 
(cos x)= ENS 
1 
ze (t -1 = 
(tan ) 1+x? 
1 
ae tl LI 
(one) 1+x? 
d 1 du 
4; 098 (u)) m 


Sn u) — cos Tn 
dx 


dx 


xe u)- sec’ u oH 
dx 


Lee u) = —csc? yee 


dx dx 


d du 
ey — t — 
(sec u) =sec u tan u um 


dx 
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ee u) =—csc u cot u Ju 
dx 


dx 


que 1 du 
m D Ju? 4.1 dx 


d ( h^! ) _ 1 du 
E cosh u [emt mr 

d esi 1 du 

— (tanh = — 

dx $ P 1-u? dx 

d =o 1 du 

— (coth = — 

dx Sg D 1-u? dx 

E hem zx : a 
dx uv1+u2 dx 


d h^! 1 du 
eod u) F T T 


1.28 SOME USEFUL INTEGRATION FORMULAE 


J adx = ax, a being a constant 
J (u+v) dx { udx+ Í v dx, u and v are variables 
J u dv =w-| v du 


J log, x dx =x log,x-x 


n+1 


x” dx =” (n#-1) 
n+1 
dx 
PS =log,x+c (c=aconstant) 


fe™ax m e 


| à ax 4 
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J a log,adx =a" 
: 1 
| sin ax dx =—— cos ax 
a 
donc 
[ cos ax dx E sin ax 
1 
J tan ax dx =—— log, cos ax 
a 
1 : 
J cot ax dx == log, sin ax 
a 
1 
J sec ax dx =— log, (sec ax + tan ax) 
a 


J csc ax dx = i log, (csc ax — cot ax) 
a 


| CR all 4X 
Toga a a 
dx : 
— 2 = SIN 
ya -x a 


E EN 
-sinh c 


| dx 
Vx? +a a 


dx 1X 
J z z -cosh pe 
x-a a 


| sin? x dx See et 2x 
2 4 
J cos? x dx RUE se 
2 4 
J ta? x dx =tanx-x 
J cox dx ——cotx-x 


Jinx dx =xInx-x 


ax 


J e^ sin bx dx = (asin bx —bcos bx) 


e 
a^ +b? 
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J e^ cos bx dx = = (a cos bx +b sin bx) 
a^ +b 


1. 1. 
IE ax dx =—sin ax — — sin? ax 
ü 3a 


.3 1 1 3 
J sin ax dx =——cos ax + — cos” ax 
a 3a 


1.29 RADIAN AND STERADIAN 
The radian is the measure of a plane angle. One radian is defined as a plane 
angle with its vertex at the centre of a circle of radius r which is subtended 
by an arc whose length is equal to r. 
This is shown in Fig. 1.7. It is well known that the circumference of a circle 
is 21r and there are 2x radians in a full circle. 


Fig. 1.7 Radian 


Steradian is the measure of a solid angle. It is defined as the solid angle 
with its vertex at the centre for a sphere of radius r which is subtended by a 
spherical surface area equal to the area of a square, whose side length is r. 


The differential area ds on the surface of a sphere of radius r is 
ds 2r? sin0 dO do (n?) 
The element of solid angle dQ of the sphere is given by 


dQ ae (Str) 
T 


This is illustrated in Fig. 1.8. 
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Fig. 1.8 Steradian 


1.30 INTEGRAL THEOREMS 


Stokes’s Theorem 


If a field vector like H and its first derivatives are continuous at all points in 
a region of area S bounded by a closed curve, then Stokes’s theorem states 
that 


| (VxH).as =f H.dL 

s L 
where dS is along the outward normal to the surface. By Stokes theorem, 
surface integral is converted into line integral and vice versa. 

Divergence Theorem 


If a field vector like D and its first derivatives are continuous at all points in a 
region of volume V bounded by a closed elementary surface dS, then Divergence 
theorem states that 


$ D.ds =| (V.D) dv 


This means a surface integral is converted into volume integral and vice versa 
by Divergence theorem. 
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: " A 
» Unit vector of a vector A is DR 


» The coordinate axes are perpendicular to each other. 


» A point in Cartesian coordinate system is obtained by the intersection of three 
planes. 


> A point in cylindrical coordinate system is obtained by the intersection of two 
planes and one cylindrical surface. 


v 


- A point in spherical coordinate system is obtained by the intersection of a 
plane, a spherical surface and a cone. 


» Del, V is a vector differential operator. 
> The unit of V is 1/m. 


» Gradient of a scalar is a vector. 


v 


> Divergence of a scalar is a vector. 


» Curl of a vector is a vector. 


» 1 dB is defined as 10logio 71 
B 


Vi) 
E 


» 1 Neper is defined as log, | 


> 1 Neper = 8.686 dB. 


Ay ag 


> A determinant is represented by p 
i w 


> A matrix is defined as a rectangular array of numbers or functions enclosed 
in brackets. 


> cos jx = cosh x 
> sin jx = j sinh x 
> 1 degree = 0.01745 radians 


> 1 radian = 57.29 degrees 
> The unit of magnetic scalar potential is ampere. 


yY 


> The unit of magnetic vector potential is wb/m. 
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» Reflection coefficient is a complex quantity. 


» Electric field, magnetic field, electric flux density, magnetic flux density, conductor 
current density, displacement current density, magnetic current density are vector 
quantities. 


> The unit of Poynting vector is watts/ m?. 
» Torque is a vector and has unit of Newton-metre. 
» The unit of solid angle is steradian. 


» Stokes' theorem gives the relation between a closed line integral and a surface 
integral. 


» Divergence theorem gives the relation between a closed surface integral and a 
volume integral. 


> The unit of magnetic current density is volts / m”. 


> V? is Laplacian scalar operator. 


SOLVED 
PROBLEMS 


Problem 1.1 If a vector A = a. + 2a, + 3a , find its magnitude and direction. 
Solution A-a -2a +3a, l 
x y z 


The magnitude of A = A =V1°+2?+3* = V1+4+9 = 414 =3.742 
A = 3.742 


A (a, + 2a, + 3a,) 
A 3.742 


Its direction is given by unit vector, a= 


a = 0.267a, +0.534a, +0.802a, 


Problem 1.2 If A=2a,+5a,+6a, and B=a,-3a,+6a,, find A+B and A-B. 
Solution A+B =(A, + B,)a, +(A, + B,) a, +(4, + B,) az 
-Q-*1)a, *(5-3)a, +(6+6)a, 


A+B -3a, + 2a, € 12a; 


A-B =(2-1)a,+(5+3)a, *(6-6)a; 


A-B =a, +8a, 
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Problem 1.3. If A=a,+a,+2a, and B=2a,+a,+a,, find A.B. 
Solution A.B =A,B, t A,B, + A,B, 
=1.241.142.1=2+1+2=5 


Problem 1.4 Given A=2a,+a,+2a, and B=a,+2a,+a,, find A x B. 


a, ay a, 
Solution AxB =!2 1 2 
1 2 1 


=a, (1- 4)«ay(2-2)*a, (4-1) 
AxB --3a,-3a, 


Problem 1.5 For A-(1,3, 4) and B=(1,0,2), find A.B. 


Solution Here AL A, =3, A,-4 
B, -1, B, =0, B, =2 
A.B =A,B, + A,B, + A,B, 
=1x14+3x0+4x2 
-14048-9 


Problem 1.6 In Cartesian coordinates, a point is described by P (1,2, 4). What are 
the orthogonal planes whose intersection give this point? 


Solution The planes which intersect at the point P (1,2, 4) are: 
x=1 
y=2 and 
z=4 


Problem 1.7 Represent the point P (0.5,0.2,0.1) in terms of unit vectors along the 
coordinate axes. 


Solution At the point, P(0.5,0.2,0.1), the coordinates are x 20.5, y=0.2 and 
z 0.1. Therefore, P is represented by a vector 


P =0.5a, + 02a, +0.1a, 


Problem 1.8 How is a point P (2.0 m, 1/4, 1.0m) obtained in cylindrical coordinates? 
Solution The point P(2.0m,x/4,1.0m) is obtained by the intersection of a 
cylindrical surface, p 2 2.0m a plane, þ=7/4 and a plane, z 21.0 m. 


Problem 1.9 A point in Cartesian coordinates is given by P(1,2,3). Express it in 
cylindrical coordinates. 
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Solution The coordinates of P in Cartesian system are 
x =1,y=2,z=3 


The coordinates of P in cylindrical system are given by 


p 24x ey! =V +2? -45 =2.236 
b= tan!” = tan! Z = tan! 2 = 63.43° 
x 


z-3 
In cylindrical coordinates P is (2.236, 63.43°, 3). 


Problem 1.10 If a vector, A is 4a, +2ay +a, express it in cylindrical coordinate 


system. 
Solution A =4a,+2a, +a, 
We have A, =4, A, =2, A, =1 
$ -tan! Ytan! T 26.56° 
x 4 
Ap = Á, cos ọ + A, sin $ 
— 4 cos 26.56? + 2 sin 26.56? 
that is, Ap —3.57 + 0.894 = 4.46 
Ay =—A,sing+ Ay COS h 
— —4x0.447 + 2x 0.894 
= —1.789 + 1.789 
=0 
Ag =1.0 
A in cylindrical coordinates is 
A =446a, +a, 


Problem 1.11 How is a point P (1.0m, 10°, 30°) obtained in spherical coordinates? 


Solution The point P (1.0m, 10°, 30°) is obtained by the intersection of a sphere, 
r=1.0m a cone, 0-10? and a plane, ọ= 30°. 


Problem 1.12 If a point in Cartesian coordinates is given by P(1,2,3), express it 
in spherical coordinates. 
Solution The Cartesian coordinates of P are 
x =Ly=2,z=3 
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The coordinates of P in spherical system are given by 


r = Jx? +y? +z? =v 42743? = 14449 =V14 =3.741 


Problem 1.13 A scalar function, V is given by V =xyz*. Find the gradient of V. 


: oV oV ƏV 
Solution Grad V =VV =—a,+=——a,+=—a, 
ox oy oz 


= Z Gyr!) a, + E a, + IE a, 


VV =yz7a,+ xz^a, + 2xyza, 


Problem 1.14 If a vector, B- Axy/a, *2y^a, + xyza;, find the divergence of B. 


Solution Div B - V.B 


ES pad pure 
ox oy " az 
d 


9 d 
2 (4xy?)+—(2y3)+— 
a M. us) 


-4y? + 6y” 4 xy 210y? + xy 


V.B -10y? + xy 


Problem 1.15 Given a vector, A-3xa, * ya, * 5za,, find the curl of A. 


Solution Curl A =VxA 


-2,|2.62)-2@)}+a[ 200-2 60]+2,| 20-200) 


VxA =0 


Problem 1.16 If the scalar potential is given by V 2x? —y? —z? volts, find the 
Laplacian of V. 
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Solution V 2x?-y?-z? volts 


3V n 9?v » 9?v 
o? o? ox 


Voy = 


=2-2-2=-2 


Problem 1.17 If power gain, A, is 22, find its value in decibels. 
Solution Power gain = 22 


= 13.424 dB 


Problem 1.18 When the ratio of output and input voltages of an amplifier is 95, 
find its gain in dB. 


Solution Ay = voltage gain = 95 
Ay in dB = 20 log jo 95 
= 39.55 dB 
Problem 1.19 If the power gain in a communication system is 16, what is its value 
in nepers? 
Solution A, = power gain=16 


A, in Np =log, |A, =log, V16 =1.386 Np 


Problem 1.20 If the current gain in a circuit is 34, what is its value in nepers? 


Solution <A; Current gain = 34 
A; in Np =log, 34 
= 3.526 


Problem 1.21 If a complex number, A is given by 2+ j4, find its magnitude and 
phase. 


Solution A=2+ j4 


Magnitude of A =vV2? +4? =V4+16 = V20 = 4.472 


Phase of A, ita ; - tan! 2- 63.43? 


Problem 1.22 If a complex number is given by A-1-j3, find its complex 
conjugate, magnitude of A and its phase. 
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Solution The complex conjugate of A is 


A* -1-j3 
The magnitude of A 2412 +3? 2 149 - 410 2 3.1622 
The phase of A «tan! ri tan! E 71.56° 
x) 1) 


Problem 1.23 If the amplitude of a complex number, A is 5.0 and its phase is 45°, 
find its real and imaginary parts. 


Solution The given complex number 


A =5.0 245° 
Its magnitude, P =5.0 
Its phase, Q =45° 
So the real part of A =p cos $—5 cos 45° 2 3.535 
The imaginary part of A =psin $ = 3.535 


A is represented as 3.535 + 3.535. 


Problem 1.24 If A4 -2- j3 and A5;-4- j5, find the sum of A, and Ap. 
Solution A, =2+ j3, A; =4+4+ j5 
A =A, + Ay =2+j3+4+ j5- 64 j8 


Problem 1.25. If A, —j6 and A, =1-j2, find 4- Ap. 
Solution A, =j6, Az =1-j2 
A-A, =j6—1+ j2=—1+ j8 
Problem 1.26 Given two complex numbers, A 20.4 4 j5, B=2 + 73, find the product 
of A and B. 
Solution A =0.4+ 75 
B =2+ 73 
The product, AB =(0.4+75)(2+ j3) 
=0.4x2 + j0.4x 3 + j5X 2 j5x j3 
AB =-14.2+ j11.2 


a Cl ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 


Problem 1.27 Given two complex numbers, A=10+ j6 and B=2- j3, find the 
ratio of A and B. 
Solution A =10+ j6 
B =2- j3 
A " (10 + 76) _ (10+ j6) (2+ j3) 
B (2-73) Q-j3 (2 +73) 
20 + j30+ j12—18 
j 4+9 


A } 
G 701584 j3.23 


Problem 1.28 Find the roots of the quadratic equation x*+2x+4=0. 
Solution For x7+2x+4=0, the roots are 


| -2t44-4x1x4 -2t4-12 
i 2x1 * 2 


X12 


x 2-104 j1.732 


x 2-1.0- j1.732 
123 
Problem 1.29 For the determinant, |4 5 6| find the minor of 8 and 9. 
7 8 9 


Solution The minor of the element, 8 is 


T 


2 
The minor of the element, 9 is : 
132 
Problem 1.30 For the determinant, |6 1 5| find the cofactor of 6 and 5. 
7 9 8 


Solution The minor of 6 is 9 8 


eA 
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Its cofactor =(-1)'*/ 
9 8 


de 


= (23) 


9.2 
9 8 


3 2 
9 8 


The minor of 5 is é 


Its cofactor =(-1)'*/ 


1 3 
7 9 


-2(—12*3 
I lg 


A 


1 3 
UE 
Problem 1.31 Find the factorial of 4 and 6. 
Solution Factorial of 4 24x3x2x1-24 
Factorial of 6 =6x5x4x3x2x1=720 
4! =24 
6! =720 
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OBJECTIVE QUESTIONS 


. The wavelength of an EM wave depends on its velocity. 


. The velocity of an EM wave depends on the medium in which it propagates. 


to each other. 


. In cylindrical coordinates, p has the unit of degrees. 

. In cylindrical coordinates, p has the units of metres. 

. In spherical coordinates, 9 increases in anticlockwise direction. 

. In cylindrical coordinates, increases in anticlockwise direction. 


. In spherical coordinates, 9 increases in clockwise direction. 
. Del is a scalar operator. 

. V? is a vector operator. 

. V? can be operated on scalar and vector. 

. sinjx is equal to jsinhx. 

. Sinjx is equal to jsin x. 

. cosh jx is cos x. 

. tanh jx is jtanx. 

. Fresnel integrals C(ese) = S(c). 

. Fresnel integral, C(s»)- /n/8. 

. Error function, erf (c9) - 1. 

. In cylindrical coordinates, =a constant is a plane. 
. In spherical coordinates, 0—a constant is a cone. 

. a; . ay —sinQ. 

. Ay. ap = sind. 

. Ay -ap =0. 


. a, .ap =0. 


(Yes/No) 


(Yes/No) 


. The unit vectors along the Cartesian coordinate axes are not mutually perpendicular 


(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
(Yes/No) 
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25. a,.a, =0. (Yes/No) 
26. a,.ay =C08 Q. (Yes/No) 
27. The gradient of a vector does not exist. (Yes/No) 
28. Divergence of a scalar does not exist. (Yes/No) 
29. Curl of a scalar exists. (Yes/No) 
30. Del (V) has no units. (Yes/No) 
31. Divergence of water or oil is almost zero. (Yes/No) 
32. Divergence of gradient of scalar electric potential is the Laplacian of the potential. 

(Yes/No) 
33. j=(0,1). (Yes/No) 
34. Complex conjugate of A=2+j5 is 2- j5. (Yes/No) 
35. A complex number B=(x, y) is nothing but (x+ jy). (Yes/No) 
36. [ 8(¢=tp)ae=1 (Yes/No) 

0 

37.1 Neper = 8.686 dB (Yes/No) 
38. log, x = 0.434 logy, x (Yes/ No) 
89.A. A- A. A* - A’ (Yes/ No) 


40. Radar X-band is 


41. The frequency range of radar mm-band is 


42. The frequency range UHF is 
43. The wavelength range of VHF band is 


44. In cylindrical coordinates, p is the 


45. In spherical coordinates, r is 


46. dv in cylindrical coordinates is 


47. dL in spherical coordinates is 


48. Dot product of a, and 2, is 


49. Dot product of a, and a,is 


50. Dot product of a, and a, is 
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51. In spherical coordinates, 9 varies between 


52. In spherical coordinates, $ varies between 


58. The divergence of an incompressible fluid is 


54. Del has units. 
55. A point is obtained by the intersection of in spherical 
coordinates. 


56. 1 NP is equal to 
57.1 dB is defined as 
58. 1 NP is defined as 
59.0! is 


60. For x ««1, (14x)! = 


61. For x««1, (14 x)! = 


62. sinh 0 is 
63. tanh 0 is 
64. cosh 0 is 


65. Gamma function, "(H is 


Answers 

1. Yes 2. Yes 3. No 4. No 5. Yes 

6. No 7. Yes 8. Yes 9. No 10. No 
11. Yes 12. Yes 13. Yes 14. Yes 15. Yes 
16. Yes 17. Yes 18. Yes 19. Yes 20. Yes 
21. No 22. No 23. No 24. Yes 25. Yes 
26. Yes 27. Yes 28. Yes 29. No 30. No 
31. Yes 32. Yes 33. Yes 34. Yes 35. Yes 
36. Yes 37. Yes 38. Yes 39. Yes 40. 8-12 GHz 
41. 40-300 GHz 42. 300 - 3,000 MHz 43. 10- 1m 


44. Radius of cylinder 45. Radius of sphere 46. p dp do dz 
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47. dr a, +r dd ag +r sin 0 do ay 48. Zero 49. sin 0 cos o 
50. Zero 51.0 and x 52.0 and 2x 53. Zero 54.1/m 
55. A plane, a cone and a sphere 56. 8.686 dB 
57. 10 logo es 58. log, a 59. 1 
P, J h 
60. 1- x 61. 14x 62. Zero 63. Zero 64. One 


65. VT 


for] 
o 


a gd C N 


11. 


12. 


13. 


14. 
15. 
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EXERCISE PROBLEMS 


. Find the magnitude and direction for the vectors A=5a, *3a, +2a, and 


B= 4a, +0.5a,. 


.If A=(2,4,1) and B=(0,0.1,5), find A+B, A-B. 
.If A=6a,+3a, and B=2a,+5a,, find A.B. 
. When A = (2, 0, 7), B = (3, 2, 0), what is A x B? 


. If a point in Cartesian coordinates is given by (2, 0, 4), express it in cylindrical and 


spherical coordinate systems. 


. The electric scalar potential is given by V —3x-- 5y?  4z?. Find its gradient. 
. For a vector A=12a,+2a,+3a,, find the divergence and curl. 
. If a voltage gain is 22 dB, express it in nepers. 


. Find the roots of the quadratic equation 5x? + 2x « 4 - 0. 


. What are the roots of the cubic equation given by x°—2x?+4x-8=0? 
123 
Find the value of the determinant |2 1 3x 
302 
Find the minor of 0 in Problem 11. 
4 0 1 
What is the cofactor of 4 and 3 in the determinant |5 2 6? 
03 2 


1/2 


Find the value of (1-- x) ^ if x=0.01, using the series expansion. 


Find sin x if x=0.2, using the series expansion. 


ELECTROSTATIC 
FIELDS 


Electrostatic fields are produced by charges at rest. 


The main objective of this chapter is to provide detailed concepts of electrostatics. They 
include: 


applications of electrostatics 

charge distributions 

Coulomb’s law, applications and limitations 
Gauss's law, applications and limitations 
potential functions 

Poisson's and Laplace's equations 

conductors, dielectrics and capacitors 

energy stored in electrostatic fields and capacitors 
fields in dielectrics and boundary conditions 


solved problems, points/formulae to remember, objective and multiple choice 
questions and exercise problems. 


Ao you know? 


An electrostatic field of 200 V/m exists outdoor on a normal day. 
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2.1 INTRODUCTION 


Electrostatic fields are also called static electric fields or steady electric fields. 
These fields are not variant with time. They are produced by static charges or 
charge distributions. These fields have a wide range of applications. 


In this chapter, the important laws, theorems and equations, with their 
applications are presented to provide a thorough understanding of electrostatics. 
The important areas are Coulomb's and Gauss's laws, Stoke's and divergence 
theorems and Poisson's and Laplace's equations. 


2.2 APPLICATIONS OF ELECTROSTATIC FIELDS 


Electrostatic fields are used 
1. in cathode ray oscilloscopes to obtain the electron beam deflection 
2. in ink-jet printers to obtain speed of printing and quality of print 


3. to sort out minerals in ore separators, to sort out seeds in agriculture and 
for spraying plants and trees 


. in electrostatic generators 

.to produce potential 

. to produce force on charges for their mobility 
in electric power transmission 

in lightning protection 

to measure moisture content 

10. to spin cotton 

11. in field-effect transistors 

12. in capacitors 

13. in LCDs 

14. in touch pads 

15. in capacitance keyboards 

16. in fast baking of bread 

17. in ECGs, EEGs, ERG, EMG, EOG in medical applications 
18. in spray painting 

19. in electrodeposition 

20. in electrochemical machining 

21. X-ray machines 

22. computer peripherals 


o 
2.3 DIFFERENT TYPES OF CHARGE DISTRIBUTIONS 


Charges at rest produce electrostatic field. The charges are basically of two types: 
positive and negative. 


Properties and Functions of Charges 
(i) Charge is conserved. It can neither be created nor destroyed. 


(ii) Charge is quantisised that is, it comes in discrete quantities and in integer 
multiples of the basic unit of charge. Electron charge or proton charge is the 
basic charge. 


(iii) When a charge is accelerated, electromagnetic field is produced. A fraction 
of the field is detached and propagates at the speed of light. The detached 
field carries energy, momentum and angular momentum. This is called 
electromagnetic radiation. 


(iv) Charges are surrounded by electric and magnetic fields. 
(v) A charge experiences a force in the presence of a field. 
(vi) Charges mediate the integration of fields. 


Charge density and charge distribution indicate the same property. In practice, 
there are four types of charge distributions. 


(i) Point charges, Q (Coulomb) These are the charges which do not occupy 
any space, that is, the volume of the point charge is zero. For example, an 


electron is considered to be a point charge and has a charge of 1.6 x 10°” 
Coulombs (C). 


(ii) Line charge distribution, pr (c/m) This is a charge distribution in which 
the charge is distributed along a line like a filament, that is, this has only 
length but no width or breadth. Pz is defined as the charge per unit length, 
that is, 


tr 29. IQ 


HS ALO0 AL dL 


where AQ is small charge, AL is small length, dQ is differential charge and dL 
is differential length. 


Sometimes, p; is simply considered as Q/L. 
An example is the electron beam in CRT. 


Problem 2.1 If there is a charge of 10uC over a filament length of 0.5 m, 
find its line charge density. 
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Solution Here, Q -10uC-10x10 5C 
L=0.5m 
Line charge density, p, =Q/L=10/0.5=20uC/m 


(iii) Surface charge distribution, f, (c/m?) When a charge is confined to the 
surface of a conductor, it is said to be surface charge distribution. Such a 
surface has both length and width but no breadth. 


Surface density is defined as the charge per unit area, that is, 


As—0 AS dS 


where AS is small area and dS is differential area. 
Sometimes, p, is simply considered as Q/S. 


An example is the conductor surface of a capacitor. 


Problem 2.2. If there is a total charge of 10 pC over a surface area of 0.2 m’, 
find the surface charge density. 


Solution Here, Q -10pC-10x10 "C 
S-02m? 
Surface charge density, p, 2Q/S- (10x10 ?)/02 
-50pC/m? 


(iv) Volume charge distribution, p, (c/m?) Volume charge density is defined 
as the charge per unit volume, that is, 


Pos Lt AQ = dQ 
Av>0 A0 dvo 


where d» is differential volume. 


Q 


Sometimes, p, is simply considered as —x 
v 


Examples are ionospheric region, electron cloud in vacuum tube. 


Problem 2.3 If there exists a total charge of 12 nC in a spherical volume of 
0.1 m?, find the volume charge density. 


Solution Here Q =12nC=12x10°C 
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v» 201m? 
The volume charge density, 
Py -Q/v 
-12/04 
—120 nC / m? 


2.4 COULOMB'S LAW 


Charles Augustin De Coulomb (1736-1806) was a French physicist. After 
conducting several experiments on charged bodies, he concluded that there exists 
a force between them. He formulated a law known as Coulomb's law. 


The law appears in the following forms: 


(i) Gaussian form 


Force, F= ie a, 
r 
(ii) SI form 
Force, F= ccr eie a, 
4mey r 


(iii) Heavside-Lorentz form 


1 QQ 


Force, F = — 5 
4n r 


2 a, 
Law statement Coulomb’s law states that there exists a force between 
charged bodies and it is: 
1. Proportional to the product of the two charges, 


2. Inversely proportional to the square of the distance between the charges. 
The force also depends on the medium in which the charges are located. 


The force is a vector quantity and it is attractive if the charges are unlike 
and repulsive if the charges are alike. It acts along the straight line joining the 
two charges. 


Mathematically, Coulomb's law is given by, 


QiQ> 


r2 


a, Newton or F=k 


QıQ 
Fa ue a, 
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where k= a constant of proportionality 


(metre / farad-radian) 
ATE 


Qı, Q2 are two point charges (C) 
= force between the charges (Newton) 
r = distance between the charges (m) 
e = permittivity of the medium in which the charges are located (F/m) 
= ege, 
€o = permittivity of vacuum or free space 


- d x10? =8.854x10 F/m 
36n 


€, = relative permittivity of the medium with respect to free space 
(has no unit) 
— ] for free space 
k in free space 


e 29x10? m/F 
AT € 


a, = unit vector along the line joining the two charges 


The force on Q, due to Q, in free space is written in the form of 


F = QiO» azı 
? Ane 2 
0 75 
f-r 
where, az T 
D-rn 


r = location of Qj 
1) = location of Q; 


T51 =| bh — ril 
€o7 permittivity of free space — 28854x10 ^ F/m or Gap) Bn 
361 x10 


1 


29x10? 
4AT €o E 


The force on Q, due to Q, is 
F, --E 
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Problem 2.4 If Q; and Q, are two point charges and are located at r, and 
Y) respectively in free space, find (a) the force on Q, due to Q,, (b) the force on 


Q, due to Q». 
Solution Q; = first charge 


Q» =second charge 
Ij = location of Qj 


1 = location of Q, 

Distance vector along the line joining two charges, 
By oo 

The magnitude of r, is 


bon = 191 = Ir, -rl 


he nes r 
The direction of Eq mL 


(a) The force on Q, due to Qj 


E, = Qi Q2 azı, N 
AN Ep 151 


(b) The force on Qı due to Qo, 


F = E UN 
AN Ep To 


Here t: = -h=-(h-h)=-hy1 
ho =m «In - nl =l} -rl 
415 — 951 
F = -E 
Problem 2.5 A charge of Q; =—1.0uC is placed at the origin of a rectangular 
coordinate system and a second charge, Q, - -10 mC is placed on the x-axis at 


a distance of 50 cm from the origin. Find the force on Qj due to Q, if they are 
in free space. 


Solution Qı =-1.0uC at (0, 0, 0) 
Q =-10 mC at (0.5, 0, 0) 
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By Coulomb’s law, 


Qi Q2 
ES. =a 
x 4T Eq r x 
r =(0, 0, 0)- (0.5, 0, 0) 2 —0.5a, 
y -|xl 20.5 


ieee oxi? 
4n €o 
(-1.0x10~°) x(-10 x 103) x9 x 10? (-a,) 


E = 
12 0.25 


F2 =-360a, Newton 


Problem 2.6 A point charge, Q =2uC is at (2, 3, 6) and another charge, 
Q>=5uC is at (0, 0, 0) in free space. Find the force on Q; due to Q;. 


Solution We have 


Fa a A 
4T Eor 
29x10? 

4T € 


Qı -2uC 22x10 $C 

Q, =5uC 25x10 $C 
r-r-r 

r =2a, +3a, +6a, 
r —0a, +0a, +0a, 


r -2a, +3a, +6a, 


r=lrl=JV44+9436 2 449 =7 
r 2a, +3a,+6a, 


dj =-= 
r 7 


_ 9x10? x2x10 x5x 10° 
12 72x7 


(2a, +3a, +6a,) 
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= 026 (2a, +3a, 46a.) x10? 


Fi) =(0.52a, +0.78a, +1.56a,) mN 


Problem 2.7 Three equal point charges of 2uC are in free space at (0, 0, 0), 
(2, 0, 0) and (0, 2, 0), respectively. Find net force on Q, =5uC at (2, 2, 0). 


Solution 
y 
(2, 2, 0) 
va Qs Qu 
Qi Q2 
Fig. 2.1 Location of charges (0, 0, 0) (2, 0, 0) 


Qı = Q2 =Q; -2uC-Q 
4 =5uC 
r =(0, 0, 0) 
tH =(2, 0, 0)=2a, 
r, =(0, 2, 0)=2a, 
r, =(2, 2, 0)=2a, +2a, 
ry 1 -h =2a, +2a, 
Ip =14-h = 2a, +2a, —2a, -2a, 
T43 
T41 — 44-4 = J8 = 2.828 


ty = 2, 03-2 


= 4 —¥3 = 2a, + 2a, —2a, = 2a, 


The net force on Q4 due to Qj, Q2, Q3 is 


F = Fy + Fy + Fy, 


QQ, 

Fy =— a 
$e 4T Eq rA i 
2a, +2a, 

441 ^ 2828 
QQ 
Fy XI 


" 2 
AN Eq Tyo 
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ay —8, 
QQ, 
Fy, 7— — 52343 
5 4n Eo rh 
a43 = ay 


a a a 
-22e lè, 4 pl 


7 2 2 2 
4neg | ry ri TB 


2a, = H a, 4 ax 
(2.828) 4 4 


= 210 x510 x 9x10 | 


F = 30.45 (a, + ay) mN 


Problem 2.8 Two charges Q; =2uC and Q,)=5uC are located at (- 3,7, 
— 4) and (2, 4, - 1), respectively. Determine the force on Q, due to Q, and the 


force on Q, due to Qs. 
Solution The force on Q, due to Qj is given by 


| QQ 
Ej = 2:821 
4T Eo 151 
where by =b- 
1E 
aS 
Ir, -yl 


n -2a,-t4a,-a, 
r =a, *7a, - 4a, 


hy -5-r =5a, —3a, +3a, 


Inl = 4259-9 2 443 = 6.557 


S 2x107 x5x10° x9x10? 
(43)? 


FE (5a, —3a, + 3a,) 


Ej, =(1596a, —0.957a, +0.957a,) mN 


Now the force on Qj due to Q, 


Fj; =—Fy = (715962, + 0.957a, — 0.957a,) mN 
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2.5 APPLICATIONS OF COULOMB'S LAW 


Coulomb's law is used to: 
1. find the force between a pair of charges 
2. find the potential at a point due to a fixed charge 
3. find the electric field at a point due to a fixed charge 
4. find the displacement flux density indirectly 
5. find the potential and electric field due to any type of charge distribution 
6. find the charge if the force and the electric field are known. 


2.6 LIMITATION OF COULOMB'S LAW 


It is difficult to apply the law when charges are of arbitrary shape. Here, the 
distance, r cannot be determined accurately as the centres of arbitrarily shaped 
charged bodies cannot be identified accurately. 


2.7 ELECTRIC FIELD STRENGTH DUE TO POINT CHARGE 


Electrostatic field is produced by a charge at rest. It is defined by Coulomb's law. 
Electric field strength or electric field intensity or electric field indicate the same 
property in this book. 


Definition 1 Electric field due to a charge is defined as the Coulomb's 
force per unit charge. It is a vector and has the unit of Newton per Coulomb or 
volt per metre, that is, 


Electric field, Ez n N/C 
Q 
where F is Coulomb's force, Newton and Q is charge, Coulomb. 


Definition 2 Electric field is also defined as a negative gradient of a 
potential due to a charge, that is, 


E =-VV, volts / metre 
where V is potential due to the charge, volts. 
Let Qp = fixed point charge, C 
Q, - test point charge, C 
ry = location of fixed charge 


r, = location of test charge 
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Then the force on Q, due to a fixed charge in free space, Qf is given by 


QO; Q 
Fy = i ay, N / C 
4n Eq rj 
The electric field, E at the location of Q, due to O f is defined as the ratio 
of force on Q, due to Q f and the test charge, Q,, that is, 


If there are N point charges, the field at a point is the vectorial sum of fields 
due to N charges, that is, 


RECO Eo te NIS C 


2.8 SALIENT FEATURES OF ELECTRIC INTENSITY 


1. It has units of Newton/Coulomb or volts/ metre. 

2. It is a vector. 

3. It has both direction and magnitude. 

4. Its direction is the same as that of Coulomb’s force. 
5 


. Its magnitude depends on the magnitude of Coulomb's force and the charge 
on which the force is acting. 


ion 


. It depends on the medium. 
7. It depends on the permittivity of the medium. 


8. It depends on the distance of the charge from another charge which produces 
Coulomb's force. 


9. It depends on the location of the charges. 
10. It originates from a positive charge and terminates on a negative charge. 


11. When a unit charge at a distance is moved around a fixed charge, the field 
lines and force appear as in Fig. 2.2. 


EorF 


Qr 


Fig. 2.2 Coulomb's force and electric field 
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Problem 2.9 If Coulomb’s force, F=2a,+a,+a,N, is acting on a charge 
of 10C, find the electric field intensity, its magnitude and direction. 


Solution Force, F=2a,+ a,ta,, N 
Q -10C 
€ 
Q 
i 2a, ta, +a, 
10 


E =0.2a, *01a, +0.1a,,N/C 


The magnitude of E is 
E = |El 


AO OS OA 


= J0.04+0.01+0.01 = v0.06 
=0.2449 V/m 
The direction of E is 


ar UE 


02a, +0.1a,  0.la; 
i 0.2449 


ar —0.816a, + 0.408a,, + 0.408a, 


Problem 2.10 If a charge of 2uC is located at P,(1, 0, 0) and another 
charge of 1uC is located at P,(0, 1, 0) in free space, find the electric field at P}. 


Solution Let Qs -20C-2x10'*C 
Q, -1uC-1x10 5C 
ty =(1, 0, 0)=a, 

1, =(0, 1, O)=a, 
fy =", ry; =a, — ay 


ay m sa 


Tif J2 
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Electric field strength at P, is 
__ 


4T EQ ry 


E 2x10 ? (ay) 
© Amey (42)? 


| 2x10% (ay — ay) 
ENTE (V2) 42 


1 
4n €o 


-9x10? 


d,—d 
E =9x10° x10 x| y - 


E =6.364 (a, —a,) KN/C 


Problem 2.11 There are three charges which are given by Q, =1HC, 
Q» -2uC and Q; =3uC. The field due to each charge at a point, P in free space 
is a, *2a, —a,, a, *3a, and 2a, -a, N/C. Find the total field at the point, P 
due to all the three charges. 
Solution The field, E, at P due to Qi(1uC) 
=a,+2a,—a,, N/C 
The field, E, due to Qo (2HC) 
=a,+3a,,N/C 
The field, E, due to Q;(3HC) 
=2a,-a,, N/C 
The total field at P, 
E = E, + E, + E; 


=a,+2a,—a,+a,+3a,+2a,—a, 


E = 3a, + 2a, +2a,, N/C 


Problem 2.12 A charge, Qı - -10nC is at the origin in free space. If the 
x-component of E is to be zero at the point (3, 1, 1), what charge, Q, should be 
kept at the point (2, 0, 0)? 
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Solution Consider Fig. 2.3. 


To 


Qı (0, 0, 0) 
> y 
(2,0,0) 75 
P CH 11) 
Fig. 2.3 x 
Q, 7 -10 nC at the origin 
r =(3, 1, 1)- (0, 0, 0) 
r —(3-0)a, - (1-0) a, * (1-0) a, 
=3a,+a, ta, 
n =/94+14+1=V11 
r, =(3, 1, 1)-(2, 0, 0) 
r,-(3-2)a, +(1—-0) a, +(1-0) a, 
=a, +a; +a, 
5 =J/1+14+1= V3 
E=E,+E, 
-_& za, + Qı =a, 
4T Eq hn 1 AT Eq [p] 2 
p 3a, ta, +a, 
a = = 
1 a 11 
p atata, 
a = — 
7? Inl 48 
E at (3, 1, 1) 
_ 10x10? x9x10* |, Q, x9x10? 
= (11772 ( a, ray tal) um (ax Fay taz) 
| -90 Q, x9x10? 
E = Gays Om tata) t us (as tay taz) 
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If E, is to be zero, we should have 


-90x3 Q,x9x10? 
a? t ay -00r|Q, = 427nC 


Problem 2.13 Two point charges Q} =5.0C and Q, - 1.0 nC are located at 
(-1, 1, -3) m and (3, 1, 0) m, respectively. Determine the electric field at Q}. 


Solution Q, =5.0 Cis at (-1,1,-3)m 
Q, =1.0 nCis at (3, 1, 0) m 
Electric field, E at Q1 (-1, 1, 3) m is 
cae 
4n € T 


r (71-3) a, +(1-1) a,(-3- 0) a, 


——4a,-3a, 
r zin 2 1649 25 
—4a, -3 
a, = = az 


| 10x10 x9x10° 
25x5 


E =—0.288a, —0.216a, V/m 


(-4a, —3a,) 


2.9 ELECTRIC FIELD DUE TO LINE CHARGE DENSITY 


By definition, line charge density is given by 


d 
PL -%, C/m 
dQ =P; dL 
or, Q =| p,dL 


Here, Q is the total charge. 
But electric field due to Q at a distance of r is given by 
E= Q zâ, 
4T eor 
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E= PLL dL Beery 
Ane, r? 


Problem 2.14 If a fine filament carries a uniform charge distribution of 
p; c/m, find the electric field at a point, P, (x1, y4, z1). 


Solution Consider a differential length, dL on the line carrying the uniform 
charge. Let it be at a point Pj (x2, Y2, Z2) on the line. 


The position p, =} =x a, + ya, +7 a, 
The position p, =I =X a, +y2a, 22, 
r= h — n 


-(x2-x1) ay +(Y2 —Y1) ay +(22 - 1) a, 


Irl =r =l} -rni 


The electric field strength at is 


—| 2 pills 


a, 
Am Eo 


or, E= x edm dL 
ATE, 


Problem 2.15 Find out electric field due to a uniformly charged short line 
(refer Fig. 2.4). 


dEg A dE 


Fig. 24 Field due to a finite length of line 
charge 


Solution It may be noted that there exists symmetry with the line charge 
along z-axis. Assume that the origin is at the centre of the line. 
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Consider dL at a distance of L from the origin. The magnitude of the charge, 
dQ of dL length is given by 


dQ =p, dL 
Now r= UR 4e (oe y 
dL 
dE at - PL 57 ay 
4n eo [R^ * (z- LY] 
dL 
or, dE, = EL z- COSO 
4n€o [R^ +(z-L)] 
"a 2 2 
E, =Í Dicono ; R'*(Z-LY 4, 
4n€o [R^ -(Z- LY] R 
a2 
Let t 2 
e =——_ 
ano D 
Or, (z-L) =Rcota 
-dL =-R cose? ada. 
E EV. 
E R[R d L) ] lo. 
R 
Oy 
=—PL [coso do. 
AT Ey 
Op 
AE 2 s (sina, — sina) 
and dEg = prak z Sina 
4rEg [R^ +(z-L)*] 
7 2 2 
- Ep -| DES : [R^ * (z—-L) l ja 
4me,[R° * (z- LY] R 
a2 
Oy 
ee RR J sina da 
4neo R 


Op 
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—_ PL 
4me, R 


Ep (cos ot; — cos o) 


2.10 ELECTRIC FIELD STRENGTH DUE TO 
INFINITE LINE CHARGE 


The electric field due to a uniform infinite line charge is given by 


P, 
21€, p 


ap 


Proof Fora line charge extending from — to œ along z-axis, the electric 
field does not vary with z when $ and p are constants. It also does not vary with 
o when z and p are constants due to symmetry. 


The position of infinite line charge is shown in Fig. 2.5. 


d 


PL 


Fig. 2.5 Infinite line charge 


Consider a differential length, dL along the line charge. Let it be at a distance 


ao oni dQ 
of L from the origin. By definition, p, TA 
The charge dQ of dL=p, dL. 
Consider a point A on y-axis at a distance of p from the origin. Let the field 
at A due to dQ be dE. 


From Coulomb’s law 


SEVERE: 
AT Eo r 


LOME ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 
=dE,a, +dE,a, 


p, dLsina 
2 


dE, = 
4neor 


Pap 
Aner” ` r 


p, dLp 


4n €9 r’ 


Here, r -Iriz JD «p? 


pp, dL 
50, dE, = 2 3/2 
4né, (D +p)? 


PP, dL 
I Ane, ( Cue ) 


TRUM 


3/2 
P, [ p dL 
ANE, ey (P +p? 


Put L=ptan9 
dL = psec? 0 d0 


Now Ep = 


T 
P, (i p? sec? 040 
Ane, + (p? tan? 9. p?)?? 
-7 
2TEQP 


As E,=0 due to symmetry, the field strength is given by 


= P, 
21eop 


ap 


Problem 2.16 A charge density of p, =10 PC/m is uniformly distributed 


along an infinite line. Determine electric field at a point (42,4/2, 1). 
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Solution The field at (42,42, 1) is 


P, 
- a 
2neo p ? 
where P, =10PC/m 
p = x+y’ in cylindrical coordinates 
=,/2+2=2 
1 9 
But AT Ep =9x10 
1 9 
or 7ne, = 18x10 


E 18x10? x10x107!? 


So, 2 ap 


= 9x10 7a, 


E - 90a, mV/m 


Problem 2.17 Find E at (2, 0, 2) if a line charge of 10 PC/m lies along the 
y-axis. 


Solution We have E= Pr ay 
2MEy P 
where P =(2,0,2)—-(0, 0, 0) 
=2a,+2a, 
" zo 2a, 72a, 
Pp J8 
-18x10? 
ZEN 8x10 


"s 18x10? x10x1072 


8 (2a, *-2a;) 
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| 18x10? 


a ak 


or, E 


E = 45.0 (a, +a,) mV/m 


Problem 2.18 Three parallel line charges, p;; =5nC/m, Pr =4nC/m 
and p;5 =—6nC/m are located at (0, 0), (3, 0) and (0, 4) m, respectively. Find D 
and E at (3, 4). 
Solution We have Pzrı =5nC/at (0,0) 
Pr2 =4nC/m at (3,0) 
Pra 2—6nC/m at (0, 4) 
D = Dı +D, +D, 


where D, = Pu, 
21pi 
n =(0,0) 
r= 3a, +4a, 


r- =3a, +4a, 
pı =lr-r,!=vV9+16=5 


a 2 I5H _ (3a, +4a,) 
i= = 
|r- rj| 5 


5x10? 3a, * 4a, 
l^ 2nx5 5 


10-7 
= ——(0.3a, +0.4a, ) 
D, od 
2np» 
T) =3a, 
P2 =l|r-r | 
P2 =|4a,|=4 
= 4a 
= r r E a, 
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4x10? 10-* 
D? = a,= 0.5a 
2n Yoo ay) 
D, = PL3 as 
2105 
T5 -4a, 
P3 -[r- r| 
or, P3 =| 3a, + 4a, -4a,|=3 
a r-r, _ Say -- 
[r-r5| 3 
4x10? 10° 
D, = = 0.5 
2 = nx oY (Pa 
-6x10 -10° 
D, = a, = a 
3 20x3 * m5 * 
D=D,+D _ 10% 
=D; +D; +D; =——(0.3a, +0.4a, +0.5a, —a,) 
or, D =(- 0.222a, +0.286a,) nC/m? 
D 1 


Eo  &854x10 7? 


E =(-25a, +32a,) N/C 


Problem 2.19 Three infinitely long lines charged uniformly are parallel to 
the z-axis. They are separated by a distance of b m. The charge density of each 
is p; =2.0PC/m. Find the electric field E at a point P on the y-axis at y =a m. 
If a=b=1m, what is the electric field, E? 


Solution Consider Fig. 2.6. 


Expression for the electric field at a distance of P due to an infinitely long 
charged line, E is 


E = Pi a,, V/m 
2169 pe 


a "NS ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 


y 
P 
a 
PLI PL3 | PL2 
»x 
b »« b d Fig. 2.6 A system of line charges 


E,, at the point P due to Pr, 


1 (PLu cos® ) 
Ja? +b? J 


2169 


E,, at the point P due to P13 


Y3 
__1 (Pn) 
2neg( a J 


E,, at the point P due to Pr» 


1 k cos ) 


E ya? «p? J 
As Pri =PL2 =PL3 FPL 
p 1 2cos0 ) 
Total E, 2— + =V/m 
x«l: Va? +b? J 


a 


cos 0 EE 
E p; E 2a ) 


go : 
2negl a a? «b? ) 


P, a +b? +227 | 
2716€, 


a (à? +b”) j 
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P, Een] 


F. 2nega| (a? +b?) 


If a=b=1m, p; =2.0PC/m 


2x10? (3.1+1) 
= a 
Lp 


2n€E_ 1 


_ 2x10" x2_ 2x10 ay 
20 MEQ 


E= 0.0719a,,, V/m 


Problem 2.20 An infinite length of uniform line charge has p; =10PC/m 
and it lies along the z-axis. Determine the electric field E at (4, 3, 3) m. 
Solution In cylindrical coordinates, 


p-Jx^ y? =v164+9=5m 


Due to symmetry, E is constant with z. Hence 


Pr 
z a 
21€9 pe E 
or, E 10x10? x18x10^a, 


-180x10?a, V/m 


E= 180a,, mV/m 


Problem 2.21 An infinitely long uniform line distribution of p; =3.0nC/m 
is at y=3,z=5. Determine E at (a) (0, 0, 0), (b) (0, 2, 1), (c) (3, 2, 1). 

Solution p; -3.0x10? C/m is at (x,3, 5). 

Let us take a general point (x, y, z). Then the radial vector from the location 
of Pr, that is, (x,3,5) to (x, y, z) is 


r -(y-3) ay +(z—5) a, 

r=\(y-3) +(2-5) 

_(y-3)a, +(2-5) a, 
Ju -3f +(2-5)" 


r 
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PL 


E at (x, Vy, z) “mep 
0 


P 


EN O ko gl a 
(y-3) +(z-5)° 


(a) E at (0, 0, 0) 
" [-3a, —5a;] 
9425 
E -(- 476a, —7.94a,) V/m 


=5 


(b) E at (0, 2, 1) 


gg 187988079 2] 


Vv 
1116 pm 


E=(-3.17a, -12.7a,)V/m 


(c) E at (2, 3, 1) 


= 54 [-4a, ] 
16 


E=-13.5a, V/m 


2.11 FIELD DUE TO SURFACE CHARGE DENSITY, Ps 
(C/m?) 


Field due to surface charge density, 


E= Ps 
2€o 


n 


Consider an infinitely charged sheet lying in x-y plane. Assume that the 
sheet is uniformly charged. 


Consider a strip of a differential width of dx as in Fig. 2.7. 


The sheet extends from - œ to «e in both x and y directions. It is obvious that 
the field does not vary with x or y due to symmetry. Now, there is only 
z-component. 


-2Q 


By definition, - 
y Ps ds 
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^y 
dx 
cae 
«—— x 
> x 
a 
A r 
Fig. 2.7 A differential strip in an infinite z 
surface charged sheet 
or, dQ =P; dS 
=p, dx dy 
dQ 

i —- =p, dx 

that is, dy Ps 


For a differential strip of width dx, we have 


PL =Ps dx 
The field at a point, A on z-axis is given by 
dx 
dE =P% 4 
2nepr 
d 
dE, =s% oosa 
2NE gr 
Here, r= Vz? +x? 
cos à =— 
ES Ps [ A 
2neg * (z°+x°) 
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that is, E; anus 
2Eo 
Ps 
E- 
P 2€9 ° 


If the surface charge sheet lies in y-z plane, the field at a point on x-axis is 


uH 


E- 
2Eo 


x 


Similarly, if it is in x-z plane, the field at a point on y-axis is 


Ps 
=--> a 
E 2E t 
In general, the field at a point on the axis normal to the plane of the sheet 
is given by 
Ps 
E=- a 
Jej 


Problem 2.22 An infinite sheet in x-y plane extending from -œ to ee in 
both directions has a uniform charge density of 10 nC/m?. Find the electric field 


at z=1.0cm. 


Solution Ps =10nC/m? 
For a sheet of charge lying in x-y plane, the field at any point on z-axis is 
given by 
Ps 
E= a 
285 ^ 
2o 130x107 | 
2x 8.854x10 7 7 
—0.5647x10?a, 
E - 564a, V/m 


Problem 2.23 A sheet of charge lies in y-z plane at x =0 and has uniform 
surface charge density of 5.0 PC/m?. Find the electric field at a point, 
P (- 5,0, 0) on x-axis. 

Solution p, -50PC/m? 

=5.0x10"? C/m? 
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E at P (- 5,0,0) 
2€9 


ay 


5x10? 
2x8.854x10-? 


x 


E =-0.282a,,V/m 


Problem 2.24 A point charge, Q is at the centre of a neutral spherical 
conducting shell. Find the surface charge density at the inner surface and at the 
outer surface (Fig. 2.8). 


Fig. 2.8 Neutral spherical conducting shell 


Solution The surface density at the inner surface is 


p,/ata -— Q 


2 


The surface density at the outer surface is 


¿/atb = 
P Arb” 


Problem 2.25 A plane z = 1.0 m has a uniform charge density of 
p, 22.0 PC/ m?. Find the electric field E above the plane. 


Solution p, 220x107 C/m? 
Ps 
E-2I— 
265 ^ 
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or, 


1 9 
—— =18n2x10 
2€9 


E -2.0x10 ? x18nx10?a, 


E = 36ra, mV/m 


Problem 2.26 Determine the force on a point charge of 5 nC at (0, 0, 5) m 


due to uniformly distributed charge of 5 mC over a circular disc of radius r<1m 
in z = 0 plane. 


Solution Consider Fig. 2.9. 


JER 


dS =r dr dà 
Fig. 2.9 Uniformly charged disc 


as 


The surface charge density, Psis 


3 
p, <2 a2 <a 59mcC/m? 
5 nr 


From Fig. 2.9 
R =-~ra, +5a, 
The differential charge on dS is 


dQ =p,r dr do 
Then the differential force due to differential charge is 
dF = ARX RE an 
ANE, R 


_ (p,rdrd$)x5x10^? 1 


Ame, R? 
mc -ra,-T5a, 
r? 425 
R=vVr +25 
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-3 -9 
ar iP Seir 45.) 
0 


From Fig. 2.9, it is obvious that the radial components will be cancelled out 
due to symmetry. 


The force on Q, is 


eo 7.95x10 7 x9x10 x5rdrdà | 
(r? 4 25? Š 


ce 


2n 


5 
-357.75x10? | ke 
(r? +.25)°/ 
0 


= 2246.67 x10^ Je 


0 


(r LOG 


5 
= 2246.67 x10? lah a. 


Jr? +25 0 
= 2246.67 x10 ? x0.0585a, 
F -0.1314a, N 


2.12 FIELD DUE TO VOLUME CHARGE DENSITY, 
p, (C/m?) 


Volume charge density is defined as 


> =u 20.4 

i "Rud AD d' 

or, Qd dQ=f p, dv 
v v 


Here, determination of field due to volume charge density simply involves 
the estimation of total charge, Q from p,. 
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As E= 9 28r, 
4ne€or 


Py N ) 
E =| ———, Wva,|—4 
eee va (1 


Problem 2.27 A sphere of volume 0.1 m? has a charge density of 
8.0 PC/m?. Find the electric field at a point (2, 0, 0) if the centre of the sphere 
is at (0, 0, 0). 

Solution The field, E due to volume charge density is 


E E- [—— Pa dv = 
ANE, r? 
L esa, 
~ Ame, 
= Q 2 a, 
ANE, T 
p, =8.0PC/m? 
o =0.1m? 
Q=p,v 
=8x0.1=0.8 PC 
r — (2, 0,0)- (0, 0, 0) 
=2a, 
r=lrl=2 
r 2a 
E d 
9x 10? x 0.8x 10°? 
i. 4 x 
E-18x10?a, 


E=1.8a,,mV/m 


Problem 2.28 Find the electric field at a point on the axis of a charged 
disc (Fig. 2.10). 
Solution Consider a differential area shown by the dotted line. 


The differential area =2nr dr 
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Fig. 2.10 Uniformly charged disc 


2 
The field at P PR 


ANE 9 s? 
The vertical component of E is 


ps (2nr)ydr 25 


dE sO 
Z "Aneys 
f (2nr) dr 
Bo FERE z cos0 
MELLE) 
at r=0, 0=0 
at r=a, 0=Q 
Also r=htan 0 
that is, dr = hsec? 0 dO 
saD 
dE, MUI dr cos 0 
ANE, r 
212 
x Pesur Mo hsec? 0 cos dO 
ANE, 1 
 p,sin0d0 
2€9 
Qa 
E= | dea, 


0-0 
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a 
= [| sine doa, 
269 


p 
ESO. „n V/m 


€0 


h 


where cosa = (eta? 


Problem 2.29 Determine the charge enclosed in a cylinder (Fig. 2.11) when 
the volume charge density is. p, —1.0e ^ (x? « y?) !/* C/m?. 


AZ 


A 


p=0.1m 


Fig. 2.11 Charge in a cylinder 


Solution In cylindrical coordinates, 


p = (x? + y2)? 
Po =1.0e7 p™/? 
Hence the total charge 
Q - [J[p, dv 
do =P dp do dz 
032x 0.1 


Q= f fe? p™? p dp do az 
00 0 


0. 


(eS) 


2T 


je £ [p??] 01 de dz 
0 


dio 


Q =34.3 mC 


Problem 2.30 In a spherical region, the electric displacement is given by 
D=10r* a, mC/m°. Find the total charge enclosed by the volume specified by 
r=40cm, 0-nx/4 and $-2m. 
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Solution The point form of Gauss’s law is 


V.D =p, 


and Q = Jff pa dv 
= ff (V.D) dv 


1 9 1 9D 
(V.D spherical E ? 


+—— — (sinb Da)+ — —— 
rsinO 90 rsinO do 


qm, 
E 
N 
J 
4 
~~ 


gjo 


But in the present problem, D is only a function of r, or, Dy =0, Dg =0. 


10,9 
So, V.D =——(r* D 
3 € D) 
1.0) 45 2 
=—— (r* x10r 
25 ) 
1 29 4 
-— (10r 
a >, | ) 
= + 40r? = 40r 
r 


Q- ff (V.D) do 


do =r? sin0 dr dO do 


2n n/4 04 


Q-[ j | (40r) r? sine dr do d 
0 0 0 


4104 
-fao x [- cos 0]7/* x [9]2" 
4 Jo 


Q 24.7111 mC 


2.13 POTENTIAL 


A charge at rest produces potential at a specified point. It is a scalar quantity. 
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Potential at a point due to a fixed charge is defined as the work done in 
bringing one Coulomb of charge from infinity to the point against the force 
created by the fixed charge, that is, the potential is the work done per unit 
charge. 


The potential, V at a point due to a fixed charge, Q f is given by 


_ Work done to bring a charge Qfromeetothe point towards Q 


x Q 


Simply V= E J/Cor volt 


2.14 POTENTIAL AT A POINT 


The potential at a point due to a point charge is given by 
uico 


4n€gor 


Proof Consider a fixed charge, Q and 1 C of charge at an infinite distance 
(Fig. 2.12). There exists a force on 1 C due to Q. If 1 C of charge is moved against 
the force of repulsion, some work has to be done. 


A B 1C 


Q 
ee 


dx = —————> a Fig. 2.12 Determination of potential 


If 1 C is at point B which is at a distance of x from Q, then force on 1 C due 
to Q is 
Q 


F=—~—a 
AME) X 
If 1C is moved through a distance of dx in the opposite direction of a,, 
then the differential work done is 


dW - —F.dxa, 
Q 


2 
4n€9 x 
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Total work done in moving 1 C from œ to r is 


T 


Or w=- f|— a 
í ANE, x? 


oo 


—— -Q f 
4n€o x] 
_ Q 


ATE, 1 


This work done is the potential. The potential at a distance of r from Q is 


V= Q Joules/C 
4negr 


Problem 2.31 A charge of 10 PC is at rest in free space. Find the potential 
at a point, A 10 cm away from the charge. 


Solution The potential at A is 
PEE 
ANE r 
Q =10PC=10x10"? C 


r=10cm=0.1m 


1 
€ 9 
41€9 =9x10 
9x10? x10x10-? 
Va = 
0.1 
=9x10!! x107? 
V4 =0.9 volts 


Problem 2.32 The potential at a point A is 10 volts and at B it is 15 volts. 
If a charge, Q=10uC is moved from A to B, what is the work required to be 
done? 


Solution V4 =10V 
Vg =15V 
VBA =15-10=5 volt 
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kd 
By definition Vea = E 
Q =10uC 
Work done 20,0 
=5x10uC 
W =50uJ 


Problem 2.33 Two point charges Q; =2nC and Q, =4nC are located at 
(1, 1, 1) and (1, 0, 0) respectively. Determine the potential at P (1, 1, 0) due to the 
point charge. 


Solution Qı =2nC 
r =(1,1,1)=a, +a, +a, 
r, =(1,1,0)=a, ta, 
Tt f =a, +a,—a,—a, —a, 
=—a, 
Ir,-nl-10 
The potential at P due to Qj is 
z Qi 
L "Ames Ir,—rl 
9x10? x2x10? 
_ 9x 0° x2x10 -18V 
1.0 
Q> =4nC 
r, =(1,0,0)=a, 
ty -f =a, +a, —a, =ay 
it, 11-10 
The potential at P due to Q, is 
a Q» 
Ane lr, -nl 
9x10? x4x10 ? 


1 
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The total potential is — V =V; +V, 218-436 
V =54 volts 


Problem 2.34 — An electric field is given by E=10ya, +10xa,,V/m. Find 
the potential function, V. Assume V - 0 at the origin. 


Solution We have 


E --VV 
La 9V | oV | 
x 0 wk 4m 
or, V =-[E.dL, dL - dxa, * dya, +dza, 


y -j 10y dx — [10x dy 
V =-10xy + B-10xy + C 
At x=0 andy =0, V=0 
B+C =0 
V =—20xy volts 
V/(0,0,0) 20 
V =0 volts 


2.15 POTENTIAL DIFFERENCE 


The potential difference between two points A and B is defined as the work 


done by an applied force in moving a unit positive charge from A to B in 
electric field. 


B 
The work done, W -Q[E.dL 
A 


W 
or, Vag = — 


B 
= -[E.dL 
A 


where Q = charge that is being moved from A to B. 


Potential difference between A and B is also defined as the difference between 
the potentials at A and B. 
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Let V4 be the potential at A. Vg be the potential at B. Then 


A 
V4 = -JE.aL 
B 
Vp = -[E.dL 
Vag =Va -Vg 


2.16 SALIENT FEATURES OF POTENTIAL DIFFERENCE 


1. Potential difference depends only on the initial and final points. 
2. It does not depend on the path between the points. 
3. It is zero around a closed path, 


that is, V =- f E.dL=0 


A 
or, V --[Ear-o 
A 


4. Negative value of V 45 represents loss in potential energy in moving Q from 
A to B. 


. Positive value of V4, represents gain in potential energy. 
. Vag has the units of Joules/Coulombs or Volt. 
. Vag depends on the distance between A and B. 


. Vag is created by a fixed charge. 


oO 0 N A Ul 


. If B is reference at oo from the fixed charge, Vj is the potential of A itself. 


10. The potential at oo is zero. 


Problem 2.35 A point charge, Q = 10 nC is at the origin. Determine the 
potential difference at A (1, 0, 0) with respect to B (2, 0, 0). 


Solution Q -10nC-10x10? C 
ra =1m 


rg -2m 
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The potential difference, 


a eT 
AB ^ Amegl ra rg 


= 10x10 x9x10° 1-5] 
1-2] 


VAB =45V 


2.17 POTENTIAL GRADIENT 


Potential gradient is defined as the gradient of potential, that is, 


Potential gradient = VV 
where V is vector differential operator and V is scalar potential. 


2.18 SALIENT FEATURES OF POTENTIAL GRADIENT 


1. Potential gradient is a vector. 
2. It is always normal to equi-potential surfaces everywhere. 
3. It lies in the direction of maximum increase of potential. 
4. Negative potential gradient gives the electric field, that is, 
E --VV 
5. The electric field and potential gradient are in opposite directions. 


6. The potential gradient in different coordinate systems is given by 


( VV ) Cartesian — 


oV 19V oV 


(VV )cytndrical E dp ap 5 E ay + ae a, 


oV 19V oV 
a,+ ag +— ay 
or r 00 rsin8do 


(VV spherical 


Problem 2.36 If the potential function, V is given by V=x°y—xy? + 3z, 
find the potential gradient. 


Solution V= xy i xy? +3z 
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The potential gradient is given by 


- t 
V) ox Ix oy E Oz SE 
oV d 
ie a C yw +32) 
=3x" y-y? 
ƏV š 
3y ^* —2xy 
Vo 
oz 


VV = (3x7 y - y?) a, +(x? - 2xy) a,*3a,, V/m 


2.19 EQUIPOTENTIAL SURFACE 


Equipotential surface is one on which the potential is the same on the entire 
surface. 


Gradient of the potential and the equipotential surface are orthogonal to 
each other. 


2.20 POTENTIAL DUE TO ELECTRIC DIPOLE 


An electric dipole is defined as a pair of opposite polarity with identical 
magnitude and with a small distance between them. 


Potential due to a dipole 


7 _ Qdcos0 _ pcos 0 " 


2 olts 


AN Ey r ANE r 
Here, Q = charge 
d — distance between two charges 
r = distance of the point from the centre of the pair of charges 
p = dipole moment = Qd (C-m) 
Electric field at a point due to a dipole 


E = 
4n€9or 


z (2cos 0 a, + sin 0 ag) V/m 
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Proof Fig. 2.13 shows a dipole (A pair of charges) 


Fig. 2.13 An electric dipole 


Let P be a point at which the potential and electric field are to be determined. 
Let r, be the distance of P from (-) ve charge and n be the distance of P from 
(*) ve charge and r be the distance from the centre of the dipole. 


From Fig. 2.13, we have 


n opt cos 
2 


To eee: 
2 


Potential at P due to Q and -Q is 


Q , æ 


ATE 9 T» 4n1€9 n 


—— M—À1 
ine, [r— 5 cose] ine, [r+ cose 


) ) 


PELAAT uat conn 
2 2 
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Qd cos0 


2 
4n€9 [^ -= P cos? od 


if r>>d 


dy 
ry? >> — cos“ 0 
4 


The expression for the potential becomes 


d cos 0 
= eae volts 
4n€9 r 
cos 0 
Or, mud 7 volts 
ANE r 


where p=Qd= electric dipole moment. 


If d cos0 is written as 


d cos 0 «d.a, 
d - da, 
Potential V becomes 
Ve Qd. ar 
ANE, r 
EN di 
ATE 9 r” 


where p=Qd is known as dipole moment. It is a vector and has the direction 
of d. Here d is the distance vector from -Q to Q. If the centre of the dipole is at 
r instead of at the origin, potential is given by 


n peur). 
ANE r-r} 


Problem 2.37 An electric dipole represented by 0.14, nC-m is at the origin. 
Find the potential at a point P (0, 10, 0). 


Solution We have 


__P-a, 


V= 
AT Ep r? 
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p =0.1a,nC-m 
=0.1x10~ a, C-m 


=10 10 ay C-m 


=9x10° 
ANE g 


r =(0, 10,0) - (0, 0, 0) 
-10a, 
Iri =r=10 
r 10a, 


a 
lr! 10 d 


a, 


9x10? x107 
v= 
10 
V 29x10? 29mV 


Problem 2.38 An electric dipole, 1.04, nC-m is located at (0, 0, 0). Find 


] 


TT 
the potential at | L775% 
4 2 J 


Solution The potential due to an electric dipole is given by 


p cos 0 
y= 2 
4n€o r 


where p -1.0x10? C-m 


-9x10? 


ATE 9 


r =1.0, 8s 
4 


ye 9x10? x1.0x10^? x0.707 
u 1 


=6.3 V 


Hence V =6.3 volt 
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2.21 ELECTRIC FIELD DUE TO DIPOLE 
In spherical coordinates, the gradient of the potential is given by 


E =-VV = N pP : m 
dr" r 90 ? rsinð ao ? 


where 
It is evident from the above expression that V is not a function of 9. Therefore, 


1 ƏV 
rsin0 do 


E is only a function of r and 8. 


E EET il ecd | 


a a 
or! 4n€ m "+ 00| 4ne, E : 


2Q4 cos | Qd sin8 | 
4ne, r? ! 4neg r? i 


E -—24 cose a, +sin® ag), V/m 
4n€or 


or in terms of electric dipole moment, E is expressed as 


E -—? X (2cos8 a, +sinð ag), V/m 
4n € r 


Problem 2.39 An electric dipole, 1.0a,nC-m is at (0, 0, 0). Find the electric 


field at (0, 0, 1). 
Solution We have 


ete pony -a 
21eor 


. Qda;.a; 5 


3 
21€9or 


Qd = p 21.0x10? C-m 
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r=(0,0,1)-(0,0,0)=a, 


r=1 

_ 18x10? x10? 
E me Gm a, 
E =18a,, V/m 


Problem 2.40 If an electric dipole located at the origin is represented by 


k 


E 
2 


3j 


0.14, nC-m, find E at E 


Solution We have 


E- Qd cos0 acd Qdsin® 


= a 
2ME 9 p 4neg r? i 
Qd =p -0.1x10? C-m 
T T 
0 ~ 4’ pers 
T2] 
18x10? x0.1x10? zn  9x10*x01x10? . m 
E- 1 X cos "i + o xsin 129 


=1.8x0.707a, + 0.9x0.707ag 


E =1.272a, -0.636a9, V/m 


2.22 ELECTRIC FLUX 


Electric flux is also known as Electric Displacement Flux. 


Definition 1 Electric flux is defined as the displaced charge, that is, 
Electric flux, ¥ =Q, Coulomb. 


Definition 2 Electric flux is defined as the surface integral of electric flux 
density, that is, 


Electric flux, V =Í D.dS 
S 


2.23 SALIENT FEATURES OF ELECTRIC FLUX 


1. It is independent of the medium. 


2. The electric field creates a force on a charge and hence the charge moves 
along a certain path. This path is called the flux line. 


W 


. The force between two charges acts along a certain path. This path is also 
called the flux line. 


. Magnitude of flux depends only on the charge from which it originates. 
. The flux lines are equal to the charge in Coulombs. 
. Flux line is only an imaginary line. 


. Its direction is the same as that of the electric field. 


o N DBD OF fe 


. The flux lines from a point charge are shown in Fig. 2.14. 


Electric flux lines 


Fig. 2.14 Field from an isolated charge 


9. The flux lines between a (+)ve and a (-)ve point charges are shown in 
Fig. 2.15. 


Fig. 2.15 The field in a system of equal but opposite 
charges 


10. It is a scalar quantity. 


11. The flux lines from a pair of (+)ve charges are shown in Fig. 2.16. 
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Fig. 2.16 Flux lines from two (*)ve 
charges 


2.24 FARADAY'S EXPERIMENT TO DEFINE FLUX 
Apparatus used One small metallic sphere, two hemispheres forming a full 
sphere larger than the small sphere, if held together over a dielectric material. 
Procedure See the steps given below: 
1. Inner sphere is charged to Q Coulombs. 
2. Dielectric material is pasted radially over the sphere with uniform thickness. 


3. Two hemispheres are held together on the dielectric strip so that they form 
an outer sphere. 


4. Outer sphere is momentarily grounded to discharge its charge. 


5. The two hemispheres are removed with insulated tools without disturbing 
the induced charge. 


. The charge on each sphere is measured. 
. The total induced charge on the outer sphere is found to be negative. 
. The magnitude of the induced charge is equal to that of the inner sphere. 


O oo o 


. The displacement took place from inner to outer sphere through the dielectric 
material. 


10. This displacement is known as displacement flux. 

11. The displacement flux is also called electric flux. 

12. This flux is independent of the type of dielectric material. 

13. It is independent of the separation between inner and outer spheres. 
14. The final result of Faraday’s experiment is, 


Electric flux, y =Q, Coulombs. 


2.25 ELECTRIC FLUX DENSITY 


This is also known as Displacement Electric Flux Density. 
Definition 1 Electric flux density, D is defined as 


dy 2 
ex eS. y 
D= is a,,C/m 


where V is the electric flux crossing the differential area, dS. The direction of dS 
is always outward, normal to dS, that is, dS = dS a,. 


Definition 2 Electric flux density, D is also defined as 
Dzse E, (C) m? 


where €, = permittivity of free space, F/m 
E- electric field strength, V/m 


2.26 SALIENT FEATURES OF ELECTRIC FLUX 
DENSITY, D 


. The unit of electric flux density is C/m?. 

. It is a vector. 

. It is inversely proportional to 7?, being the radius of the sphere. 
. In free space, D is in the direction of E. 


. D in a Gaussian surface is determined from Gauss's law. 


nok WN 


D is independent of the medium. 


7. D is given by D- —75a, 


Anr? 
8. D in a general medium is given by 
D=eEE 
9. D in a dielectric medium is given by 
D -e,E-«P 
P= polarisation of medium 
Problem 2.41 If an electric field in free space is given by 
E=a,+2a,+5a, V/m, 
find the electric flux density. 


Solution Electric field, E =a, * 2a, * 5a; 
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€o 28.854x10  F/m 
D =€o E 


= 8.854x 10 (a, +2a, +5a_) 


D =(8.854a, +17.7a, + 44.27a,), PC/m* 


Problem 2.42 A point charge, Q = 10 nC is at the origin in free space. Find 
the electric field at P (1, 0, 1). Also find the electric flux density at P. 


Solution Q =10nC=10x10~ C 
P =(1,0,1) 
r=(1,0,1)- (0,0,0) 
=a, +a, 
relrl=J1+1= 2 
1 
a, = ape +a,) 
29x10? 
ARES 9x10 
2 ui — Q 
Electric field, Es- 5.4 
4n€9or 


_ 10x10 x9x10* a 
(v2) Í 


reg 


ui +a,) 
se» x Z 


E=31.8(a, t a,), V/m 


The electric flux density, 
D =E 0 E 


—-8.854x10 1 x31.8 (a, +a,) 
D = 281.55 (a, +a,), PC/m? 
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Problem 2.43 What is the electric flux, y that passes the surface shown 
in Fig. 2.17, if the displacement flux density is D- ya, * xa, mC/ m?, 


» (0, 2, 2) 
D 
(3, 2,2) dS ay 
dS 
ry 
va (0,2,0) 
x . x 
(3, 2, 0) Fig. 2.17 Electric flux 


Solution Electric flux density is given by 
D-ya,*xa, (mC/m?) 
The differential area, dS is given by 
dS =dx dz a, 
The differential flux, dy passing through dS is 
dy =D.dS 
- (ya, * xa, )x 10 ?.dx dz a, 
-xdxdzx10? C 


2.27 GAUSS'S LAW AND APPLICATIONS 


Generalised Faraday's law is Gauss's law. 


Gauss's law It states that the net flux passing through any closed surface 
is equal to the charge enclosed by that surface, that is, 


f ]b repre 
S 
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This is known as Gauss's law in integral form. Gauss's law is applicable 
only on Gaussian surfaces. 


Proof Consider a spherical surface which encloses a charge Q at its centre 
(Fig. 2.18). 


an 


Fig. 2.18 Spherical surface enclosing a charge, Q 


The differential area, ds is on the surface of the sphere whose direction is 
a,. Let r be the radius of the sphere. 


The electric field, E at the spherical surface is given by 


E-— 29. za 
4negr 
Q 
But D =€ E-——a 
9 Arr? ” 


Taking dot product with ds on both sides, we get 


Q 
D.ds ae ds a, 


For the spherical surface under consideration, a, and a, are in the same 


direction. 


Q 
=—~~— ds 
D.ds pus 


Taking surface integral on both sides, we get 


Q 
pod i za ds 
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Anr? 


But S-4nr? fora sphere. So, 


$ D.ds =Q | Hence proved. 
S 


2.28 PROOF OF GAUSS'S LAW 
(ON ARBITRARY SURFACE) 


Consider an arbitrary surface of Fig. 2.19. 


Fig. 2.19 Arbitrary surface to prove Gauss's law 


Consider a sphere of radius one metre within the surface, S which encloses 
a charge, Q at its centre. 


Electric flux density, D at ds on the arbitrary surface is 


Taking dot product with ds on both sides 


Q 
D.ds A a, ds 
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Here, if a, and a, make an angle of 6, then 


D.ds = dscos0 


nr? 


Now taking surface integral on both sides, 


j D.ds E. s, ds cos0 


-Q f dscos® 


ds cos® 


r2 


x The numerator 


On the right hand side, the integrand consists of 


dscos®@ represents the projection of area ds on the spherical surface whose radius 


ds cos 0 
is r. Hence m co will be the projection of ds on the spherical surface of radius 


equal to unity. This is the solid angle subtended by an area ds at the location of 


0 
the point charge. Therefore, j E is the total solid angle subtended by s at 
r 


S 
the point charge. It is the sum of the projections of all ds on the spherical surface 
of radius unity and centered at Q. This is equal to the area of the spherical 
surface of unity radius. Hence 


$ D.ds = Q an 
E 4T 


$ D.ds =Q Hence proved. 


$ 


2.29 GAUSS'S LAW IN POINT FORM 


Gauss's law in point form states that the divergence of electric flux density is 
equal to the volume charge density, that is, 


V.D =P» 
Proof Consider a differential parallelepiped as shown in Fig. 2.20. 
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» Y 


x Fig. 2.20 Differential parallelepiped 


Assumptions 
1. The differential parallelepiped has the dimensions Ax, Ay and Az. 
2. The point, P is in the centre of the element. 
3. The flux density D at the centre is given by 
D =D, =D a, + Doy ay + D; a, 
The integral form of Gauss’s law is 


$ D.ds =Q 

S 

$ D.asf= D; dS; f D;.4$; +] D; dS; 
S 1 2 3 


f+ D,.dS, f D5 .dS5 +Í Dg -4S6 
4 5 6 


where 
Face 1 represents the face ABCD 
Face 2 represents the face EFGH 
Face 3 represents the face ABFE 
Face 4 represents the face DCGH 
Face 5 represents the face ADHE 
Face 6 represents the face BCGF 
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D,, D;, D3, D4, D; and D, are the flux densities on the faces 1, 2, 3, 4, 5 
and 6 respectively. 


dS,, dS», dS3, dS4, dS; anddS, are differential areas of the faces 1, 2, 3, 4, 
5 and 6, respectively. 


As the flux density at the centre is known, it is found on each face of the 
parallelepiped by considering the first two terms of Taylor’s theorem. 


Taylor’s theorem states that if f(x) has continuous derivatives in the 
neighbourhood of a point x=a, then 


fl) = + + ijs 
If (x—4) is very small, we have 
fla) = f) L0) a-o 


Accordingly, we can simplify D,, D}, D}, D,, D; andD, 
D,.dS, -D,.d5, a, 
=(Dıx a, + Dy a, + Dy, a,).dS, a, 
= Di, dS; 


4 as Ax Vas, 
ox 2 


JD,.48; 2 Di, fas, 
1 


= Di, AS; 
4 op tS Ar hiy Az 
2) 
Similarly | D2-dS} =-D2, AS; [As dS, = dS; (-a, )] 
2 


= |n * ges F E yas 
ox 
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[ Di 48; + [ D; 48; 
2 


and {D3.d8;+ | D4.dS, 
3 4 


| D5-dS5 + | De -dS6 
5 6 


If Ay =Ax Ay Az 


poa ,9D, Py _ aD, Q 
Av — Ox dy az Av 


S 


This becomes exact if Av — 0. 


D.dS - 2D. hu aD, 
Soja +e Os op, 2 
y o Av 
aD, 9D, aD 
ro ++ =V.D 
Put ox ody o 


V.D =p, Hence proved. 


2.30 DIVERGENCE OF A VECTOR, ELECTRIC 
FLUX DENSITY 
The divergence of electric flux d is defined as 


D.dS 


This means that the divergence of flux density is the outflow of electric flux 
from a closed surface per unit volume as the volume shrinks to zero. 
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The point form of Gauss’s law in different coordinate systems is 


aD, 9D, aD 
(V. D)cart F P) ; : 


+ 
x oy az 


19 19D, 9D 
V.D) == — (pD,)+-— — Z= 
( s p op (p ns ap Du 


(V.D) zm 


9 1 1 WD, — 
sph r2 or T 


ð. 
£ (sin0 Dg)+ aaa d 
8 Pe) rsin®8 oo Po 


2 
T^D,)^ 
(n) rsin® 90 


2.31 APPLICATIONS OF GAUSS'S LAW 


1. 


2. 


3. 


It is useful to find flux, V or flux density, D from the knowledge of enclosed 
charge and surface. 


It is useful to find the electric field from the knowledge of enclosed charge 
and surface. 


It is useful to find the enclosed charge from the knowledge of either D or E. 


2.32 LIMITATIONS OF GAUSS'S LAW 


1. 
2. 


It cannot be applied on Non-Gaussian surfaces. 


It can be applied only if the surface encloses the volume completely. 


2.33 SALIENT FEATURES OF GAUSS'S LAW 


1 


ON OF W N 


N 


. It relates volume integral to surface integral. 

.It is applicable only if the surface completely encloses the volume. 

. It does not specify any particular shape for the closed surface. 

. It does not require knowledge of the distance from the points on the surface. 
. It cannot be applied if the charges are outside the surface. 


. It is useful to find D or E from the knowledge of the charge enclosed and 


the surface. 


. It is applicable only on Gaussian surfaces. 


8. It is useful to find the outward flow of flux from a closed surface from the 


enclosed charge. 


a IV: ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 


Problem 2.44 If electric flux density, D is given by, 


D -[Qy? +z) a, +4xy a, + xa_)] iC/m? 
find the volume charge density at (0, 0, 0) and (-1, 0, 4). 


Solution D= [(2y? +z)a, +4xy a, * xa;)] uC/m? 


= oD, Nui oD: 


.D 
y ox Oy az 
=0+4x+0=4x 
But p, =volume charge density - V.D 


Pa /(0,0,0) 20andp, /(-1, 0, 4) = -4.04C/ m? 


2.34 POISSON'S AND LAPLACE'S EQUATIONS 


Poisson's equation iy uA 
Laplace's equation V?y 20 


Proof The point form of Gauss's law is 


V.D =P, 
But D=eE 
and =-VWV 


V.D =V.cE=V.c(-VV)=p, 


Or, V? V z-p,/e€ [as V. V =V°] 


1 
where V? is a scalar operator Ge] and is called Laplace's operator. 


eee 
+ + 
ox? oy? oz? 


dim 


In the regions where p, =0, Poisson’s equation becomes 


v?^y =0 


Laplace's equation in one dimensional form is given by 


Vy =— = 
ox? 


0 
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Its solution is in the form of 


V=mxt+a 
Laplace’s equation in two dimensional form is given by 


Its solution is given by 


1 
V(x, y) =—— 94VdL 
UU ES j 
circle 
where r is the radius of a circle about a point (x, y). 
Laplace's equation in three dimensional form is given by 


oV oV oV 


0 
ox? oy? ox? 


Vis 


The value of V at point p is the average value of V over a spherical surface 
of radius r centered at p and it is given by 


5 jvas 


S 


E 
4T 


V (p) 


Poisson's equation in different coordinates 


V v v p 


2 = + + =- 
(V V )cart. ox? dy? oz? € 
123( 09V) 1 97V ov p 
VE. = Lk + = 
m ar sl? ]po a c 


2 
(vv ns un Lf (sms) E 99. oiu 


i at = 
ror! ap] r'sine 90 90) r*sin?0 0) € 


2.35 APPLICATIONS OF POISSON'S AND 
LAPLACE'S EQUATIONS 
1. They are useful in determining surface charge densities and electric field in 
the regions of interest. 


2. They can be used to find the capacitance of different structures by appropriate 
application of boundary conditions. 
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2.36 UNIQUENESS THEOREM 


It states that either Poisson's or Laplace's equation has only one solution. 


Proof Assume that V; and V, are the solutions of Laplace's equation 


and V4, and V», are the potentials on the boundaries. By hypothesis, 


V? V =0 
and V? V, =0 
V^) 70 
As Vıp and Vz, are the values on the boundary we have 
Vip =V» 7 Vi 
or, Vip -Va =9 


Consider a vector identity, namely 
V.(wA) =w(V.A)+A.Vy 
where W is a scalar and A is a vector quantity. 
This is valid for any scalar, y and any vector, A. 


In the present case, let y=V,; - V2, A=V(V; - V2). Then, the above identities 
become 


V.V1-V2)V.V1 - V3) 2(V1 —V2) V. VV -V2)+ V V1 - V5). V(V1 - V2) 
Take volume integral on both sides 


[ V. (4 -v;)v (v, -V;)dv 


= | (V1 -V2) V.V (V1 - V2) avs | V (V; -v;).v(V, - V2) dv 


Applying divergence theorem to the left hand side, volume integral is 
replaced by surface integral, 


that is, Í v.[(v, -v;)v(v, -v;)]av- f (V, - V2) V (V, - V;).ds 
v S 
But on the boundary, this becomes 


J v.[(v; -v;)v (v; -V2)] dv = j (Vi, - V) V Vis -Va ).ds 


S 
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Right hand side is zero because V4, =V>,. By hypothesis 
J (vi -v;)v.|v(v, - v;)] dv = J (V, - V3) V° KV, - V;)]dv =0 
v v 
So the remaining integral is 
J [V (V; -V; Pav =0 
v 
This is possible if 
1. Integrand is zero. 
2. Integrand is positive in some region and negative in some other region. 
The second condition cannot be true as it is a square term. 
So the integrand is zero, 
that is, [V(V; -V;)P =0 or VV -V,)=0 
If the gradient of a scalar is zero everywhere, then (V; - V5) cannot change 
with any coordinate. Hence (V; - V5) = constant. 
The constant is easily evaluated by considering a point on the boundary. 
Here V, -V, xVib -V5b «0, 
that is, Vi =V, Hence proved. 


Problem 2.45 Consider concentric spherical shells in free space in which 
V =0 volts at r = 10 cm and V = 10 volts at r = 20 cm. Find E and D. 


Solution Here V is a function of only r and not 0, and 4. Then Laplace's 


equation 
1 9 9V ) 
2y 2— — |r? — 120 
ud r? or | or J 
Integrating twice, we get 
LABEL 
r 
The boundary conditions are 
Vz0Vatr-10cm -0.1 m and 
V z10Vatr 20cm 2 0.2m, 
that is, auf and 


0.1 
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cag 
0.2 
A =2.0 volt-m, B=20V 
—2 
So, y =— +20 volt 
r 
But E ME earn 
or 
—2.0 
or, E-7—5-8;, V/m 
D =e B= x 8854 x 10-2, 
r 
—17.708 
or, = 7 ay, PC/m? 
r 


Problem 2.46 There exists a potential of V =-2.5V on a conductor at 
0.02 m and V = 15.0 V at r = 0.35 m. A dielectric material whose €,=3.0 exists 
between the conductors. Determine the surface charge densities on the conductors. 


Solution As V is a function of only r, Laplace’s equation is given by 


num 
r^ or 
Integrating twice, we get 
Vg 
r 
A and B can be found by the use of boundary conditions, 


-A 


that is, —— +B =-2.5 
0.02 
Iu +B =15.0 
0.35 
Solving, we get 
A =37.12x107, V-m 
B =16.06 
and V= 09417 bao 


But E--VV 
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ae [005 +1606}. 
dr r J 
—0.3712 
E= ; ay, V/m 
r 
and D=cE=€,¢,E 
=8.854x 10" x30x{ Ha, 
my 
or, D- eae PC/m? 
r 


On the conductor surfaces, 
D, =P, = surface density 


At r=0.02m 
p, =-2.4649x 10 C/m? 
or, P; =-24.6nC/m? 
At r=0.35m 
s= 2B S 107? x 10 
(35) 
or, Ps =- 0.080 nC /m? 


Problem 2.47 In what manner does permittivity vary to satisfy Laplace’s 
equation in a non-homogeneous, charge-free space? 


Solution For charge-free space, 


Py =0 

V.D =0 
V.cE =0 [as D=e E] 
V.(-e VV) =0 [as Ez - VV] 

V.(e VV) 20 


If € varies spatially, then 
V. VV) - VV.Ve«V^ v =0 
As v?y =0 
(VV).(Ve) 20 
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This is true only when Vy and Ve are perpendicular to each other. Hence 
permittivity should vary so that its gradient is perpendicular to the electric 
field. 


Problem 2.48 If a potential V = x? yz Ay? z, (a) find A so that Laplace's 
equation is satisfied (b) with the value of A, determine electric field at (2, 1, 1). 


Solution (a) Laplace's equation is 


V*v «0 
9v 3V av 
or a a pU 
á ox” y. oz 
AS Vax? yzt Ay?z 
The above equation becomes 
2yz+6Ayz =0 
: yes 
o, 3 
: 1 
(b) With inci 


2 1 3 
V =x yz—-—y“z 
y 34 
But E =-VWV 


ƏV OV dv 
a, + —— ay — à, 
ox oy oz 


- -[(yzx)]a, «[z- ys] a, [279-39 | a, 


iran 


B 2 2 2 
——2xyza,-—(X^z—y a,-(x ay j^ 


E/(2,1,-1) =-2[2x1x(-1)] a, -[4x(-1) -1x C1] a, E jue 


E- 4a, *3a, -3.66a, V/m 
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2.37 BOUNDARY CONDITIONS ON £ AND D 


1. The tangential component of E is continuous across any boundary, that 


is, Enn = Etan2 


or 


The tangential component of E in medium 1 is the same as that of E in 
medium 2 at any boundary. 


2. The normal component of D is continuous across any boundary except at 
the surface of the conductor. In general, 


Din «D =P; 


p, = surface charge density, (C/ m°). For any point other than the conductor 


boundary, D,4 = D,». 


2.38 PROOF OF BOUNDARY CONDITIONS 


Consider the rectangular loop on the boundary of two media (Fig. 2.21). 


Medium 1 


€1 


Ay Boundary 


Fig. 2.21 Rectangular loop on Medium 2 
boundary €2 


It is well known that electric field is conservative and hence the line integral 
of E.dL is zero around a closed path, 


that is, fE.dL =0 


From the figure shown above, LHS is written as 


Wa Eod 3] 


_p Ay Ay Ay y 
Ea EEG Ax E 2 Ey, Ej? Ax Ey 
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As Ay >0, we get 


fE.dL =E,, Ax- Ej) Ax =0 


Thus, Ea T Ej 


It is obvious that E,, and E,» are the tangential components of E in medium 


1 and 2 respectively. 


So, Etani = Eun? 


Now consider a cylinder across the media 1 and 2 (Fig. 2.22). 


Dit 
T (52 
Ah 
Pd Ex 
—~ | AS 
Dy 


Medium 1 


Boundary 


Medium 2 
Fig. 2.22 Cylindrical surfaces on 
boundary 


According to Gauss’s law, 


f D.ds =Q 


Applying this to the cylindrical surface on the boundary spreading over 
medium 1 and medium 2, we getAh — 0 


D, As— D,» As =Q 


Q 
Or, D, - Dg LAG 
Dia —Da =P; 


Problem 2.49 The region y<0 
€,,-2.0 and the region y>0 contains 


Ps 


Hence proved. 


contains a dielectric material for which 
a dielectric material for which €, = 4.0. 


If E; =-3.0a, +5.0a, +7.0a, V/m, find the electric field, E; and D; in medium 2. 
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Solution As y «0 belongs to medium 1 and y>0 belongs to medium 2 
Eun = —-3.0a, +7.0a, V/m 
E,; -50a, V/m 
€4-2 
€,2 =4 
The boundary condition on tangential component of E is 
Etani = Eun? 
Eu? =—3.0a, +7.0a, V/m 


oral 


2 
and E,, -——E, x 


42 
= 25a, 
E; =Etan2 + Ep2 
E; =-3a, *25a, +7.0a, V/m 
D; =€2 (E2) 
= 4e, (Ep) 
D; =€, (-12a, +10a, +28a,) C/m* 


Problem 2.50 An electric field in medium 1 of €,,-7 passes into a 
medium 2 of €,,=2. When the field, E makes an angle of 60° as shown in 
Fig. 2.23 with the axis normal to the boundary line, find the angle made by the 
field with the normal in medium 2. 


Solution From Fig. 2.23 


Boundary 
Medium 1 E Medium 2 
64 = 60° Normal 
0» 
E2 
Fig. 2.23 
E 
—tanl Z tan@, = tan 60° 
En 
Eran? 


and = tan, 
E,» 
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According to the boundary conditions, 


Etant = Etan2 


D, =D,2 —€ En =€) Etan2 


€ 7 
E,» aot Eva ES En = 3.5E,1 
= 2 2 
and Etan2 = E,2 tan 95 


s 3.5E,4 tan 05 
= Eni = Ea tan 60? 


puto, ene yas 
3.5 
0, 2640" 


2.39 CONDUCTORS IN ELECTRIC FIELD 
Conductors 


Definition 1 Conductors are materials which have very low resistance. 
Examples: Copper, Silver and Aluminium. 


Definition 2 Conductors are materials for which no forbidden gap exists 
between valance band and conduction band. 


[e] 
Definition 3 A material is defined as a conductor if HM >>1. 


Conductors have a variety of applications in all fields of life. 


2.40 PROPERTIES OF CONDUCTORS 


1. Charge density is zero within a conductor. 

. The surface charge density resides on the exterior surface of a conductor. 
. In static conductors, current flow is zero. 

. Electric field is zero within a conductor. 

. Conductivity is very large. 

. Resistivity is small. 

. Magnetic field is zero inside a conductor. 


o N Oo OFF C N 


. Good conductors reflect electric and magnetic fields completely. 
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9. A conductor consists of a large number of free electrons which constitute 
conduction current with the application of an electric field. 


10. A conductor is an equipotential body. 
11. The potential is same everywhere in the conductor. 


12. E--VV =0 in a conductor. 
13. In a perfect conductor, conductivity is infinity. 


14. When an external field is applied to a conductor, the positive charges move 
in the direction E and the negative charges move in the opposite direction. 
This happens very quickly. 


15. Free charges are confined to the surface of the conductor and hence surface 
charge density, J, is induced. These charges create internal induced electric 
field. This field cancels the external field. 


It is interesting to note that copper and silver are not super conductors but 
aluminium is a superconductor for temperature below 1.14 K. 


2.41 ELECTRIC CURRENT 


The current through a given medium is defined as charge passing through the 
medium per unit time. It is a scalar, that is, 


Is d Ampere 
dt 
Current is of three types. 
. Convection current 
. Conduction current 


. Displacement current 


=. Q N e 


. Convection current It is defined as the current produced by a beam of 
electrons flowing through an insulating medium. This does not obey Ohm’s 
law. For example, current through a vacuum, liquid and so on is convection 
current. 


2. Conduction current It is defined as the current produced due to flow of 
electrons in a conductor. This obeys Ohm’s law. For example, current in a 
conductor like copper is conduction current. 


3. Displacement current It is defined as the current which flows as a result 
of time-varying electric field in a dielectric material. For example, current 
through a capacitor when a time-varying voltage is applied is displacement 
current. 
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2.42 CURRENT DENSITIES 


In electromagnetic field theory, it is of interest to describe the events at a point 
instead of in a large region. This is the reason why current densities are considered. 
Current densities are vector quantities. 


Current Density is defined as the current at a given point through a unit 
normal area at that point. It is a vector and it has the unit of Ampere/ m?. It 
is represented by J. 


Current densities are of three types: 
. Convection current density 


. Conduction current density 


U N HG 


. Displacement current density 


1. Convection current density (A/m?) It is defined as the convection current 
at a given point through a unit normal area at that point, that is, 
Convection current density 


where dI= differential convection current 
dS= differential area 
=dSa, 
a, =outward unit normal to dS 


As convection current density is confined to specific media, it is not of 
much interest in this book. 


2. Conduction current density, J, (A/m?) It is defined as the conduction 
current at a given point through a unit normal area at that point, 


that is, lle S05 
dI 
and J. xe 


Conduction current density exists in the case of conductors when an electric 
field is applied. 
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3. Displacement current density, J; (A/m?) It is defined as the rate of 
displacement electric flux density with time, that is, 

E 

E 

If 1; is the displacement current in a dielectric due to applied electric field, 

displacement current density is defined as 


Ja 


dl 
Ja san 
As D=eEE 
j, 3D E 
E ae 


In fact, displacement current density exists due to displacement of bound 
charges in a dielectric by the applied electric field. 


2.43 EQUATION OF CONTINUITY 


Equation of continuity in integral form isI =| J.ds 


I =outward flow of current (A) 
J =conduction current density (A/ m?) 


V.J 2-0, 
; op 
where E IA 
Py 3t 
Proof If Q; is the charge inside a closed surface, the rate of decrease of 


dQ; E 


charge due to the outward flow of current is given w[- dt y 


From the principle of conservation of charge, we have 


I -- 2. $ J.ds 


From divergence theorem, we have 


f J.ds = [ V.Jdv 
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| Vid --28 


So, dt 


m p, d LS 


Two volume integrals are equal if the integrands are equal. So, 


ð ; 
V.J =- - --p, | Hence proved. 


In the above equation the derivative became a partial derivative as the 
surface is kept constant. 


2.44 RELAXATION TIME (T,) 


It is also called rearrangement time. 


Relaxation time is defined as the time taken by a charge placed in a material 
to reach 36.8 per cent of its initial value. It is given by 


€ 
Jp, ==; EISE 
[o] 


where e- permittivity (F/m), o= conductivity (mho/m). 
Problem 2.51 Find the relaxation time of sea water whose €,-81 and 
o -5mbho/m. 


Solution Relaxation time of sea water 
e 81x8854x10 ? 
T, — Li 
[6] 5 
—143.37 picosecond 


Problem 2.52 Find the relaxation time of porcelain whose o = 107? mho/ m, 
€,=6. 
Solution Relaxation time of porcelain 


e 6x8854x10" 
o 107" 


T= 


r 


=53.12x107 
T, =531.2m sec 
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2.45 RELATION BETWEEN CURRENT DENSITY AND 
VOLUME CHARGE DENSITY 


J=P V 


J = conduction current density, A/ m? 


V = velocity of the charge (m/s) 


d 
Proof We know that I= [ras - E 
Consider an element charge (Fig. 2.24) 
AQ =p, Av=pAs Ax 
y y 


A 


AQ = py Av AQ = py Av 


AS (C Ax LAS | 


>x na >x 


ee ac 


iz Zz 
Fig. 2.24 Volume charge in motion 


Assume that the charge element is oriented parallel to the coordinate axes. 
Let there be only an x-component of velocity. It moves a distance of Ax in a time 
At as in the figure. Therefore, 
AQ =P, As Ax 
The resultant current is 


A A T Ax 
AI rA ee = ANC |sv. A 


At At 


where V, = x -component of velocity of the charge. 


AI 


As -p.V. 
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Ix 2p (A/m?) 
Similarly, if the charge moves in y and z-directions, we get 
]y =P% V, 
]z = Po V 
J-p,(V.a, £V, ay *V;a;) 


As V=V,a,+V,a,+V,a, 


J=PvV Hence proved. 


Problem 2.53 If the current density, J = + (os 0a, +sin 025), A/ m?, find 
r 


the current passing through a sphere radius of 1.0 m. 


Solution J= 1. (cos 04, t sin 029), A/ m? 
r 
where I =the current passing through an area 
= J J.ds 
where dS =r’ sin 0 d0 doa, 
72 
J.dS =— cos 0 sin 0 dọ dO [as ag.a, =0] 
r 
T 2x 
1= [ [J.as 
0 0 
T 2x 
I- J [cose sin0 do dé 
0 0 
T 
that is, I = 2n sind (sin 0) 


0 


MES n/2 
= on | Sin e) VT 
SA 
Problem 2.54 Find the electric flux density in free space if the electric 
field, E= 6a, —2a, + 3a,, V/m. 
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Solution Electric field in free space, 
E =6a, -2a, +3a,, V/m 


Ep 2 8854x107 
The electric flux density, 


D = €0 E 
-8.854x 10"? (6a, —2a, +3a,) 


D - (53.122, 177a, +26.55a,) PC/ m' 


2.46 DIELECTRIC MATERIALS IN ELECTRIC FIELD 


Definition 1 An ideal dielectric material is one which does not contain free 
electrons. 


Definition 2 An ideal dielectric material is one in which the charges are 
well bounded and cannot be set in motion easily. 


Definition 3 An ideal dielectric material is one for which there exists a 
large forbidden gap between valance band and conduction band. 


TER A i ; : ever 
Definition 4 A material is defined as dielectric material if — << 1. 
ME 


Definition 5 A material is defined as dielectric material if it does not 
conduct electric current and opposes the flow of current. 


2.47 PROPERTIES OF DIELECTRIC MATERIALS 


1. Conductivity is zero. 

2. Volume charge density, p, - 0. 

3. Electric and magnetic fields exist in a dielectric material. 

4. Resistivity is eo. 

5. Electric and magnetic fields penetrate the dielectric material freely. 


6. There exists no free electrons. 


Dielectrics in Electric Field 


An atom of a dielectric consists of a nucleus and a bunch of electrons. Similarly, 
a molecule of a dielectric consists of nuclei and a set of electron bunches. The 
charge of the nucleus is positive and the charge of the electron bunch is negative. 
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The atoms and molecules are electrically neutral as they contain an equal number 
of negative and positive charges. 


Dielectrics are classified into polar and non-polar type of materials. 


Polar type of dielectrics 


The centres of positive and negative charges of a molecule of polar type of 
dielectric material are separated by a small distance. Each pair acts as a dipole 
and there exists a dipole moment. However, such pairs are randomly distributed 
in a dielectric material. Hence the overall dipole moment is zero. 


If such a material is kept in an electric field, all the positive charges move 
in the direction of the electric field and all the negative charges move in the 
opposite direction. As a result, dipole moment is induced by the electric field. 
Under these conditions, the material is said to be under a state of polarisation. 


A polar type of molecule is shown in Fig. 2.25. 
Q -Q 


Fig. 2.25 Polar type of molecule 


Examples of polar dielectrics are water, hydrochloric acid, sulphur dioxide 
and others. 


Non-polar type of dielectrics 


The centres of positive and negative charges of a molecule of non-polar type of 
dielectric material coincide as in Fig. 2.26, that is, there is no separation between 
them and hence dipole moment is zero. 

However, when such a material is placed in an electric field, the centres of 
positive and negative charges are displaced and there exists a distance between 
them, that is, dipole moment is induced. Under these conditions, the material is 
said to be under a state of polarisation. 


Q ; £ 
(a) Non-polar molecule (b) Non-polar molecule in electric field | Fig. 2.26 


Examples of non-polar dielectrics are oxygen, hydrogen, nitrogen and so on. 


The important conclusion is that dielectric materials are not polarised in the 
absence of electric field and they are polarised in the presence of an electric field. 
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As a result, the electric flux density is greater than that in free space conditions 
with the same field intensity. The intensity of polarisation is described in terms 
of dipole moment and polarisation. 


2.48 DIPOLE MOMENT, p 


It is defined as the product of charge and distance between the centres of (+)ve 
and (-)ve charges of a molecule, 
that is, p = Qd, (C-m) 
where p = dipole moment 
Q= charge magnitude 
d = distance vector from (—)ve to (4-)ve charges of the dipole 


If there are N dipoles in a dielectric material of volume Av, the total dipole 
moment with the application of electric field is 


N 
P; = YQ; d; 
i=1 


2.49 POLARISATION, P 


Polarisation is defined as the dipole moment per unit volume of the 
dielectric, 


that is, 
Ebo a Od: 
P =Av>-0) =~ 
2; Av 
i=1 
In some dielectrics, the polarisation, P is defined as 
P= XeE0 E 


where Xe = electric susceptibility of the dielectric 


The charges are bound in a dielectric and the total positive bound charge on 
a surface, S enclosing the dielectric is given by 


Q, =- f P.dS 
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On the other hand, the charge that remains inside the surface, S is -Q, and 
it is given by 


Q, =fo V.Pdo- fp, du 
v v 


If there is some free charge in the dielectric, the free charge volume charge 
density is p,. If p, is the bound volume charge density, then the total volume 
charge density is given by 


Pt =PotPp 
=V.cE 
or, Po =P= Po 
- V.egE- V.P 
=V.D 
D-ejE-«P 


As Pzy,egE, we have 
D-ejE-xX,co9E 
-egE (1* X.) 
D-egec,E-cE 


€ 
where €, =1+y, =— 
= 


or, Xe =€, -1 


In summary, we have 


Q, =| py dv 
v 
Q - p, dv 
v 
Qi =| p, dv 
v 
V.P =—Pp 
V.o E =p; 
V.D =P, 


Problem 2.55 A pair of negative and positive charges of 10UC each are 
separated by a distance of 0.1 m along the x-axis. Find the dipole moment. 
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Solution Q, =-10uC 
Q, =10uC 
d=0.1la, 
Q =10pC 
The dipole moment is 
p - Od 
—-10x10  x0.1a, 
p 71.0a, uC-m 


Problem 2.56 If a dielectric material of €,— 4.0 is kept in an electric field 
E-3.0a, +2.0a,+a,,V/m, find the polarisation. 


Solution €, =4.0 
E=3.0a, +2.0a, +a, 
Polarisation in the dielectric, 


P -X,eo9E 
Xe =€, -1 
=4-1=3 


P =3x 8.854 10 x (3a, +2a, +a,) 
= (79.68a,, +53.12a, + 26.56a,) PC/ m^ 


Problem 2.57 What are the magnitudes of electric flux densities and 
polarisation for a dielectric material in which E = 150 kV / m? Electric susceptibility 
of the dielectric material is 4.75. 


Solution We have E=150kV/m 
€, =Xe +1 

€, =4.75+1=5.75 
D =e E=606,E 


=5.75x8.854x10 71? x 150x 10? 
D =7.623 wC/m? 


Polarisation is Pzx«,egE 
= 4.75 x 8.854 x 10? x 150x 10? 


or, P =6.308 uC/m? 


Problem 2.58 Find the polarisation, P in a homogeneous and isotropic 
dielectric material whose €,=3.0 when D =3.0a, uC/ m?. 
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Solution Polarisation, 


P-xX,eoE 

and D-e;e,Ex,-e,-1 
D-ej; E«P 

or, P=D-e,E 


= ER: 3.0x10 a, 


) 


P -2a,uC/m? 


Problem 2.59 If the polarisation P 23a, nC/ m? ina homogeneous and 
isotropic dielectric material whose y, =4.5, find E in the material. 


Solution We have P =3a, nC/ m? 
— Xe €0 E 
P 


Xe €0 


Or, 


mE uu 
4.5 x 8.854 x 10? 


E =0.0753x 10° a, V/m 


Problem 2.60 A dielectric slab (€,=2) is placed under the influence of 
electric flux density =10a, C/ m’. The slab has a volume of 0.1 cm?. Determine 
the polarisation in the slab and total dipole moment. 

Solution The electric flux density, 


D-e,E«P 
or, P-D-ej;E 
-D-FE 
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P -5a, C/m? 
Dipole moment, p = polarisation x volume 
Slab volume -0.1cm? 20.1x (102? 2107 m? 
Dipole moment, p =0.5a,u C-m 


Problem 2.61 What are the magnitudes of P and D for a dielectric material 
in which E- 1.0 V/mandy, - 5.0? 


Solution €, =Xe +1=5.0+1=6.0 
IDI Dzege,E 
= 6.0 8.854107!” x1.0 
= 53.124PC/m? 
IP| =P=y,e9E 
= 5x 8.854x1.0°% x1.0 
p =44.272PC/m? 


2.50 CAPACITANCE OF DIFFERENT CONFIGURATIONS 


Any two conducting bodies separated by free space or a dielectric material exhibit 
a capacitance between them. 


Capacitance is defined as the ratio of the absolute value of charge to the 
absolute value of the voltage difference, 


that is, C "E (Farad) 


Capacitance depends only on the geometry of the system and properties of 
the dielectrics involved. It does not depend on Q and V. 
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The capacitance of a capacitor is the ability to store electric charge. It opposes 


sudden changes in voltage. Its reactance is ohms. Here f is the frequency 


1 
2nf C 
and C is capacitance in Farads. 


Capacitance of a parallel plate capacitor It is given by 


c-E4 
d 
where € = permittivity of the dielectric between the conductors (F/m) 


A =areaof the conductor 


d = distance between the conductors 
Proof Consider Fig. 2.27. 


Q - € Q 


>x 


V 
<> Fig. 2.27 Parallel plate capacitor 


Let Q be the absolute charge on one of the plates, V be the potential difference 
between them, d be the distance between the plates, A be the area of the plate 
and € be the permittivity of the medium between the plates. 


Then the electric flux density is 
Q Q 
D =—a, or E-——-a 
a eA * 
Potential difference between the plates is 


V =E.da, = P ay. da, = Si 
€ 


€ 
Cz paa Hence proved. 
V d 
Capacitance of parallel plate capacitor of n dielectric slabs 
A 


It is given by C 


= n 
Nu 
qu Pi 
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where d; = width of the i" slab 
€; = permittivity of the i th slab 
Proof Let €,,€5,€5,.,€, be the permittivity of dielectric materials 
between the plates; di, d2, d3,..., d, respectively be their thickness. (Fig. 2.28). 


Q &g £2 ---- £n -Q 


« di > do «— — dy « 


Fig. 2.28 Parallel plate capacitor with multi dielectrics 


The potential difference across the capacitor is 
V V4, -*V5-t..-V, 
Wu = E,.d, a, = Ei a,.dy a, 
But V» = E,.d> ay = E» a.d» ay 
V - E dd; - E, a,.d,a, 


If Q is the charge on the plates, then the electric flux density, D is 


Q 
D A 
D D D D 
Then E; =—,E,=—,E3;=—.... E, 2 — 
€1 E2 E3 En 


V = E dı +E d +... + E, d, 


D D 
Se ee ur 


€1 E2 n 


or, v-9 i ud 


Ale, €» € 
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Hence C= E Farads Hence proved. 
uss [55 
ii \Si ) 
Capacitance between two concentric spheres 
It is given by 


nr 

C=4ne ns ce 
hn- ` 

where rı = radius of the inner sphere 


7, = radius of the outer sphere 
Proof Refer Fig. 2.29. 


Fig. 2.29 Concentric spheres 


The radial electric field is given 


Q 
Em en (4<1r<1) 


Potential difference between the two spheres is given by 


NE BE pug d^ 
" 4ne rj, 4ne n n 
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4 
(Qus STEN Farads Hence proved. 
PRISE) 


If ry is œ, the structure will result in an isolated sphere. 

The capacitance of an isolated sphere of radius n =r is 
C -4mne r, Farads. 

Capacitance of a coaxial cable 


It is given by 


_ 2nel 


where 1 = length of the cable 


Farads 


P1, P2 = radius of inner and outer conductors 
€ = permittivity of the dielectric between the conductors 


Proof Refer Fig. 2.30. 


= 
Fig. 2.30 Coaxial cable 


Let p, and p; be the radii of the inner and outer conductors of the coaxial 
cable. Let p; be the line charge density on the inner conductor and -p; be that 
on the outer conductor. Then the electric field in the radial direction is 


PL 


=—t a 
2nep P 


The potential difference between the cylinders is 


P1 
y=- | Edpa, 
P2 
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or, Vat 


PL 21€ 


C =—=———~ (Farads/ m) 
V In e 


nj 


The capacitance of a cable of length / metres is 


2nel 
C m7, (Farad) Hence proved. 
1 p 


Pi J 
Capacitance of parallel wires 
It is given by 


where d= distance between the wires 
r = radius of each conducting wire 
Proof Refer Fig. 2.31. 


PL -PL 


P 
EE A 
Fig. 2.31 Parallel wires like power transmission lines x d-x ‘ 
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Let p; and -p, be the line charge densities of the lines A and B respectively. 
Let d be the distance between the wires and r be the radius of each wire. 


Electric field between the wires at the point P due to p; is 


PL 


E, = a 
? mex ^ 


Electric field at P due to —-p,; is 


PL á 
2ne(d—x) * 


The potential difference, V 


E, =+ 


r 


H 
| 
R 
$ 


that is, y Pr jiy M7 


(d-r) d. 


In all practical cases, d>>r. As a result 
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So, y -PLIs (4 
ne r ) 
j _PL 
The capacitance, CET. F/m 


TE 
o 
In m 

r) 


or capacitance of a pair of wires of length | metres is, therefore, given by 


C 


JUN Farad 


“(3 


Problem 2.62 Find the capacitance of an isolated sphere of radius 1 cm. 


C 


Solution The expression for the capacitance of an isolated sphere is 
C-4nrepr 

Here r -1cm-0.01m 
C -4n1€9x0.01m 


9x10? 
=1.11x107" 
or, C =1.11pF 


Problem 2.63 A parallel plate capacitor has conducting plates of area equal 
to 0.04 m?. The plates are separated by a dielectric material whose €,22 with 
the plate separation of 1 cm. Find (a) its capacitance value (b) the charge on the 
plates when a potential difference of 10 V is applied (c) the energy stored. 


Solution (a) The capacitance of parallel plate capacitor, C 


EA 
C= 
d 
where € -€9€,-2e, 
A 20.04 m? 


d=1cm=0.01m 
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or, 


c = 8854x 10? x2x0.04 
0.01 


C - 70.832 pF 


(b) We have 


Q=CV, V -10 volt 
-70.832x10 ? x10 


* Q = 708.32 PC 
(c) Energy stored 
€— 
W; =—CV 
E D 


= 570832» 107? x100 


= 35.416 x 1010 


W; =3.5416n] 


Problem 2.64 Find the capacitance for a 10 km long coaxial cable shown 


in Fig. 2.32. 


Fig. 2.32 Coaxial cable 


Solution For the coaxial cable shown, the inner radius, a = 1 cm, and outer 


radius, b = 1.6 cm. 


The capacitance of the cable is, 
_ 2meL 
~ In(b/a) 
| 2nx4eo x 10x10? 


iG 


C 24.734 uC 
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Problem 2.65 The cable shown in Fig. 2.33 is 10 km long. If 7, - 10mm, 
n =15mm, r,-20mm, €,,=2.0, €,5- 40, find the capacitance of the cable. 


Fig. 2.33 Coaxial cable 


Solution The capacitance of the two inner conductors 


| 2neiL 
s 
n 


As these two are in series, the resultant capacitance, C 


_ GC, 
C, +C, 
2nege, L 2nx8854x10 P? x2x104 
But Cre Y 15) 
nj 10 ) 
C, =2.74uF 


 2xege,4L 2nx8854x10 ? x4x10* 


“a 
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© CCa  274x773x10? 
Ci +C, 10.47 x 107 
C =2.023 uF 


2.51 ENERGY STORED IN AN ELECTROSTATIC FIELD 


Energy density in an electrostatic field is given by 
Wr =e E? Joules/ m? 


When a positive charge is brought from a distance of infinity to a point in 
a field of another positive charge, work is done by an external source. Energy 
spent in doing so represents the potential energy. 


If the external source is removed, the charge that is brought moves back, 
acquiring kinetic energy of its own and it is capable of doing some work. 


If V is the potential at a point due to some fixed charge, 
Work done = potential energy 
that is, Wg =QV 
where Q is the charge brought by an external source, 
V is the potential at the point due to a fixed charge. 
Let us consider two charges Q} and Q, separated by a distance of infinity. 
If Q is fixed, work done on bringing Q, towards Q; is given by 
W -Q; V; 
where Vj = potential of Q} at Q; 
Similarly, consider another charge, Q4 which is at infinity from Q} and Q}. 
Now work done in bringing O4 towards Qı and Q; 
Ws =Q3V3 +Q; V3 
This is because there exists force due to Q; and Q, after Q, is brought 
to Q). 
In the above equation, Vi and V2 are the potentials at Q4 due to Q; and 
Q, respectively. Therefore, total work done in bringing Q, and Q; is 
W, =W: SENS 
In a similar fashion, consider n charges. Then we have 


W QVi+tQNV3 403V5)+Q4V 4 +Q, Vi +Q VŽ) 
+QaVn QV? ++ Qn Va) 
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n i-l 


that is, w => Y ovi 


i22 jel 
where Vj is the potential of Q; at the location of Q;. Note that 


Q; vj =Q; EUM 


4te 0 Ri 


Q; 


=Q, —~—_ 
! Amey R; 


-Q,Vj 
W, may be written as 
W, QV? +Q WP 3Q;V2)* QVE *Q5VZ +Q3 V3)«... 


*Qi1Vi *Q2V? t Qua Via) 
Adding the above two equations and simplifying, we get 


QW, =Q (V2 «Vi +VÉ 9..)4Q 4 V1-V3 +Ve -.)2Q4V1l- V2 VP... 
= Q} x (potential at Q; due to all other charges) 
+Q, x (potential at Q, due to all other charges) 


+Q, x (potential at Q,, due to all other charges) 
=Q1V1 tQ» V» t ..Q,V, 


n 
2W, = 20, V; 
i=1 
1 n 
or, W, E > Q; V; 
i=1 
This equation represents the potential energy stored in a system of n point 
charges. 
If Q; =Í Pa dv 
v 
1 
We =5 J pv Vv 
v 


But V.D =p, or V.E-0,/6€o 
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W, ==] €o (V.E) V do 
v 


From standard vector identity, 
(V.E)V =V.VE-E.VV 
this becomes 


W, =] (V.VE-E.VV) dv 


v 
1 1 
v v 


Applying divergence theorem, first term on the right hand side can be 
written as 


[V.VEdv 2 jv E.dS 
V 


surface 
complete space bounding 
the space 


However, viewing from a surface bounding complete space, the charge 
distribution of finite volume appears as a point charge, say Q. We know that 


E oe a 
ANE, r 
and V = Q 
ATE, r 


From the expressions of E and V, we get 


nm 20 Q Q 
[V E.asa, = Lc J x ;a,.^ sin® dO dọ a, 
surface P^ 0 o 40 i ANE E 
bounding 
the space 


[as E is a,-directed, jS is a,-directed and dS - r? sin 0 d0 do] 


2 
= Lt Q 


roo Tear 
6-0 =0 0 


sin 0 dð d$ -0 
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Hence W, becomes 


1 
W, ==€o Í EEdv 


complete 
space 


1 
or, W, = J 5 £0 E? dv Joules 


complete 
space 


This expression is the total energy stored in an electrostatic field. Therefore, 
the integrand represents energy density, that is, 


The energy density, 


Wr - Eq E? Joules/ m? Hence proved. 


2.52 ENERGY IN A CAPACITOR 


Energy stored in a capacitor is given by 
-l CV? Joul 
W, = 5 Joules 


Proof Method 1 We know that energy stored in the electric field of a 
capacitor is given by 


W, - | DEdv 


space between 
the conductors 


If the space between the conductors is occupied by a dielectric material 
whose relative permittivity is €,, then 


D-cEc-ege,E 
1 2 
iss lence dv 


As the plates are assumed to be separated in x-direction, 


p-Za, 
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and pasi 


ENa [as Ax=0] 


1 


W == 
TE 


CV? Joules Hence proved. 
Method 2 When a capacitor is charged, energy is stored in the electrostatic 
field which is set up in the dielectric medium. 


Assume that a capacitor C is charged to a voltage, V. If the potential difference 
across the plates at any instant of charging is V, this is equal to the work done 
in shifting one coulomb of charge from one plate to another. If dQ is the charge 
transferred, work done is 


dW, =VdQ 
As per the definition of C, 
Q=CV 
dQ =C dV 
or, dW, =CV dV 


Total work done in producing a potential of V is 


" vil a 
W, =[CVdv=C—| => cv? 
J TA 


Energy stored in a capacitor 


Te 1 ou 
= 5 CV [ilis QV= Joules Hence proved. 


We 2€ 
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> Line charge density is Pr ==, C/m. 


> Surface charge density is p. = e, Ciara. 


» Volume charge density, Ps -$, Cm 


1 QQ 


> Coulomb's law is F- —— 2 
Ance r 


a,, Newton. 


> €p 28854x10 7, F/m 


1 
ATE 9 


-9x10? m/F 


> Fy =-Fy 


» Displacement electric flux = electric flux = Q. 


» Electric field intensity = electric field, E= 5% 


v 


E--VV,V/m 


» Direction of Coulomb's force is the same as electric field due to a point charge. 


» Electric field due to a line charge is E= Í E ae A 
Eg f 


PL 


> Electric field due to an infinite line charge is E=——— 
21€ P 


ap- 


> Electric field due to surface charge density, s= ae 
€ 


0 


Po 


D 


— 1010 4m 
ANE, r 


» Electric field due to volume charge density, E=] 
v 
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» Potential at a point is V= 


Q 


ANE g 1 


x 


B 
> Vag =- |E.dL 
A 


> Potential gradient, VV =-E. 


y 


» Potential due to electric dipole is V = 


> Electric field due to a dipole is E= 3 


Qd ene E: 


4n€9or 


Qd 


z (2c0s0 a, +sin® ag). 
T€pof 


> Electric flux, y =Q. 


> Gauss’s law is [p.4s =Q. 
S 


» Electric flux density, D= < a, C/m? 


S 
=€ E. 


> Point form of Gauss’s law is V.D=p,. 


» Laplace’s equation is V? V =0. 


> Either Poisson’s or Laplace’s equation has unique solution. 


S Etant =Etan2 


> Dia — Diz =P; 


> Conduction current density, J, - oE. 


oD 
> Displacement current density, J; =—— x 


ot 


> Equation of continuity is V.J -—-p,. 
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S : € 
> Relaxation time, T, =— x 
[o 


> J=PyV 
> Electric dipole moment is p=Qd. 


un dipole moment 
> Polarisation, P=y,€ 9 E= : $ 


volume 


» Electric susceptibility, y, =€, -—1. 


> Displacement flux density in dielectrics is D- ej E- P. 


» Capacitance, C= g, Farad. 


eA 
» Capacitance of parallel capacitor, C= ga 


mh i 


DE 


> Capacitance of spherical condenser is C - 4n€ | 


: : ; 2nel 
> Capacitance of a coaxial cable is C = —7—— x 


» Capacitance of parallel wires, C= 


1 
» Energy stored in electrostatic field is Wg = et E? Joules/ m?. 


1 
» Energy stored in a capacitor, W, = z CV? Joules. 
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OBJECTIVE QUESTIONS 


1. Coulomb's force depends on the medium in which the charges are placed. 


(Yes/ No) 
2. Constant of proportionality in Coulomb's law has units. (Yes/ No) 
3. The directions of electric field and Coulomb's force are the same. (Yes/ No) 


4. For a thin filament extending from —c to œ along the z-axis, field varies with z 


and $ coordinates. (Yes/ No) 
5. For a line charge extending from — to oo along the z-axis, field at a point varies 
with p only. (Yes/ No) 
6. For N point charges, the electric field at a point is the vectorial sum of the fields 
due to each of N charges. (Yes/ No) 
7. Coulomb's law can be applied to find electric field at a point. (Yes/No) 
8. Charge distributions produce electric field. (Yes/No) 


9. Electric field at a point due to a point charge is inversely proportional to r. 
(Yes/No) 


10. Electric field at a point due to a point charge is proportional to 1/r7. (Yes / No) 
P P ge 15 prop 


11. A surface of a conductor is an equipotential surface. (Yes/ No) 
12. Gradient of the potential and equipotential surface are orthogonal to each other. 

(Yes/ No) 
13. Electric dipole is a pair of two positive point charges. (Yes/ No) 
14. Electric dipole is a pair of a positive charge and a negative charge. (Yes/ No) 
15. Displacement electric flux is equal to the charge enclosed. (Yes/ No) 
16. Faraday's experiment says y=Q. (Yes/ No) 
17. Gauss's law is applicable on all surfaces. (Yes/ No) 
18. Gauss's law is applicable only on Gaussian surfaces. (Yes/ No) 


19. Gauss's law is applicable even if the charge is outside the closed surface. 
(Yes/ No) 


20. Displacement flux depends on the dielectric material. (Yes/No) 


30. 


31. 
32. 
33. 
34. 


35. 


36. 
37. 
38. 
39. 
40. 


41. 
42. 
43. 
44. 
45. 
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. Laplace’s equation has several solutions. (Yes/No) 
- Eran = Etan2 (Yes / No) 
. D4 7D, (Yes/ No) 
. Aluminium is a better conductor than silver at very low temperatures. (Yes/No) 
. For a good conductor, Z< 1. (Yes/No) 
. Convection and conduction current densities are identical. (Yes/No) 
. Convection current obeys Ohn’s law. (Yes/No) 
. Conduction current obeys Ohm’s law. (Yes/No) 
. Displacement current in a conductor is greater than conduction current. 
(Yes/No) 
Displacement current in dielectrics is greater than conduction current. 
(Yes/No) 
The current density, J=p, V. (Yes / No) 
V.J2p, (Yes/ No) 
V.J 2-6, (Yes/ No) 
Electric dipole moment is a vector. (Yes/ No) 
The polarisation, P= X,e, E. (Yes/ No) 
Electric susceptibility has the unit of permittivity. (Yes/No) 
Electric susceptibility has no units. (Yes/No) 
Polarisation is a result of free electrons in dielectrics. (Yes/No) 
Polarisation is a result of bound electrons in dielectrics. (Yes/No) 
Electric flux density in dielectrics is greater than that in free space for the same 
field. (Yes/No) 
Capacitance depends on dielectric material between the conductors. (Yes/No) 
Gauss’s law can be applied on arbitrary Gaussian surfaces. (Yes/No) 
Potential is inversely proportional to r. (Yes/No) 
The unit of potential is Joule/Coulomb. (Yes / No) 
Potential obeys the superposition principle. (Yes/ No) 
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46. Electric field obeys the superposition principle. (Yes/No) 
47. Electrostatic energy is quadratic in the fields. (Yes/No) 
48. Electrostatic energy does not obey superposition principle. (Yes/No) 
49. fE.dL=0is the same as VxE=0. (Yes/No) 
50. E is perpendicular to the surface just outside a conductor. (Yes/No) 
51. p, =0 inside a conductor. (Yes/No) 
52. Charge resides on the surface of a conductor. (Yes/No) 
53. Direction of dipole moment is in the direction of applied electric field. (Yes/No) 


54. Coulomb’s force has the unit of 

55. The unit of constant of proportionality in Coulomb’s law is 
56. The unit of line charge density is 

57. The unit of surface charge density is 

58. The unit of volume charge density is 

59. Electric field is defined as 

60. The unit of electric field is 

61. The unit of electric flux is 

62. Laplace’s equation is 

63. Relaxation time in dielectrics is 

64. The unit of electric dipole moment is 

65. The unit of polarisation of dielectric is 

66. If €,=3, electric susceptibility is 

67. Application of electric field to dielectric material produces 
68. Energy density in electric field is 

69. Energy stored in a capacitor is 

70. If the charge is doubled everywhere, the total energy is 
71. Atomic polarisability has unit of 
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Answers 

1. Yes 2. Yes 3. Yes 4. No 5. Yes 

6. Yes 7. Yes 8. Yes 9. No 10. Yes 
11. Yes 12. Yes 13. No 14. Yes 15. Yes 
16. Yes 17. No 18. Yes 19. No 20. No 
21. No 22. Yes 23. No 24. Yes 25. No 
26. No 27. No 28. Yes 29. No 30. Yes 
31. Yes 32. No 33. Yes 34. Yes 35. Yes 
36. No 37. Yes 38. No 39. Yes 40. Yes 
41. Yes 42. Yes 43. Yes 44. Yes 45. Yes 
46. Yes 47. Yes 48. Yes 49. Yes 50. Yes 
51. Yes 52. Yes 53. Yes 54. Newton 55. metre / Farad 
56. Coulombs/ m 57. C/m? 58. C/m? 59. E--VV 
60. V/m 61. Coulomb 62. V'V-0  63.e/o 64. C-m 
65. C/m? 66. 4,22 67. Induced dipole moment 68. 0.5€ E? 


69. 0.5 CV? 70. Quadrupled 71. Farad-m? 


MULTIPLE CHOICE QUESTIONS 


1. Coulomb’s force is proportional to 


b 2 1 d 1 
(a) r (b) r {ey (d) 7 
2. The proportionality constant in Coulomb’s law has unit of 

(a) Farads (b) Farads/metre 

(c) Newton (d) metre/Farad 


3. The value of proportionality constant in Coulomb's law is 


(a) 9x10? (b) 9x10? 
1 9 
() 8854x107 (d) gre 
4. The unit of electric field is 
(a Newton (b) Coulomb/Newton 
(c) Newton/Coulomb (d) Coulomb/ metre 


5. If the direction of Coulomb's force on a unit charge is a,, the direction of electric 


field is 
(a) -a, (b) ay (c) ay (d) a; 
6. The unit of electric flux is 
(a) Coulomb (b) Coulomb / metre 
(c) Weber (d) Weber/m? 
7. The electric field on x-axis due to a line charge extending from — to co is 
zx s ca. pr Pi 
BTE me () 5 us 


8. Electrostatic field due to a dipole consists of 
1 1 I 
(a) m (b) za EDU (c) oor (d) r terms 


9. Potential at all the points on the surface of a conductor is 
(a) the same (b) not the same 


(c) zero (d) infinity 
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10. Gradient of the potential and an equipotential surface 
(a) have the same direction (b) have opposite directions 
(c) are orthogonal to each other (d) have no directional relation 


11. The potential at a point due to electric dipole consists of 


1 1 1 
(a) r terms (b -term (c) -term (d) z term 
r r 


12. The unit of electric dipole moment is 


(a) C/m (b) C-m (c) C/m? (d) C-m? 
13. The unit of polarisation in dielectric is 

(a) C/m? (b) C/m (c) C/m? (d) C-m* 
14. Point form of Gauss's law is 

(a) V.D-2p, (b) V.D=p, (o) V.D2p,/eg (d) V.D=Q 
15. The Laplacian operator, v? 

(a) has unit of m? (b) is a vector operator 

(c) has unit of 1/m? (d) has no unit 


16. Laplace's equation has 
(a) two solutions (b) infinite solutions 


(c) no solution (d) only one solution 
17. The surface charge density in a good dielectric is 


(a) zero (b) P; (c) infinity (d) -P; 


18. Relaxation time of a medium with €,=3.0ando=3.0Mho/m is 
(a) 8.854 picosecond (b) 9 picosecond 
(c) 7.9686 picosecond (d) 1 second 


19. The force magnitude between Q, =1C and Q, =1C when they are separated by 
1m in free space is 


(a) 9x10? N (b) 8.854 x 10" N 
(c) x10" N (d) 9x1?N 
TU 


20. When the force on 2 C due to fixed charge of 4C is 2N, the electric field at the 
charge of 2C is 
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(a) 1 N/C (b 4 N/C (c) 8 N/C (d) 16 N/C 
21. If €,=2 for a dielectric medium, its electric susceptibility is 
(a) 1 (b) 2 (c) 3 (d) 2€ 


22. If a pair of (+)ve and (-)ve charges of 1C each are separated by a distance of 
1.0um, the magnitude of dipole moment is 
(a) 2 C-um (b) 1C-um (c) 0C-um (d) 1 C-um 


23. If dipole moment of 1 C-m in a dielectric material of volume 0.1 m? exists, the 
polarisation is 


(a) 10 C/m? (b) 0.1 C/m? (c) 10 C/m (d) 0.1C/m 


24. If a charge element, whose volume charge density is 2.0 C/m?, is moving with a 
velocity of 3a, m/s, the current density is 


(a) 6a, A/m? (b) 6a, A/m (c) 15a, A/m? (d) 15a, A/m 


25. If Etani =a, and E, =0, the electric field E, in a dielectric medium 2 is 


(a) ay (b) 2a, (c) ay (d) a, 
26. Two point charges Q; -1C and Q;-3C are separated by 1.0m. The force on 
Q; is 
(a) zero (b) repulsive 
(c) attractive (d) increasing linearly 


27. A charge density of 10 nC/ m? is distributed on a plane z = 10 m, the electric field 
intensity at the origin is 
(a) -180na, V/m (b) -10xa, V/m 
(c) -360na, V/m (d) —-18za, V/m 


28. If a force, F=4a,+a,+2a, moves 1uC charge through a displacement of 
4a, * 2a, —6a,, the resultant work done is 


(a) 6p) (b) 12pJ (c) 18pJ (d) 24yuJ 
29. If a potential of 1 V is applied across a capacitor of 10 PF, the energy stored is 
(a 5 PJ (b) 10 PJ (c) 100 PJ (d) 0.01 PJ 


30. Example of non-polar type of dielectric is 
(a) water (b) hydrochloric acid 
(c) sulphur dioxide (d) oxygen 


a u ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 


31. Example of polar type of dielectric is 


(a) oxygen (b) water (c) hydrogen (d) nitrogen 
32. If the voltage applied across a capacitor is increased, the capacitance value 

(a) increases (b) decreases 

(c) remains constant (d) becomes infinity 


33. If the electric field intensity is 1 V/m in free space, the energy density is 


(a) 4427 PJ/m? (b) 8.854 PJ/m? 
(c) 4.427 PJ (d) 8.854 PJ 
34. If electric susceptibility of a dielectric is 4, its relative permittivity is 
(a) 5 (b) 4 (c) 3 (d) 2 
35. The unit of electric flux is 
(a) Coulomb (b) Coulomb/m (c) Weber (d) Tesla 
36. Gauss's law is 
(a) | D.as=Q b) $ D.dS=Q 
S S 
c) $nas-Q (a) JP49-0Q 
S 
37. Gauss's law in point form is 
(a) V.D=p, (b) V.D=p, 
(c) V.D=Q (d) VD-p, 


38. Equation of continuity is 


(a) [esi (b) pea 
(c) I (d) ecd 
39. Relaxation time is 
S g 
(à) d 6) z 
[e] QE 
E oe (d) > 
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40. In dielectrics, 


(a) Jr. dv=Q, (b) fo d=- Q, 

(c) [p4v-Q, (d) Je. dv=Q, 
41. Potential has the unit of 

(a) Joules/Coulomb (b) Joules 

(c) Joules/m? (d) Joules/m? 


42. If a total charge of 10 coulombs is uniformly distributed along a filament of length 
10 m, the line charge density is 


(a) 1 C/m (b) 100 C-m (c) 100 C/m (d) 1 Cm 


43. If a charge of 10 coulombs is uniformly distributed on the surface of a conductor 
of area 10 m°, the surface charge density is 


(a) 1C/m? (b) 100 C/m? (c) 1 C-m? (d) 100 C-m? 


44. If a total charge of 1 C is contained in a tiny sphere of volume 0.1 m?, the volume 
charge density is 


(a) 10 C/n? (b) 0.1 C/m? (c) 10 C-m? (d) 10 C/m? 
45. Electric flux density is 
Q Q Q Q 
RM. RM a, 
(a) 4xe, 7? b) e (OE a (d) Arer? 


46. Poisson’s equation is 
(a) V?V=p,/e (b V?V--p,/e 
() V2V=-p, (d V^v--$,/e 


47. Boundary condition for the normal component of E on the boundary of a dielectric 
is 


(a) Ea -En (b) Em -Ep2 =P; 
€2 
(c) Em m E, (d) En =0 


1 


48. Electric flux lines 
(a) originate at (+)ve charge 
(b) originate at (-)ve charge 


mE D: ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 


(c) are closed loops 
(d) originate at (+)ve charge and also terminate at (+)ve charge 


49. Unit of electric flux is 


(a) Coulomb (b) Weber 
(c) Tesla (d) Weber/m 
50. Potential due to a charge at a point situated at œ is 
(a) zero (b) œ (c) -ee (d) 1 
Answers 

1. (d) 2. (d) 3. (a) 4. (c) 5. (c) 
6. (a) 7. (a) 8. (c) 9. (a) 10. (c) 
11. (b) 12. (b) 13. (a) 14. (a) 15. (c) 
16. (d) 17. (a) 18. (a) 19. (a) 20. (a) 
21. (a) 22. (d) 23. (a) 24. (a) 25. (a) 
26. (b) 27. (a) 28. (a) 29. (a) 30. (d) 
31. (b) 32. (c) 33. (a) 34. (a) 35. (a) 
36. (b) 37. (a) 38. (b) 39. (a) 40. (d) 
41. (a) 42. (a) 43. (a) 44. (a) 45. (a) 


46. (b) 47. (c) 48. (a) 49. (a) 50. (a) 


EXERCISE PROBLEMS 


1. An infinite line charge, p; =10nC/m parallel to z-axis is at x=3, y=4 in free 
space. Find E at 
(a) (0, 0, 0) 
(b) (0, 1, 2) 
(ey (1,1,1) 


2. Determine the force on a point charge of 5nC at (0, 0, 5) m due to uniformly 
distributed charge of 5 mC over a circular disc of radius r<1m in z = 0 plane. 


3. Find the total charge in the volume specified by 0<x<1lm, 0<y<1m and 
O<z<1m when p, = 30x? y (nC/ m?). 


4. Three infinitely long lines charged uniformly are parallel to the z-axis. They are 
separated by a distance of b m. The charge density of each is p; = 2.0 PC/m. Find 
the electric field E at a point P on the y-axis at y=am. If a=b=1m, what is the 
electric field, E? 


5. A dipole consists of two charges Q and - Q separated by 2b m as shown in Fig. 2.34. 
Determine the electric field at point P. 


Qi x, (0, P) 


Qo 


(0, -b) 


Fig. 2.34 


6. An infinite length of uniform line charge has p; =10PC/m and it lies along the 
z-axis. Determine electric field E at (4, 3, 3) m. 


7. When six equal charges Q = 10 PC are located at (2, 0, 0), (3, 0, 0), (4, 0, 0), (5, 0, 0), 
(6, 0, 0) and (7, 0, 0), find the potential at the origin. 


8. If the electric potential is as shown in Fig. 2.35, sketch the respective electric field 
distribution in a specified region. 
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^ Potential 


— 10 V 


-3 -2 


Fig. 2.35 


9. (a) What is the force magnitude between two charges Q} =4nC and Q, =6nC 
which are separated by 0.1 m in free space. 


(b) What will happen if they are kept in ice whose €,=4.2? 


10. Consider the Fig. 2.36. 
YA 


A (2,2) m 


Q1 (0, 2) 


Be 


If Q; =4nC, Q -4nC, Q3=4nC, find the electric field at point S. Assume that 
the charges are in free space. 


11. Two point charges Q; =5.0nC and Q, =1.0nC are located at (- 1, 1, -3) m and 
(3, 1, 0) m respectively. Determine the electric field at Q} and Q;. 


12. An electric field is given by E=10ya, +10xa,,V/m. Find the potential function, 
V. Assume V = 0 at the origin. 


13. Consider concentric spherical shells in free space in which V = 0 at r = 10 cm and 
V =10 volts at r = 20 cm. Find E and D. 


14. If electric flux density, D is given by D-[Qy? +z)a, + 4xya, * xa;)] uC/m?, find 
the volume charge density at (0, 0, 0) and (- 1, 0, 4). 


15. A sphere whose radius is 0.5 m contains a charge density of p, -(5-2r)uC/m?. 
Find D at a distance 10 m away from the centre of the sphere. 


STEADY MAGNETIC 
FIELDS 


Steady magnetic fields are produced by steady currents. 


The main objective of this chapter is to provide detailed concepts of magnetostatics. 
They include: 


applications of magnetostatic fields 

Faraday’s induction law, Biot-Savart law, Ampere’s circuit law, Ampere’s force 
laws for current elements 

force on current element and between current elements 

Lorentz force equation 

Boundary conditions, scalar and vector magnetic potentials 

fields in magnetic materials 

inductances 

energy stored in magnetic field and inductors 

comparison between electric and magnetic parameters / circuits 
points/formulae to remember, objective and multiple choice questions and 
exercise problems. 


Do you know? 


Some birds, bees and certain animals are blessed with magnetic sense but man can sense 
magnetic fields only with a compass. 
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3.1 INTRODUCTION 


Steady currents produce steady magnetic fields. Steady magnetic fields are 
magnetic fields which are constant with time. These fields are also called static 
magnetic fields or magnetostatic fields. 


Magnetic fields have several applications. Some of them are listed below. 


These fields are described by the magnetic field intensity, H and the magnetic 
flux density, B. These are related by B - uH. In fact, most of the relations in 
magnetostatics are derived from the knowledge of relations in electrostatics. 


Steady magnetic fields are governed by Biot-Savart law and Ampere's circuit 
law. 


3.2 APPLICATIONS OF MAGNETOSTATIC FIELDS 


Magnetostatic fields are used in 
1. magnetic separators 
. particle accelerators like cyclotrons 
. development of motors 
. compasses 
. microphones 
. telephone ringers 
. advertising displays 
. velocity selector 


O oo do OF FW N 


. mass spectrometer 


a 
So 


. transformers 


mÓ 
Ó 


. television focus controls 


QÓ 
N 


. high speed velocity devices 


QÓ 
C2 


. magnetohydrodynamic generator 


Ó 
nm 


. electromagnetic pump and so on 


3.3 FUNDAMENTALS OF STEADY MAGNETIC FIELDS 


Steady magnetic fields are also called static magnetic fields or magnetostatic 
fields. These are produced by a magnet or by a current element. It is well known 
that loadstone is a natural magnet. But it is a fairly weak magnet. Strong magnets 
are made of iron, nickel, cobalt, or steel. The two opposite ends of a magnet are 
called its poles (Fig. 3.1). 
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S N 


Fig. 3.1 Poles of a magnet 


If a magnet is floated freely, one pole will point towards the north pole and 
is called the north pole of the magnet. The other pole is the south pole. 


If a bar magnet is placed under a sheet of paper on which there are some 
iron fillings and then the paper is gently shaken, the fillings will tend to arrange 
themselves into a pattern like the one shown in Fig. 3.2. 


Fig. 3.2 Magnetic flux lines La Yeu 


It is observed that the iron fillings arrange themselves in a set of parallel 
lines going from one pole to another. These lines never cross or unite. These are 
called the magnetic lines of force or flux. The area covered by them is called the 
magnetic field. Flux lines move from N to S. 


Electricity produces magnetism and magnets can produce electricity 
(Fig. 3.3). 


Fig. 3.3 Generation of electricity with a magnet 


AC current can be produced by moving the magnet up and down in the coil 
or by rotating a conductor coil around a magnet. The latter method is preferred 
to produce large quantities of electric power. 


3.4 FARADAY'S LAW OF INDUCTION 


Faraday's law of induction states that emf is induced whenever the magnetic 
flux linkage changes. In other words, an emf is induced in a conductor when the 
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conductor cuts magnetic flux. The magnitude of the induced emf is equal to the 
rate of change of flux linkage, that is, mathematically, 


Induced emf = y = E volt 
t 


where V = induced emf (volt) 
N = number of turns 
= magnetic flux (wb) 


(-)ve sign indicates that the induced emf sets up a current in such a direction 
that the magnetic effect produced by it opposes the very cause producing it. 


Magnetic flux It is defined as the lines of force produced in the medium 
surrounding electric currents or magnets. The flux through an area is measured 
from current flow in an electric circuit bounding the area when this circuit is 
removed from the magnetic field. 


It is also defined as the surface integral of the magnetic flux density, that 
is, 


b= -[5.as, weber 
S 


3.5 MAGNETIC FLUX DENSITY, B (wb/m?) 


B is defined as magnetic flux per unit area through a loop of small area. As © 
depends on the orientation of the loop and its area, S is a vector. Its direction is 
normal to the plane of the loop. 


$- [B.as 
S 


or, eo 


B is also defined as B = uH 
where H- magnetic field (A/m) 
u = permeability of the medium (H/m) 
= Ho Ur 
Uo permeability of free space = 4nx107 H/m 


u, = relative permeability of the medium 
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In this book, we are more interested to learn about the magnetic fields 
which are produced from current elements. 


Definition of current element A current element is a conductor carrying 
current. It is represented by IL. Here I is the current and L is the length of the 
conductor. 


Problem 3.1 If the magnetic flux density in a medium is given by 


1 T n 
B- prat ap, what is the flux crossing the surface defined by — «05 —, 


4 4 
O<z<2m. 
; 1 
Solution B = —cosQ a, 
P 
By definition $ = [B.ds 
S 
where ds =p d$ dz ay 


o = f5 costa, .pdodza, 
S 


4 


nj 
Jcosoa, .pdédza, 
-n/4 


í 


= 2.83 wb 


Problem 3.2 If a magnetic field, H = 3a, + 2a,, A/m exists at a point in free 
space, what is the magnetic flux density at the point? 


Solution H = 3a, + 2a, 
Ho = permeability of free space 
-4nx10 7 H/m 
B -uoH 


- 4nx10 " (3a, + 2a,) 


= (3.767 a, 4 2.513a, ) x10 


B =(3.767a, +2.513a,) uwb/ m^ 
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Problem 3.3 If the magnetic field, H = r sing a, + 2.5r sin © cos o ay 
A/m exists in a medium whose y, = 3.0, find the magnetic flux density. 


Solution H = r sin $a, + 2.5 r sin 0 cos > ay A/m 
Relative permeability of the medium, 

u, = 2.5 
The magnetic flux density, 

B = uH 


= Wo u, H, yọ = 4r x 107 H/m 
= An x 107 x 2.5H 


B = 3.14 r sin $ a, + 7.85 r sin 0 cos © a, uwb/ m? 


Problem 3.4 A circular coil of radius 2.0 cm is in a magnetic flux density 
of 10 wb/ m. If the plane of the coil is perpendicular to the field, determine the 
total flux around the coil. 


Solution The flux density = 10 wb/m? 


Area of the coil, S = w? 
= n x (2.0 x 10°) 
= 4n x 107 
Total flux, o=B.S 
As B and S are in the same direction, 
B.S=BS 


$ 7 10 x 4x x 107 


$ = 12.56 mwb 


Problem 3.5 Given magnetic flux density, B = p ay find the total flux 
crossing the surface ọ = 1/2,1 < p € 2mand0 €z € 5m. 


Solution o = [[8.as 
B =p ao 
ds = dp dz a 


5 2 
b= [ [pdpdz 


z=0 p-1 


d =7.5 wb 
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3.6 AMPERE'S LAW FOR CURRENT ELEMENT OR 
BIOT-SAVART LAW 


Mathematically, Biot-Savart law is given by 


Here dH = magnetic field at a point, P 
IdL = differential current element (A-m) 
a, = unit vector along the line joining the point P and the IdL 
r = distance of P from the current element (m) 
Statement of Biot-Savart law When a differential current element produces 
a differential magnetic field, dH, the field magnitude at a point is proportional 
to the product of IdL and sine of the angle between the conductor and the line 
of the point to the conductor. It is also inversely proportional to the square of the 
distance from the element to the point. 


The direction of dH is normal to the plane containing IdL and the unit 
vector along the line from the element to the point. This normal is in the direction 
of progress of a right-handed screw turned from dL through a small angle to the 


1 
line from the element to the point. The constant of proportionality is m 


The direction of the magnetic field is easily known using the right hand 
thumb rule. The magnetic field is in closed loops around the current element. 


If a current element is held in the right hand with the thumb pointing 
upwards indicating the direction of current, then the direction of the remaining 
fingers indicate the direction of the magnetic field (Fig. 3.4), that is, if the current 
is upwards, the direction of magnetic field is anti-clockwise and if the current is 
downwards, the direction of magnetic field is clockwise. 


I 
al Y 

< y <y 
Wire Wire Fig. 3.4 Direction of H 


3.7 FIELD DUE TO INFINITELY LONG CURRENT 
ELEMENT 


The field produced by an infinitely long current element at a point is given by 
I 


=—a 
2Tp y 
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Here I = current in the element 
p = distance of the point from the element 


Proof Assume an infinitely long current element to be vertical with the 
current passing upwards. Then, the direction of H is along a, (Fig. 3.5). 


dL sin 0 


Fig. 3.5 Infinitely long current element 


Let p be the distance of P from the element. Consider a differential element 
dL at a distance of r from P. Let the line joining P and IdL make an angle 0 with 
the element. Now, by Biot-Savart law we have 


dH due to IdL at P, 
. IdLxa, 
Arr? 


IdL sin® 
= oe oo 


dH 


4nr 


But dLsin0 -rd0 


dH a 
4n r ? 
As sin =— 
I sin0O 
=— d0a 
4 4n ? 


So H due to infinitely long current element is given by 
T 
H = —L— [sinde ay 
4np d 


I 
-——a,(A/m 
H 255 2° | /m) 
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3.8 FIELD DUE TO A FINITE CURRENT ELEMENT 


The magnetic field, H at a point, P due to a finite current element is 


I 
- — [cosa —cosa,] a 
H Ink. 2 1] 86 


where I= current in the element 
R = distance of the point from the element axis 


o = angle made by the line joining the point and one end of the element 
with the axis of the element 


o; = angle made by the line joining the point and the other end of the 
element with the axis 


Proof Consider Fig. 3.6. 


Fig. 3.6 Finite current element 


The differential magnetic field, dH at the point P due to IdL (Fig. 3.6) is 


IdLsina 
dH =~ ay 
4nr 
= Í IdLsina 

Arr? ? 

We have r? =(Z-L)? +R? 
and Z-L=Rcota 

Thus, we get -dL =-R cosec? a da 


2 n 
a =n] Ge A 5 je 
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1 
- sina da a, =——[cosa, —cosa, ]a,, A/m 
B 2 $7 agg loose ioo 


Problem 3.6 A thin conductor of finite length is along z-axis lying between 


z-z,andz-z,. Find H at a point P in the xy-plane. What is H if z; =œ and 
Z5 = —oo? 


Solution Consider Fig. 3.7 in which a differential current element IdL is 
shown on the current element. 


Z 
Zz1c I 
Idz 
Zo + 
r y 
pap 
a P 
Fig. 3.7 ap 


Then, r 
Idzxr = Idza, x(pay —za,)=Idzp ay 


7 Z 
H = ef ue ay = ip 2 a 
An (p? e z2y?/? $ Anp? (p?  z2)!/? $ 
z1 


Z1 


H = I Zo Z1 4 
= (0) 
anp | Jp? +z3 yp? +z? 


If z > %, z) > —%, H will be 


I 
=-—[1+1]a 
H inp Jag 
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Problem 3.7 Determine the magnetic field intensity, H at the centre 
of a square current element. The length of each side is 2 m and the current, 
I = 1.0 Amp. 

Solution Consider Fig. 3.8 and let each side be of length 21. 


(0, 0) ^I 
sf r 


I 
A a een 


Fig. 3.8 Square current element 


For the differential length, dx, we have 


Idxa, xr 
dH = —— 
4nr 


r -(0,0)- (x, - 1) 2 x a, tla, 


rave? +] 


Idxa,x(-xa, +la,) Idxla, 
—  Amx +P Pl? an (x? + PP? 


The total field at the origin is 


1 
dx V2I 
H=]| Il a,= a 
J An; +P yl? * on? 
g- 2, 
Ti 


If 27 22m or | 2 1 m and I = 1 Amp, 


sos A/m 
T 


3.9 AMPERE’S WORK LAW OR AMPERE’S CIRCUIT LAW 


Statement: Ampere’s circuit law states that the line integral of the magnetic 
field H about any closed loop is equal to the current enclosed by the path. 
Mathematically, 


$H.dL =1,,, 
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Proof Consider a circular loop as in Fig. 3.9 which encloses a current 
element. Let the current be in the upward direction. Then, the field is anti- 


clockwise (aq). 


ap 


Tp | dL = dLag 


A 
Fig. 3.9 Magnetic field around a current element 


H at the point A is given by 


I 
H = enc a 
2R? 


Taking dot product with dLon both sides, we get 


dis I 
= a, .dLa, =—“£ qp, 
He ER as Igi 
But dL =Rdo 


I 
H.dL = do 
2m 


Taking line integral around the closed loop, we get 


i 
fH.dL = | E dh = 1, 
0 TU 


fH.dL =1,,, 


This is called the integral form of Ampere's circuit law. 


Problem 3.8 Determine the magnetic flux between the conductors of a 
coaxial cable of length 10 m. The radius of the inner conductor is a = 1 cm and 
that of the outer conductor is 2 cm. The current enclosed is 2A. 


Solution By Ampere's circuit law 


jH.aL =] 


that is, HL=I1 
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Here, dL-2mr, r lies between a and b. 


EN! 


-——a 
2nr ? 


or, -Boli 


 =277.0u wb 


3.10 DIFFERENTIAL FORM OF AMPERE'S CIRCUIT LAW 


The differential form of Ampere's circuit law is given by 
VxH =J 


J= conduction current density (A/m?) 


Proof Consider a closed rectangular path in x-y plane which encloses a 
current in z-direction (Fig. 3.10). 


Fig. 3.10 Closed path in x-y plane enclosing a current element 


Assume that H at the centre of the loop is known, that is, 
H =H) = H498, + Ayo ay +H,9a, 


Line integral of H around the loop is the sum of H.dL on each side. Let us 


choose the direction of the loop to be 1-2-3-4. This corresponds to a current in the 
centre along z-direction, that is, we have 


fra = | (HAL) + f (HAL) 3+ J (HAL); 4+ [HAL 
2-3 3-4 4-1 
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First term on the right side 
= H, 1-2 ay + Ay 12 ay +H, 1-2 az 
[Œ.AL) =H, io Ay 
1-2 
But by Taylor's theorem, H, j can be obtained approximately by 


considering the first two terms, that is, 
AX 
H 1-2 B (3 


1 
Thus [(f.AL), , [nr joy 
Second term on the right side 


(H.AL), , =(Ay 2-3 ay TH yo ay +H, 2-3 a,).Ax(—a,) 


1 0H 
Haste [ne : jd 
2 oy J 
Similarly, third and fourth terms are given by 
jŒ dis [eran 
Aun 2 9 J 
Jab), =| H „13H, Ayd 
and B 4-1 x0 ay j 
Therefore, 
H.aL sd h Lo Ad Sy AA Io UK 
ju. 2 d 572 Oy 4^2 Ox V9 ug á 
oH 
[Hat = DE S AS 
ox oy J 
H.dL 9H, _ 0H 
Or, [== x =]; 


Ax Ay Eu oy 
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If the closed path is made to shrink, this expression becomes exact, that is, 


pr _( Hy 9H.) y 
AxAy20 * Ax Ay ox oy J í 
9H, 9H, ) 
y al RR 
or, ea 3 7 =]; a, (3.1) 


Similarly, if we choose closed paths oriented perpendicular to the remaining 
two coordinate axes, and by following exactly the above procedure, we get the 
expressions for the x and y components of the current density. These are 


H.dL oH, 9H, 


Lt =]; 
AyAz—0" AyAz Oy oz 
9H, H) _ 
or, | ay. x p Jy Ay (3.2) 
H.dL 0H, 0H 
L pa x Zi = 
and AzAx20* AzAx AZ ox Jy 
9H, OH.) J 
or, J 3s j y 74,8, (3.3) 
3.14- 32 4 3.3. gives 
oH oH 
9H, dH, y (3H. 9H i, ,(9H. 2H. 
ox 9y J oy 97 oz ox) 
=J,a,+J,a,+Jyay =J 
where J =J,a,+Jya,y+Jza, (3.4) 


Left side of Equation (3.4) is nothing but curl of vector H, 


that is, VxH = Lt H.dL = 
As, >07 AS, 


J 


VxH =J 


This is the differential form of Ampere's circuit law. 
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It is important to note the following. 


1. JcvxH).as depends only on the boundary line and it does not depend on 


the particular surface used. 


2. i (VxH).dS «0 for any closed surface. This is because the boundary line 


S 
shrinks to a point like the mouth of a balloon. 


Ampere’s circuit law in different coordinate systems is 


Curl H =(VxH) ar 


see one (3 9H. ), (= 9H, ) 
xj 


dy əx J” \ əx ð i 


- OU Ser 9H, \ OH, OH,\  1(19(pH,) 19H, ) 
em, es a Fe -f az apy? app ao 7° 


Jp ay +J9a9 * Io, 


(VxH),, = 1 E m aet 1 H, S a 


r sino 90 10) r |sin0 oo or 


m E Ass 
T or 00 


=J,a,+Jo ag + Jp ay 
Problem 3.9 If His given by H=ycos 2xa, * (y * e*)a,, determine J at the 


origin. 


Solution The differential form of Ampere's circuit law is 


VxH =J 
a, ay a, 
| 2 d 9 
ox oy oz 


ycos2x 0 (y+e*) 


E ee CER CA Ed 
-a| Zure ] ay] rere) «(reos 22) 2] 2tycos20| 
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J=a,—e° a, —cos 2x a, 
2 
At (0, 0, 0)J -(a,-a,—-a;)A/m 


Problem 3.10 What is the magnetic field, H in Cartesian coordinates due 
to z-directed current element? Find J if 1-24. 


Solution We have 


I 
=—a,,A/m 
2mp 


But p= jx? +y? 


2 (-ya,+xa, ) 


H =z x+y? j 
a, a, a, 
1 Ó d 0 
H = 
Ds T! Ox oy oz 
Ee = 2 0 
X X y 
d x j d -y ) 
ox 1 49] oy x T] 
J =0 


Problem 3.11 Determine J at (2, %, 0) in cylindrical coordinates if the 
magnetic field, H is given by H=5p sinóa,, mA/m?. 
Solution In cylindrical coordinates, we have 


1(9H, 0H oH, oH 
(VxH),, = | z e] | 2 Hs da, 
p z p J 


ap + 
00 əz J 


oH 
4: SH j=} la 
p op p do 
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Here H, =0 and H, =0. 


_310H,_ 9H 
ap ap 
ao op 


So (VxH),, =10 


=5x10° ! x (5psin$) a, E (5p sin) ay 


(VxH) =5x10° [cos da, -sin $a4] - J 


J/(2, x, 0) =-5a, mA/m' 


Problem 3.12 If the magnetic field, H=100 sin@ag A/min spherical 
T a) 
coordinates, determine J at |10, 3! 02x 


) 


Solution 


(rH 
2 (Hsin) d 4| 1 0H, or ha 


g sin®8 0$ or 


T 


1 
(VXH)son = r sinO | 


But in the present problem, 


H, =0 and H, =0 


1 re) 1 9 
= — —(100sin90) | a, += — (100rsin0) a 
Y sl 2) ] E ap ag 
that is, VxH = s 


J = vx /(10,5,0}- 5.0 a, 


J 250a, A/m? 


Problem 3.13 An infinitely long current element on x-axis carries a current 
of 1.0 mA in a, direction. Determine H at the point P (5, 2, 1). 
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Solution We have 
H=- [ar xa,] 
r =5a, t2a, ta, —5a, =2a, +a, 
r 244«12 45 


| .1.0x10? [med 
2n4 5 J5 


| 10° 
H 2nx5 


(7a, +2a,) 


MS n 
- 31415 


(7a, + 2a;) 


H =(-31.83a, + 63.66a,) uA /m 


Problem 3.14 What is the current density which produces a magnetic field 


of H=28 sinx a, ? 


Solution By Ampere’s circuit law, the current density, J is 


ay a, a, 
re) re) re) 

— V x H = 
J ox oy oz 
0 28sinx 0 


J=28 cos xa, 


3.11 STOKE’S THEOREM 


Stoke’s theorem relates a line integral to the surface integral and vice-versa, 
that is, 


f H.dL = J(vxH).as 
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3.12 FORCE ON A MOVING CHARGE DUE TO ELECTRIC 
AND MAGNETIC FIELDS 


If there is a charge or a moving charge, Q in an electric field, E, there exists a 
force on the charge. This force is given by 


F: = QE 
If a charge, Q moving with a velocity, V is placed in a magnetic field, 
B(=uH), then there exists a force on the charge (Fig. 3.11). This force is given by 
Fy =Q(VxB) 
B = magnetic flux density, (wb/m?) 


V = velocity of the charge, m/s 


H 


Pm 


V Fig. 3.11 Direction of field, velocity and force 


If the charge, Q is placed in both electric and magnetic fields, then the force 
on the charge is 


F=Q (E+ VxB) 


This equation is known as Lorentz force equation. 


Problem 3.15 A charge of 12 C has velocity of 5a, +2a,—3a,m/s. 
Determine F on the charge in the field of (a) E-18a, +5a,+10a,V/m 
(b) B=4a, * 4a, +3a, wb/m?. 

Solution (a) The force, F on the charge, Q due to E is 

F = QE- 12 (18a, * 5a, +10a,) 
- 216a, + 60a, 120a; 
or, F-QIEI 212418? 4 5? 410? 


F=254.27N 
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(b) The force F on the charge due to B is 
F=Q[VxB] 
Here, V =5a, +2a, —3a, m/s 


B = 4a, + 4a, +3a, wb/m? 


F=12[18a, - 27a, + 12a;] 


F =12,/(324+729+ 144) 
F =415.17N 


Problem 3.16 An electron has a velocity of 1 km/s along a, in a magnetic 
field whose magnetic flux density is B=0.2a, —0.3a, +0.5a, wb/ m’. 


(a) Determine the electric field intensity if no force is applied to the electron. 
(b) Also find the force on the electron under the influence of both E and B 
when E=(a, +a, t a;) KV/m. 


Solution The expression for force F due to E and B is 


F - Q[E4 Vx B] 
(a) If F=0, 
Q[E+VxB] =0 
a, ay, a, 
or, E--VxB--|10 0 0 
02 -0.3 05 
E-- [- 05x10?a, -0.3x10°a, ] 
Or, E- (0.5a,, -0.3a,) KV/ m 


(b) The force on the electron due to E and B is 
F=Q[E+VxB] 
The charge of the electron, 
Q =-1.6x10 P C 


F--1.6x10 ? [a, +a, +a, +0.5a, +0.3a,]x10° 


F=(-1.6a, —2.4a, -2.08a,)x10 16 N 


y 
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3.13 APPLICATIONS OF LORENTZ FORCE EQUATION 


The solution of Lorentz force equation is extremely useful to determine: 


(i) Electron orbits in magnetrons. 
(ii) Proton paths in cyclotrons. 
(iii) Plasma characteristics in Magneto Hydro Dynamic Generator (MHDG). 


(iv) Motional characteristics of a charged body in combined electric and 
magnetic fields. 


3.14 FORCE ON A CURRENT ELEMENT IN A MAGNETIC 


FIELD 
The force on a current element when placed in a magnetic field, B is 
F -ILxB 
or, F =ILB sin, Newton 


where Q is the angle between the direction of the current element and the 
direction of magnetic flux density 


B = magnetic flux density, wb /m* 


IL =currentelement, Amp-m 
Proof Consider a differential charge, dQ to be moving with a velocity, V 


in a magnetic field, «(He Then the differential force on the charge is given 
" 


by 
dF =dQ(VxB) 
But dQ =p, do 
dF =p, dv(V xB) 
=(P» VxB) dv 
But Py V =J 
dF =JdvxB 


J dv is nothing but IdL, 
dF = IdLxB 


or, F=I/LxB, Newton 
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Problem 3.17 A current element 4 cm long is along y-axis with a current 
of 10 mA flowing in y-direction. Determine the force on the current element due 


2a A/m. 


to the magnetic field if the magnetic field H = 


Solution The force on a current element under the influence of magnetic 


field is 
F =ILxB 
Here, IL -10x10? x0.04a, 
- 4x10 *a, 
z 5a, E 
B -5a, wb/m? 
F-4x10 4a, x5a, 
or F - (04a, x5a,)x10? 
F = -2.0a, mN 


Problem 3.18 In a magnetic flux density of B=1.0a, +3.0a, wb/m?, a 
current element, 10a, mA-m is placed. Find the force on the current element. 


Solution The expression for force on a current element due to a magnetic 
field is given by 


F - ILxB 
Here, IL 210a, mA-m 
-10x10?a,, A-m 
B - (10a, +3.0a,) wb/m* 
F — 10a, x(1.0a, x3.0a,)x10? 


F=-30a, + 10a,, mN 


3.15 AMPERE'S FORCE LAW 


Ampere's force law states that there exists a force between two current elements 
l dL; and I,dL, and it is given by 


ul I> dL, x (dL, xa,) 
F= 
4n $$ r? 
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Here u — permeability of the medium in which the current elements are 
placed 
a, = distance between the elements 
a, = unit vector along the line joining the two current elements 


Proof Consider Fig. 3.12. Here, two differential current elements [, dL, 
and l dL, are separated by a distance, r. 


Z 
P. 
le bdL5 


y 


dL, 
Fig. 3.12 Locations of differential current elements 


Let the differential current element I, dL, be at point P, and I, dL, be at 
point P. The magnetic field at P, due to I; dL, is given by 


dH- IdL4 xa, 
4nr? 
or, ay = Aia ao 
Arr 


This field exerts a force on the current element I, dL, at point P, and it is 
given by 
d (dF) =I, dL, x dB 
This is the differential of a differential force on a differential current element 


due to a differential field, dB. From the above two expressions we get, 


d (dE) = ul, genes) 


4nr 
Milo db? x(dL,xa,) 


4n r? 


F- ul> ff dL, x ai xa,) Hence proved. 
r 


4n 


3.16 BOUNDARY CONDITIONS ON H AND B 


1. The tangential component of magnetic field, H is continuous across any 
boundary except at the surface of a perfect conductor, that is, 


Hani E Hian2 = Js 
At non-conducting boundaries, J, = 0. 


2. The normal component of magnetic flux density, B is continuous across any 
discontinuity, that is, 
Br =B,2 


Proof Consider Fig. 3.13 in which a differential rectangular loop across a 
boundary separating medium 1 and medium 2 are shown. 


y 


A 


H. 
1 — "> 2 
Hys lo 3 1 Hy 
>x 
Hy Hp 
| ]z == 4] 
Fig. 3.13 A rectangular loop across a boundary Hy 
From Ampere's circuit law, we have 
faar = fe fe fefefe 
50 01 12 23 34 45 
A A 
-Hy 2 + Hys 2L Ha Ax- Hy 
A A 
Hy 2 H, Ax=1 


As Ay—0, we get 


Hat =H, Ax-H,, Ax=I 


I 
or, Ha-Ha =—=], 
Ax 
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Here, H,, and H, are tangential components in medium 1 and 2, 
respectively. 


50, Heiani Ex Ha» = J; 


Now consider a cylinder shown in Fig. 3.14. 


Medium 1 


Boundary 


Bio Medium 2 Fig. 3.14 A differential cylinder across the boundary 


Gauss's law for magnetic fields is 


$ B.ds =0 
S 


In this case, for Ay >0 


$ B.4s = IET a,.dSa, + [Bo a,.d5 (-a,) 
S S S 


that is, B, AS- B, AS =0 


Therefore, B, =B,2 


Problem 3.19 Two homogeneous, linear and isotropic media have an 
interface at x 20. x< 0 describes medium 1 and x » 0 describes medium 2. u, =2 
and pi, 25. The magnetic field in medium 1 is 


150a, —400a, 250a; A/m. 
Determine: 
(a) Magnetic field in medium 2 
(b) Magnetic flux density in medium 1 
(c) Magnetic flux density in medium 2. 
Solution The magnetic field in medium 1 is 
H; =150a, - 400a, +250a, A/m 
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Consider Fig. 3.15. 


x4 Medium 2 
Ur2= 3 
0 
Medium 3 
i My =2 
Fig. 3.15 
(a) H; = Hani + H, 

Hi; =—400a, +250a, A/m 

H,4 = 150a, 
The boundary condition is 
Hg = Ha» 
Hj? -—400a, +50a, A/m 
The boundary condition on B is B,, - B,, 
that is, My H4 =u Hp 
u 
H,,2 zi "m H, 
= ay 150a, 
B 
= 60a, 
H, = Hu» F H,2 
H, = 60a, — 400a, + 250a; 

(b) B, =H Hj 


=Ho Lt, Hj 
- 4nx 10 " x2 (150a, — 400a, + 250a.) 


= (376.5a, —1004a, + 627.5a,) uwb / m° 
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(c) By =W H5 
= 4nx10 ^ x 5 (60a, — 400a, +250a, ) 
= (376.98a, — 25132a, + 1570.75a,) wb / m? 


3.17 SCALAR MAGNETIC POTENTIAL 


Like scalar electrostatic potential, it is possible to have scalar magnetic potential. 
It is defined in such a way that its negative gradient gives the magnetic field, 
that is, 


H--VV, 


V,,7 scalar magnetic potential (Amp) 


Taking curl on both sides, we get 
VxH --VxVV,, 
But curl of the gradient of any scalar is always zero. 
So, VxH =0 
But by Ampere's circuit law VxH=J 
or, J=0 
In other words, scalar magnetic potential exists in a region where J=0. 
H--VV, (J=0) 
The scalar potential satisfies Laplace’s equation, that is, we have 


V.B zu, V-H=0=nuV (-VV,,,) =0 


or, V?’ V, =0(J=0) 


Characteristics of Scalar Magnetic Potential (Vm) 


1. The negative gradient of V,, gives H, or H=-VV,, 


2. It exists where J=0 


3. It satisfies Laplace’s equation. 
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4. It is directly defined as 
B 
y, =—|H.dL 
A 
5. It has the unit of Ampere. 


Problem 3.20 The magnetic field in a current free region is H-la, The 
p 


region is defined by 1<p<2m, 0x6 «2n and 0€z €2 m. Find the scalar magnetic 
potential at (4, 50°, 2). 
Solution We have 


y, =-f Heal 


Here H-la,A/m 
p 
dL -dpa, +p dé as +dza, 
1 
So, Vs --[ pae UP, +p do ay +dza,) 
1 
--[ —p do 
p 
--ó 


T 
V, /(4, 50°, 2) = -50x — 


V,, = 0.8726 Amp 


3.18 VECTOR MAGNETIC POTENTIAL 


Vector magnetic potential exists in regions where J is present. It is defined in 
such a way that its curl gives the magnetic flux density, that is, 


B=VxA 


where A = vector magnetic potential (wb/m). 
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It is also defined as 


A =$ uoldL = Amp) 


4nR m J 
_ f HoKds 
= ; K = current sheet 
Ol A | 4nR i ) 
_ f HoJæ® 
aa m J 4nR 


Characteristics of Vector Magnetic Potential 


1. It exists even when J is present. 
2. It is defined in two ways 


B=VxA and 


Az fea 

4nR 
v 

3. V?A --ugJ 


4. V?A=0 if J20 


5. Vector magnetic potential, A has applications to obtain radiation 
characteristics of antennas, apertures and also to obtain radiation leakage 
from transmission lines, waveguides and microwave ovens. 


6. A is used to find near and far-fields of antennas. 


Problem 3.21 The vector magnetic potential, A due to a direct current in 
a conductor in free space is given by A = (x y?) a, uwb/m°. Determine the 
magnetic field produced by the current element at (1, 2, 3). 


Solution A-(x? y?) a, uwb/m? 
We have B=VxA 


a a a 


x y Zz 
-1099. 9 2 
ox oy oz 

0 0 (x7 +y7) 


EILN m (-à- 2 5) -6 
-|Zo + yf") agt 3; +") a, 10 
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=[(2y) a, - 2x) ay]x 10° 
B/at (1, 2, 3) = 4a, - (2)a, x 10? 
= (4a, - 2a,)x10 * 
- +[4a, - 2a, ]x10 6 
H- mi a, — 2a,]x 


1 


= -6 
icum (4a, —2a,)x10 


H =(3.978a, — 4.774a,), A/m 


Problem 3.22 When vector magnetic potential is given by 
A- -5 (20¢080 a, t sin0ag), 


find the magnetic flux density. 


Solution We have 


1 [9 
DSYXAC IS E o Sin®)+ 


9Ag 1| 1 9A, rA) 
a, + - ag 
do r| sin@ oo or 


EE (r Ag) Ar lag 
r 


or 90 
2.0 
Here Ass pr cos0 
1 
Ag ——,5in0 
r 
B=VxA=0 


3.19 FORCE AND TORQUE ON A LOOP OR COIL 


Consider Fig. 3.16 in which a rectangular loop is placed under a uniform magnetic 
flux density, B. 
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Axis of rotation 


Ne] 


Fig. 3.16 Rectangular conductor loop in x-z plane 


From Fig. 3.16, the force on QR due to B is 
F - ILxB=~ILa, x Ba, 
F, --ILBa, 
that is, the force, FÉ, on QR moves it downwards. Now the force on PS is 
F, = ILXB--ILa, x Ba, 
E, = ILBa, 


Force, F, on PS moves it upwards. It may be noted that the sides PQ and 
SR will not experience force as they are parallel to the field, B. 


The forces on QR and PS exert a torque. This torque tends to rotate the coil 
about its axis. 


The torque, T is nothing but a mechanical moment of force. The torque on 
the loop is defined as the vector product of moment arm and force, 


that is, 
T rxF, N-m 


where r= moment arm 
F - force 
Applying this definition to the loop considered above, the expression for 
torque is given by 


T=r, xk, +1 XE, 


w w 
E 3 x CI, [- z% X (ILBa, ) 


V4!” 


=—BlLua, 
or, T --BlISa, 
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where S = wL = area of the loop 
The torque in terms of magnetic dipole moment, m is 


T=mxB, N-m 
where m -Ilw ay 
=ISa, 


Problem 3.23 A rectangular coil is placed in a field of B=(2a, +a,) wb/ m’. 
The coil is in y-z plane and has dimensions of 2 m x 2 m. It carries a current of 
1 A. Find the torque about the z-axis. 


Solution m- Sa, - 1x4a, 
T-mxB- 4a, x(2a, *a,) 
T=4a,,N-m 
Problem 3.24 Determine the torque on a square coil of 0.2 m x 0.2 m 
carrying a current of 3.0 A in a field of 10 wb/m’. 
Solution T =BIS=10x3x0.04 
T -1.2N-m. 


3.20 MATERIALS IN MAGNETIC FIELDS 


A material is said to be magnetic if X, £0, u, #1. 
A material is said to be non-magnetic if xX,, 20, u, =1. 


The term ‘Magnetism’ is commonly discussed in terms of magnets with 
basic examples like north pole, compass needle, horse shoe magnets and so on. 


Magnetic properties are described in terms of magnetic susceptibility and 
relative permeability of the materials. 


Magnetic materials are classified into 
1. Diamagnetic materials 
2. Paramagnetic materials 


3. Ferromagnetic materials 


Diamagnetic Materials 


A material is said to diamagnetic if its electric susceptibility, x,, « 0 and p, € 1.0. 


Examples are copper, lead, silicon, diamond and bismuth. 
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Characteristics of diamagnetic materials 


1. Magnetic fields due to the motion of orbiting electrons and spinning electrons 
cancel each other. 


. Permanent magnetic moment of each atom is zero. 

. These materials are widely affected by magnetic field. 
. Magnetic susceptibility Xm is (-)ve. 

u,=1 

B=0 

. Most of the materials exhibit diamagnetism. 


. They are linear magnetic materials. 


CMON ATF WN 


. Diamagnetism is not temperature dependent. 


QÓ 
[am] 


. These materials acquire magnetisation opposite to H and hence they are 
called diamagnetic materials. 


Paramagnetic Materials 


A material for which x,,,>Oandu, 21 is said to be paramagnetic. 


Examples are air, tungsten, potassium and platinum. 


Characteristics of paramagnetic materials 


1. They have non-zero permanent magnetic moment. 


2. Magnetic fields due to orbiting and spinning electrons do not cancel each 
other. 


. Paramagnetism is temperature dependent. 
. Xm lies between 10? and 10°. 

. These are used in MASERS. 

Xm > 0 


. 4,21 


oN Oo UR DO 


. They are linear magnetic materials. 


These materials acquire magnetisation parallel to H and hence they are 
called paramagnetic materials. 


Ferromagnetic Materials 


A material for which x,,»»0,u, >>1 is said to be ferromagnetic. 


Examples are iron, nickel, cobalt and their alloys. 
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Characteristics of ferromagnetic materials 


. They exhibit large permanent dipole moment. 

- Xm 770 

. 4, 751 

. They are strongly magnetised by magnetic field. 

. They retain magnetism even if the magnetic field is removed. 

. They lose their ferromagnetic properties when the temperature is raised. 
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. If a permanent magnet made of iron is heated above its curie temperature, 
770°C, it loses its magnetisation completely. 

8. They are non-linear magnetic materials. 

9. B = uH does not hold good as u depends on B. 


10. In these materials, magnetisation is not determined by the field present. It 
depends on the magnetic history of the object. 


3.21 MAGNETISATION IN MATERIALS 


A material consists of atoms. The atoms in turn consist of electrons and nucleus. 
The electrons revolve in orbits around the nucleus and also rotate about their 
axes. The rotation about their axes is called spinning. 


The phenomenon of orbiting and spinning of electrons produce an internal 
magnetic field. This field is similar to the field produced by a current loop. 


The equivalent current loop exhibits a magnetic moment and the current 
loop is equivalent to a magnetic dipole. The magnetic moment is given by 


where a,- unit normal to the plane of the loop 
I,= bound current and is called as amperian produced by bound charges 


The dipole moments are arbitrarily oriented in a material and hence the net 
magnetic dipole moment is zero. 


However, when such a material is kept in an external magnetic field, 
randomness disappears and dipole moments align themselves in the direction of 
the applied field. As a result, the net magnetic dipole moment is zero. 


Now consider a bar magnet consisting of north and south poles. It is 
important to note that these poles, known as magnetic charges, cannot be isolated. 
They always appear in pairs. In a given material, they are randomly arranged. 


Dipole moment is defined as 
m -Q,d 
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where Q,, = pole strength of magnet, A-m 
d= pole separation of magnet, m 
In fact, m is equivalent to the current loop given by 


m = n dS 
So, m 2Q,,d - I, dS, A-m? 
A tiny bar magnet and a current loop are shown in Fig. 3.17. 
* On 
N 
PN 
I 
d 
Current loop 
? v 
- Qn Fig. 3.17 Bar magnet and current loop 


Magnetic Dipole Moment, m 
It is defined as 
m =I, d$, Amp-m? 


Here, the bound current, Ib is in a bound path enclosing a differential area, 
dS. 


If there are n magnetic dipoles per unit volume and if we consider a volume, 
Av, then total magnetic dipole moment is given by 


nAv 


Miotal = yim; 
i-1 


Magnetisation, M Magnetisation, M is defined as the magnetic dipole per 
unit volume, that is, mathematically, 
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M is also defined as 
M =%,H 


Xm= magnetic susceptibility =(u, — 1). 
Relation between the currents and the fields are 


I; =fM.dL 
I =fH.dL 
B 
Ir = — dL 
fi 
where Ir =I+I, 
or, I =I;7-I, 
. B |) 
that is, {Hal -$| —- Mar 
Ho J 
or, H -B M 
Ho 
B - uo (H* M) 


The currents, in terms of current densities, are given by 


I, =} J,.dS 
S 
I = J.dS 
S 
Ir =4 J7,.dS 
S 
The relations in differential form are given by 
VxM =J; 
VxH =J 
Vic =Jr 


Ho 
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Problem 3.25 An isotropic material has a magnetic susceptibility of 3 and 
the magnetic flux density, B = 10y a, mwb/m?. Determine y, u, Jy, J, M and H. 


Solution The relation between relative permeability and magnetic 
susceptibility is 
U, =1+y,,=1+3=4 
U -HoH, -4x4nx107 


u -16nx107 H/m 


We have J, =VxM 
=VXX nH 
=XmyxB 


u 
3 


m————, V 
167x10” 
Vx(10y a,)x10? 


xB 


i 16nx107 
3 


E 161x107 
— 0.597 x10*a, 


x10a, x 10? 


J, =-5.97a, KA/m? 


SLEM 


1 
-1j 
Xm 


End 


J=-1.99a, KA/n? 


M snp 
u 


or, M =5.97ya, KA/m 
and jetu Me ege 
u 16rx10 


H =1990y a, A/m 
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Problem 3.26 A magnetic material has u, —10/n and is in a magnetic 
field of strength, H.- 5p? ay A/m. Find the magnetisation. 


Solution The magnetic flux density, 


B -uH = y, uy H= Ds ansa 7 x 5p? a, 
n 


B -20x 10 *p?a, wb/ m? 


But B =uo(H+M) 
or, Hou, H =uo[H+M] 
or, M =H [u, - 1] 

-u[ 24i 
T 
228x5p?a, 

" 3 


3.22 INDUCTANCE 


Inductor Itis a coil of wire wound according to various designs with or without 
a core of magnetic material to concentrate the magnetic field. 

Inductance, L In a conductor, device or circuit, an inductance is the inertial 
property caused by an induced reverse voltage that opposes the flow of current 
when a voltage is applied. It also opposes a sudden change in current that has 
been established. 


Definition of Inductance, L (Henry): 


The inductance, L of a conductor system is defined as the ratio of magnetic 
flux linkage to the current producing the flux, that is, 


L z^ (Henry) 
Here N = number of turns 


$ = flux produced 


I = current in the coil 


1 Henry =1wb/Amp 
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L is also defined as 2Wyg. 


_ 2Wg 


where Wy = energy in H produced by I. 


In fact, a straight conductor carrying current has the property of inductance. 
Aircore coils are wound to provide a few pico henries to a few micro henries. 
These are used at IF and RF frequencies in tuning coils, interstage coupling coils 
and so on. 


The requirements of such coils are: 
1. Stability of inductance under all operating conditions 


2. High ratio inductive reactance to effective loss resistance at the operating 
frequency 


3. Low self capacitance 
4. Small size and low cost 
5. Low temperature coefficient 


3.23 STANDARD INDUCTANCE CONFIGURATIONS 
Toroid 


It consists of a coil wound on annular core. One side of each turn of the coil is 
threaded through the ring to form a Toroid (Fig. 3.18). 


Fig. 3.18 Toroid 


N?S 
Inductance of Toroid, L= em 

2nr 
Here N= number of turns 


r= average radius 
S= cross-sectional area 
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Magnetic field in a Toroid, H = A 
2nr 
I is the current in the coil. 
Quality factor of the coil is 
Xj 
RER 
Specifications of inductors The specifications are: 
. Inductance value 
Type of core 
. Type of winding, for example, single layer, multi-layer, standard and so on 
. Frequency 
. Q of the coil 
. Coupling factor 
. Self capacitance 
. Stability 


CNA TR WN 


Solenoid 


It is a coil of wire which has a long axial length relative to its diameter. The coil 
is tubular in form. It is used to produce a known magnetic flux density along its 
axis. 


A solenoid is also used to demonstrate electromagnetic induction. A bar of 
iron, which is free to move along the axis of the coil, is usually provided for this 


purpose. A typical solenoid is shown in Fig. 3.19. 


c 


Fig. 3.19 Solenoid 


The inductance, L of a solenoid is 


_ Ho N*S 


Rem 
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1 - length of solenoid 
S= cross-sectional area 
N= number of turns 
The magnetic field in a solenoid is 
NI 


DUM 


I is the current. 


Coaxial Cable 


It is a cable in which there are two concentric cylinders. 


The inductance of a coaxial cable is 


uol i b 
= — [n — 
: 2m a 
Here l= length of the cable 
b= outer radius 
a= inner radius 


The magnetic field, H in the cable is 


Ir 
H=——, (r<a 
2na? ( ) 


Parallel Conductors of Radius, a 
The inductance of parallel conductors (Fig. 3.20) is 


L= Ho! cosh“! EUR Henry 
T 2a 


a= radius of the conductor 
d= distance between the conductors 


Fig. 3.20 Parallel conductors 
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It should be noted that the inductance, L depends on physical parameters 


but not on 6$ or I. L depends on permeability of the medium and a geometrical 
factor having the unit of length. 


Problem 3.27 The radii of the inner and outer conductors of a coaxial cable 
are 2 mm and 6 mm respectively and ju - ug. Find the inductance of a 10 m long 
cable. 


Solution The inductance of a coaxial cable is 


L yl l 75 
2t n" 
where l= length of the cable = 10 m 


"^, =radiusof inner conductor = 2 mm 
7, = radius of outer conductor = 6 mm 


-7 
L= 4nx10 in (Sop 
27 


20) 
L=2.2 uH 


Problem 3.28 A Toroid has air core and has a cross-sectional area of 10 mm? 
It has 1000 turns and its mean radius is 10 mm. Find its inductance. 


Solution The inductance of a Toroidal coil is given by 


2 
L= uN* A 
2nr 


where u =p -4nx107 H/m 
N -1000 
A 210 mm? =10x10 m? 
r-10mm-10x10? m 


e 4nx10~” x(10°)* x10x10 


: S25 10S d ox T0 
27x10x10" 


L =0.2 mH 


Problem 3.29 A solenoid has 400 turns with a length of 2 m. It has a 
circular cross-section of 0.1 m. Find its inductance. 
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Solution The inductance of a solenoid is 
uo N?S 
l 
Here Ho 24nx107 H/m 
N = 400 


L 


S=0.1m? 
|-2m 


_ Anx10 7 x16x10* x0.1 
2 


-32nx10 * 


Or, L 210.05 mH 


3.24 ENERGY DENSITY IN A MAGNETIC FIELD 


Energy density in a magnetic field, 
Ds 1 


Proof Method 1 (From fundamentals) 
Faraday' law of induction is 


_ -N do(t) 
ue 


If the current is to be increased, the electric source must supply energy. The 
differential work done in a time, dt is 


dW =-Vi dt -iN do 
The total work done =N J id 


For a linear magnetic circuit, 


or, Ndo =Ldi 
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If W; is the initial energy in the coil corresponding to the initial current I; 
and W, is the final energy when the current is I;, the increase of energy in the 


coil is 
Wy Iy 
[aw = [uai 
Ww li 
or, WzW,-W,- : LI; l LI? 
2 2 


If I; =0 and the current at any time f is I, the energy stored in the magnetic 
circuit is given by 


1 


== LI? 
Me 2 
For linear circuits, 
E 
I 
W= 2 Nol 
2 
We know that 
$ = [B.dS=Bs 
S 


and the total current enclosed by a path, 
NI - f H.dL= HI 


Here S is the cross-sectional area of the coil and 1 is its length. 


So, w= HBSI, Sl=»v 
This represents the total energy stored. Therefore, the energy density is given 
by 
W W 
W. m—— ES 
H y s 
1 
or, Wy =; HB 
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Wa - u H° Joules/ m? [as B =u H] 


This is written in vector form as 


1 
Wy T B.H J/m? Hence proved. 


Method 2 The inductance of a solenoid is given by 


| Wy N?S 

SEN 

where N= number of turns 
S= area of cross-section of a solenoid 
l= length of the solenoid 


L 


The energy stored in an inductor is given by 


13 


1. (NI) 
=> uo ——4 IS 


Here /S = volume of space inside the coil. 


But H= a in a solenoid 
1 2 
Energy stored - Ho H* (IS) Joules 
1 2 3 
or, Energy density, Wy E Joules/m Hence proved. 


3.25 ENERGY STORED IN AN INDUCTOR 


Energy stored in an inductor, 


l2 
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The energy density stored in a magnetic field is given as 


1 1 
Wa 75 B.H= Ho H? [as B = uo H] 
1 2 1 2 
Total energy stored = J 5 uo H^ dv= 5 uo H^ V 
v 
But v = volume of space inside the coil = (IS), m? 
NI 


and Heu 


N «number of turns 
J » current in the coil 


| = length of the coil 


1 NI Y 1 | Uo N?I) 2 
: 1S= TI 
So, energy stored =F Ho [T j 75 | 2 I EE 


As the inductance of a solenoid is 


u 


N?’ S 
L= a (Henry) 


The energy stored in an inductor is 


1 
W, = 3 ne Hence proved. 


3.26 EXPRESSION FOR INDUCTANCE, 7, IN TERMS 
OF FUNDAMENTAL PARAMETERS 


The inductance, L, depends on physical parameters and medium but not on 6 
and I. 


It is given by 


EE 


Proof Self-inductance is defined as 


_ Wy 
= 
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Wy = f B.H dv 


B.H 
L = | —— dv 
J P 
v 
But B=VxA 


A = vector magnetic potential 
1 
L= Z Í H.(VxA) dv 
v 


Standard vector identity is 
V.(AxH) -H.(VxA)- A.(VxH) 
Or, H.(VxA) =V.(AxH)+A.(VxH) 


1 
Loe I V.(AxH) do | A.(VxH) a] 
v v 
By divergence theorem, 


J V.(AxH) dv» | (AxH). dS 


and VxH -J 
Now the expression for L becomes 


i; EL (AxH) dS + | ase 


S v 


But the surface integral is zero as the surface encloses the volume containing 
all the magnetic energy and this requires A and H to be zero on the boundary 
surface, that is, the first term on the right = 0. 


1 
Loy Agdo 
S 
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As Jdv is nothing but I dl, L becomes 


L = { Ü zy a Hence proved. 


3.27 MUTUAL INDUCTANCE 


When the current in an inductor changes, flux varies and it cuts any other inductor 
nearby, producing induced voltage in both inductors. 


The coil L, of Fig. 3.21 is connected to a generator which produces varying 
current in the turns. In fact, the coil L, is not connected physically to L4. But the 
turns are linked by the magnetic field. Hence a varying current in L, induces 
voltage across L4 and also across Ly. 


When the induced voltage produces a current in L,, its varying magnetic 
field induces voltage in L,. Then the two coils L, and L, are said to have mutual 
inductance as the current in one produces voltage in the other. 


Fig. 3.21 Mutual inductance (M) between L, and L, due to flux linkage Magnetic flux 


Definition of Mutual Inductance 
Mutual inductance, M between two coils is defined as the total flux linkage in 


one coil per unit change in current in the other coil. Mathematically, it is given by 


M = UD 9 Or Mi = avis 9n Henry 
I I 
1 2 
It may be noted that 


My 2 M5 
Coefficient of Coupling 


Coefficient of coupling between two coils is defined as the fraction of total flux 
from one coil linking another coil, that is, 


flux linkages between L and Ly 


k = coefficient of coupling = fl duced by L 
ux produced by £4 
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Calculation of Mutual Inductance, M 


Mutual inductance increases with higher values of primary and secondary 
inductances and high coefficient of coupling. 


M -k4L, X L5, Henry 


3.28 COMPARISON BETWEEN ELECTRIC AND 
MAGNETIC FIELDS/CIRCUITS/PARAMETERS 


S. no. Law! Electric field/ Magnetic field/ 
parameter electric circuit magnetic circuit 
l; Differential source dQ IdL 
2. Source Q IL 
3. Fundamental laws Coulomb’s law Biot-Savart law 
yo ea qy- La 
Aregf^ ” Arr? 
Gauss’s law Ampere’s circuit law 
| 545-0... fH. dL = Tene 
S L 
4. Force Electric force Fp = QE Magnetic force 
Fy -Q(VxB) 
5. Force property Electric force does Magnetic force does 
some work not do work 
6. Field Electric field intensity, Magnetic field 
E--VV intensity H = - VV, 
7. Unit of field E is in volt/ metre H is in Ampere/ metre 
8. Field direction Electric field diverges Magnetic field curls 
from (+)ve charge around current element 
9. Divergence of the field] V.E Pu V.H=0 
10. Curl of the field VxE=0 VxH=J 
11. Source property Charges of opposite Current elements of 
polarity attract each opposite current direction 
other repel each other 
Charges of same Current elements 
polarity repel each of same 
other current direction 
attract each other 
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S. no. 


Law/ 
parameter 


Electric field/ 
electric circuit 


Magnetic field/ 
magnetic circuit 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
20. 


21. 
22. 


23. 


Flux density 


Relation between field 
and flux density 


Potentials 


Flux 


Energy density 


Current density 


Units of current 
densities 


Response 


Scalar potentials 


Field property 


Passive parameters 


Passive parameter 


D= Lay, C/m? 


D=cE 


V =-JE.dL (volt) 


and V = zT poro 
4ney r 

w= [D.4S 

Y=Q=CV 


Conduction current 
density, J = oE 
Displacement current 
density, a 

ot 
J. A/ m? 
Ja ^ A/ m? 
emí (volt) 
V =IR 


: l 
R = resistance = — 
Os 


jE.4L-0 


Conductivity, 
1 
OEIL 
resistivity 


(mho/m) 


Conductance 
B 1 
resistance 


B-Sa,, wb/m? 
S 
B-uH 


V, --[H.dL (J - 0) 


Ab ado 
ret [4 TRU 


A- 
= [B.dS 
$-LI 


Wy = uH? 


B.H 


l 
2 
E 
2 
Magnetic current 


density 9B 
ot 


] > V/m? 


mmf (amp) 
Vin = OR 


R = reluctance = as 


us 


Permeability, 
1 
=—_———_(H/A 
j Fedea a) 
Permeance 


B 1 
reluctance 
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S. no. 


Law! 
parameter 


Electric field/ 
electric circuit 


Magnetic field/ 
magnetic circuit 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Material property 


Field parameters 


Gauss's law in 


integral form 


Passive parameters 


Gauss's law in 
point form 


Boundary condition 


Boundary condition 


Circuit 


Electric susceptibility, Xe 


Polarisation, P =%¢ €ọ E 
jD4S-Q 


Capacitance, C = g 
V 
V.D=p, 


Eun A Eun 


D, - Dm= Ps 


Magnetic susceptibility, 
Xm 


Magnetisation, 


M= %,,H 


{B.dS=0 


No 


Inductance, L = EE 
V.B-O 


Hani m Hanz = Js 


B, = Bio 
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» Static magnetic fields are produced from current elements. 
» There exists no isolated magnetic poles. 


» Magnetic field lines are closed loops. 


> Magnetic field and magnetic flux density are related by B= uH. 


IdLxa, 


> Biot-Savart law is dH= ae eM 


4nr 


> Magnetic field due to a vertically unpolarised infinitely long current element is 
SUM 
201p 


EIE 
mee T : I 
» Magnetic field due to a finite element is Hoo (cosa? — coso) ae. 
T 
» Ampere's circuit law in differential form is VxH=J. 


» Ampere's circuit law in integral form is fH.dL =1 m 


» Stoke's theorem is $H.dL= |(VxH). dS. 


[^ S 


> Force on a charge due to electric field is Fẹ = QE. 


v 


> Force on a moving charge due to magnetic field is Fy =Q (V x B). 


> Lorentz force equation is F=Q (E+ V x B). 


y 


> Force on a current element in a magnetic field is _F = IL xB. 


ul, I, H dL, x (dL, xar) 
4 


TU r? 


» Ampere's force law is F= 


e Ln zi Lo = je 
» Bin = B,» 


B 
> Scalar magnetic potential is V,, -- [p.at. 
A 
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» Scalar magnetic potential has the unit of Ampere. 


UoJdv 
4nR 


» Vector magnetic potential is A-| x 
v 


» A has the unit of wb/m. 

> The torque on the loop is T-rxF. 

> For diamagnetic materials, x, «0 and p, «1.0. 
> For paramagnetic materials, Xm > 0, u, 21. 

» For ferromagnetic materials, X,, >>0, u, >>1. 


» Examples of diamagnetic materials are copper, lead, diamond, silicon, bismuth 
and so on. 


» Examples of paramagnetic materials are air, tungsten, potassium, platinum and 
so on. 


» Examples of ferromagnetic materials are iron, nickel, cobalt and their alloys. 
> Magnetic dipole moment is m=I, dS, Amp-m’. 

> Magnetisation is M=y,, H, A/m?. 

» Magnetic susceptibility is Xm =U, - 1. 

> Magnetic flux density in magnetic materials is B- pu [H+ M]. 


» Self inductance, L is defined as L -~, Henry. 
2 
Ho N^S x 
21r 
NI 


» Magnetic field in a Toroid is H rU 
Tr 


> Inductance of a Toroid is L= 


» Quality factor of a coil is Q= TL 


2 
> Inductance of a solenoid is TON ey 


» Magnetic field in a solenoid is H x 
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> Inductance of a coaxial cable is pen Des 
2n ü 
ES ; ; , Ir 
» The magnetic field in a coaxial cable is H = m x 
na 


l 
> The inductance of parallel wires is L= Fo! cosh! E x 
n ü 


1 
» Energy stored in a static magnetic field is Wi, ES uH’. 


1 
» Energy stored in an inductor is W, Se 2 


> Inductance in terms of fundamental parameters is L= Z |j HE 
4n R 


» Mutual inductance between two coils is 


Wie = N14 912 
I, 

Vee muta 
1 
My = M 


flux linkages between L; and L, 


> Coefficient of coupling is k= 
flux produced by Lı 


» Mutual inductance is calculated from M=k JL; x L, Henry. 


ON oO d» QO N rn 
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OBJECTIVE QUESTIONS 


. Static magnetic fields are produced from charges at rest. 
. South and north poles of a magnet can be isolated. 

. Magnetic field is not conservative. 

. Electricity produces magnetism. 

. Magnets produce electricity. 


. A steady current, J flowing in a wire generates a magnetic induction field, B. 


. A magnetic induction field, B does not produce a current, J. 
. Magnetic flux is conservative. 

. Magnetic charge means magnetic pole. 

. Magnetic flux density is a vector. 

. Scalar magnetic potential exists where J is present. 

. Torque is a vector. 

. Inductance depends on current and flux. 


. The value of inductance depends on physical parameters only. 


J (VxH).dS depends on the boundary line only. 


surface 


J (VxH).dS does not depend on the particular surface. 


surface 


. H2 VV, 

. V? V. Sp. 
. AZ VxB 
. H-VxA 
. B=VxA 
- M2 = M5 


. Inductance of a solenoid is proportional to N?. 


(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 


(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 


(Yes/ No) 


(Yes/ No) 


(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
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24. Inductance of a solenoid is proportional to the area of cross-section. (Yes/No) 
25. Inductance coil should have very low temperature coefficient. (Yes/No) 
26. VxM=J, (Yes/No) 


27. Magnetic field is measured by 

28. SQUID means 

29. The unit of magnetic flux is 

30. The unit of magnetic flux density is 

31. Ampere’s circuit law is 

32. Biot-Savart law is 

33. Differential form of Ampere’s circuit law is 
34. Lorentz force equation is 

35. The boundary condition on H is 

36. The boundary condition on B is 

37. The unit of scalar magnetic potential is 
38. The unit of vector magnetic potential is 
39. Magnetic dipole moment has the unit of 
40. Magnetisation has the unit of 

41. Energy stored in an inductor is 

42. Energy stored in a magnetostatic field is 
43. Torque is 

44. The unit of torque is 

45. Magnetisation is 

46. Bound current is called 

47. Quality factor of the coil is 

48. Two specifications of an inductance are 
49. Magnetic field in a solenoid is 


50. Magnetic field in a Toroid is 
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Answers 
1. No 2. No 3. Yes 4. Yes 5. Yes 
6. Yes 7. Yes 8. Yes 9. Yes 10. Yes 
11. No 12. Yes 13. No 14. Yes 15. Yes 
16. Yes 17. No 18. No 19. No 20. No 
21. Yes 22. Yes 23. Yes 24. Yes 25. Yes 
26. Yes 27. SQUID 
28. Super Conducting Quantum Interference device 29. Weber 
IdLx 
30.Wb/m? — 31. FH dL = Tene 32. d(H- — 7". 33. VXH -] 
4nr 
34. F=Q [E + Vx B] 35. Heni — iena = le 36. Bm = B, 
1 
37. Ampere 38.Wb/m 39. Amp-m? 40. A/m 41, LI 
de 
42. 5M 43. rx F 44. Newton-metre 45. Xm H 
: Xj 

46. Amperion current 47. R 

NI NI 
48. Inductance value, Q of the coil AO a SIEUT 


l 21r 
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10. 


MULTIPLE CHOICE QUESTIONS 


. If flux density is 10 wb/ m? and the area of the coil is 2 mĉ, the flux is 


(a) 10 wb (b) 20 wb (c) 5 wb (d) 40 wb 
. If the magnetic field, H=4a,, A/m, flux density in free space is 

(a) L6xa,u wb/m? (b) 16ra,u wb/m? 

(c) 1.6% wb/m (d) 160na, wb/m 
. If the curl of the magnetic field is 2.0a, A/m?, the current density is 

(a) 2.04, A/m? (b) 10a, A/m? 

(c) 2.0 A/m (d) 1.0 A/m 


. $(VxH).dS is 


(a) zero (b) IL, (c) J (d) jn.as 


. If a charge of 2.0 C is placed in an electric field of 2.0 V/m, the force on the charge 


1S 
(a) 4.0 N (b) 1.0 N (c) 2.0 N (d) zero 


. If a charge, 1.0 C is moving with a velocity 2.0a, in a magnetic field of B=1.0a,, the 


force on the charge is 


(a) 20a, (b) 1.0a, (c) 20a, (d) 1.0a, 
. The force produced by B=2.0 wb/m? on a current element of 2.0 A-m, is 
(a) 40N (D 10N (c) 20N (d) 0.5 N 
. The magnetic field in an ideal conductor is 
(a) zero (b) infinite 
(c) finite (d) the same as its outside field 


. If the normal component of B in medium 1 is 1.0a, wb/ m?, the normal component 


in medium 2 is 

(a) 0.5a, wb/m? (b) 10a, wb/m? 
(c) 2.0a, wb/m? (d) 10wb/m? 
The unit of scalar magnetic potential is 

(a) Ampere (b) Volt 

(c) Amp/m (d) Volt/m 
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11. Vx VV,, is 

(a) zero (b V?v, (c) ] (d) V.VV,, 
12. VxA is 

(a) H (b) B (c) J (d) 0 
13. Torque has the unit of 

(a) N-m (b) N/m (c) N-m? (d) N 
14. Magnetisation, M is defined as 

(a) X%mH (b) XmuoH (c) XmB (d) B/po 
15. The unit of magnetic dipole moment is 

(a) A-m (b) A-m? (c) A/m (d) C-m 
16. The dipole moment of a magnet is 

(a) Q,d (b Q,d (c) QI (d) Qn§ 
17. If u 2 1.0HH/m for a medium, H = 2.0 A/m, the energy stored in the field is 

(a 0.5]/m? (b 1L0guJ/m? 

(c) 2.0uJ/m? (d) 10]/m? 


18. If a current of 1.0 amp flowing in an inductor, L = 2 Henry, the energy stored in an 
inductance is 


(a 2.0] (b 1.0] (c) 2.0 J/m? (d) 0.5 J 
19. $B.dS is 
(a) zero (b) Q (c) H (d) J 
20. The unit of magnetic susceptibility is 
(a) Nil (b) Amp (c) H/m (d) Wb 
Answers 
1. (b) 2. (a) 3. (a) 4. (a) 5. (a) 
6. (a) 7. (a) 8. (a) 9. (b) 10. (a) 
11. (a) 12. (b) 13. (a) 14. (a) 15. (b) 


16. (a) 17. (c) 18. (b) 19. (a) 20. (a) 


EXERCISE PROBLEMS 


1. For a circular current element of radius, b = 2 m, determine the magnetic field H 
on the axis of the loop if I = 2A, h = 2 m. Also find H at the centre of the 
loop. 


2. Three thin conductors along x, y and z-axes carry a current of 1.0 mA. Determine 
the magnetic field, H at the point (2, 3, 4). 


3. What is the current that produces a magnetic field inside a conductor of circular 
cross-section given by 


B E sin pact cos Kr ay, A/m 
r|K A 
The radius of the conductor is 0.01 m. Assume K =50.0r (m !). 


4. If the separation between two infinitely long current elements is 5 m and the 
elements carry 2 Ampere in opposite direction, find the magnetic field at 1 m from 
one current element. 


5. The radius of a circular coil is 1.0 cm. The plane of the coil is perpendicular to a 
magnetic flux density of 10 mwb/m?. Determine the total flux threading the 
coil. 


6. A charge of 2.0 C moving with a velocity of V=(a,  a,) m/s experiences no force 
in electric and magnetic fields. If the magnetic field intensity is 


1 
"s [2a,+2a,+a,], A/m, 


find the electric field. 


7. If the magnetic field is ee A/m, what is the force on a charge of 1.0 pc 
Ho 


moving with a velocity of 105 a, m/s? 


8. A uniform magnetic flux density, B = 1.0 wb/m/ is present in a medium whose 
i —100uo, as shown in the Fig. 3.22. 
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= 100 uo 


Fig. 3.22 


If the air gap is cut as in the figure, determine B in the air gap. 


9. What is the inductance of a coaxial cable of length 10 m if 4 =2mm, r, =6 mm? 
Assume y, =. 


10. What is the inductance of a pair of transmission lines separated by 1.868 m, if the 
diameter of each wire is 0.01 m and the medium between the lines has u 2219? 
Length of the line is 10 m. 


MAXWELL’S 
EQUATIONS 


Maxwell’s equations are very popular and they are known as 
Electromagnetic Field Equations. 


The main aim of this chapter is to provide sufficient background and concepts on 
Maxwell's equations. They include: 


Maxwell’s equations for static and time varying fields in free space and 
conductive media in differential and integral form 

meaning and proof of Maxwell’s equations 

comprehensive boundary conditions in scalar and vector form 

time varying and retarded potentials 

Helmholtz theorem and Lorentz gauge condition 


points/formulae to remember, objective and multiple choice questions and 
exercise problems. 


Do you know? 


In 1884, Oliver Heaviside and Willard Gibbs used vector calculus to reformulate 
Maxwell’s original (1865) system of equations to a simpler representation. 
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4.1 INTRODUCTION 


Static electric field has applications in cathode ray oscilloscopes for deflecting 
charged particles, in ink-jet printers to increase the speed of printing and print 
quality, in sorting of materials in mining industry and in the development of 
electrostatic voltmeters. 


Static magnetic field has applications in magnetic separators to separate 
magnetic materials from non-magnetic materials, in cyclotrons for imparting high 
energy to charged particles, in velocity selector and mass separators. It is also 
used in magnetohydrodynamic generators. 


On the other hand, electromagnetic fields in their time varying form constitute 
electromagnetic waves. These fields/ waves are useful in all communication and 
radar systems. In fact, the EM waves are carriers of information, mainly in free 
space, between the transmitter and the receiver. The electric and magnetic fields 
of the EM waves are related through Maxwell's equations. 


Most of the problems related to antennas can be solved with the help of 
Maxwell's equations and boundary conditions. In view of this, in this chapter, 
Maxwell’s equations are presented in detail. Maxwell's equations are very popular 
and important and hence they are also referred to as electromagnetic field 
equations. The fields E, H, D and B in static form are represented in Cartesian 
coordinates as 


E (x, y, z) 
H (x, y, z) 
D (x, y, z) 
and B (x, y, z) 
In cylindrical coordinates, they are: 
E (p, 6, 2) 
H (p, 6, z) 
D (p, $, z) 
and B (p, 0, z) 
and in spherical coordinates, they are: 
E (r, 9, 0) 
H (r, 0, $) 
D (r, 0, 0) 
and B (r, 6, $) 
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The time varying fields E (t, x, y, z), H (t, x, y, z) constitute electromagnetic 
waves which have wide applications in all communications, radars and also in 
bio-medical engineering. 

In these applications, time varying fields are of more practical value than 
static electric and magnetic fields. 


It may be noted that electrostatic fields are usually produced by static charges. 
Magnetostatic fields are produced from the motion of electric charges with uniform 
velocity (direct current) or static magnetic charges namely magnetic dipoles. 


On the other hand, time varying fields constituting EM waves are produced 
by time varying currents, that is, any pulsating current produces radiation fields 
which are nothing but time varying fields. In brief, note that: 

1. Static charges produce electrostatic fields. 
2. Steady currents (DC currents) produce magnetostatic fields 
and 
static magnetic charges (magnetic dipoles) also produce magnetostatic fields. 
3. Time varying currents produce EM waves or EM fields. 


4.2 EQUATION OF CONTINUITY FOR TIME 
VARYING FIELDS 


Equation of continuity in point form is 


V J = =p v 
where J = conduction current density (A / m? ) 
: 3 : OP, 
Py, =volume charge density (c/ m"), py = 5 


V - vector differential operator G3 
m 
-a 2 +a 2 +a ¢ 
“ax Ty. 098 
Proof Consider a closed surface enclosing a charge Q. There exists an 
outward flow of current given by 


I = jas 
S 


This is equation of continuity in integral form. 
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Here, I is the current flowing away through a closed surface, dS is the 
differential area on the surface whose direction is always outward normal to the 
surface. As there is outward flow of current, there will be a rate of decrease of 


-d 
charge given by =, where Q is the enclosed charge. From the principle of 


conservation of charge, we have 


E .-dQ 
peer 


From divergence theorem, we have 


jr.as =| (v.p do 
S v 


.-dQ 
Thus, J (VD dv = 3i 
v 
By definition, Q =| Py du 
v 
where Py = volume charge density (C /m?) 
So, J (V.J) dv =| =D d 
at 
v 
=f = Py dv 
l op 
where =— 
Pv 3t 


Two volume integrals are equal only if their integrands are equal. 


Thus, V.J --f. Hence proved. 


4.3 MAXWELL'S EQUATIONS FOR TIME 
VARYING FIELDS 


These are basically four in number. 


Maxwell's equations in differential form are given by 


VxH=D+]J 
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VxE =-B 
VD =p. 
V.B -0 
Here H = magnetic field strength (A/m) 


D - electric flux density, (C/ m?) 

D = D =displacement electric current density (A / m?) 
J = conduction current density (A / m?) 

E - electric field (V/m) 

B = magnetic flux density wb/m? or Tesla 


OB 


B E wd of magnetic flux density (wb/m?-sec) 


B is called magnetic current density (V/m?) or Tesla/sec 


v = volume charge density (C /m?) 


Maxwell’s equations for time varying fields in integral form are given by 


f H.dL =Í (D+J).dS 
Ib, S 


o) E.dL --[ B.dS 
L S 


$ DS =f p, dv 
S v 

$ B.ds =0 

S 


Here, dL is the differential length and 4S is the differential area whose 
direction is always outward normal to the surface. 


4.4 MEANING OF MAXWELL'S EQUATIONS 


It is easy to understand the meaning of Maxwell's equations from their integral 
form. 


1. The first Maxwell's equation states that the magnetomotive force around 
a closed path is equal to the sum of electric displacement and conduction 
currents through any surface bounded by the path. 
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2. The second law states that the electromotive force around a closed path is 
equal to the minus of the time derivative of the magnetic flux flowing 
through any surface bounded by the path 


or 


it can also be stated that the electromotive force around a closed path is 
equal to the inflow of magnetic current through any surface bounded by 
the path. 


3. The third law states that the total electric displacement flux passing through 
a closed surface (Gaussian surface) is equal to the total charge inside the 
surface. 


4. The fourth law states that the total magnetic flux passing through any 
closed surface is zero. 


4.5 CONVERSION OF DIFFERENTIAL FORM OF 
MAXWELL’S EQUATION TO INTEGRAL FORM 


1. Consider the first Maxwell’s equation 
VxH =D+J 
Take surface integral on both sides. 
J (VxH).dS =Í (D+J).dS 
S S 


Applying Stoke's theorem to LHS, we can write 


[ (VxH).dS =f Hak 
E 


S 


Hence } H.dL =Í (D+J).dS first law 
S 


2. Consider the second Maxwell's equation 


VxE =-B 
Take surface integral on both sides. 


| (vx5.ds --[ B.ds 


Applying Stoke's theorem to LHS, we get 
J (VxE).dS =$ E.dL 
if 


S 
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Therefore j E.dL =-Í B.dS second law 
S 


3. Consider the third Maxwell’s equation 


V.D -p, 
Take volume integral on both sides. 


[ (V.D do =Í py dv 


Applying divergence theorem to LHS, we get 


[ (V.D dv =f Dds 


v 


Therefore f D.dS =| p, do third law 
$ v 


4. Consider the fourth Maxwell's equation 
V.B =0 


Take volume integral on both sides. 
| V.Bav =0 
v 


Applying divergence theorem to LHS, we get 


J V.Bdv =} B.dS 
S 


v 


Therefore, j B.dS =0 fourth law 


S 


4.6 MAXWELL'S EQUATIONS FOR STATIC FIELDS 


Maxwell’s equations for static fields are: 


VxH =J do H.dL- | J.ds 
I S 


VxE =0 oj E.dL-0 
L 


V.D =% e$ D.dS = Í Py dv 
S V 

V.B =0 © $ B.dS=0 
S 


As the fields are static, all the field terms which have time derivatives are 
zero, that is, B=0, D=0. 


4.7 CHARACTERISTICS OF FREE SPACE 


Free space is characterised by the following parameters: 


Relative permittivity, e,-1 
Relative permeability, Uu, 71 
Conductivity, 60-20 


Conduction current density, J=0 
Volume charge density, Pa =0 


Intrinsic impedance or characteristic impedance 


n=120r or 3770 


4.8 MAXWELL'S EQUATIONS FOR FREE SPACE 


VxH =D do H.dL- | D.dS 
L S 

VxE --B do E.dL=-| B.dS 
L S 

V.D =0 oj D.dS=0 
S 


V.B -0o64 B.dS -0 
S 


4.9 MAXWELL'S EQUATIONS FOR STATIC FIELDS IN 
FREE SPACE 


VxH-20o f H.dL-0 
JB 
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VxE =0 o  E.dL=0 
JL, 

V.D -0 © f D.dS=0 
S 


V.B -0 f B.dS=0 
S 


4.10 PROOF OF MAXWELL'S EQUATIONS 


1. From Ampere's circuital law, we have 
VxH =J 
Take dot product on both sides 
V.VxH =V.J 
As the divergence of curl of a vector is zero, 
RHS =V.J=0 
But the equation of continuity in point form is 


—dp é 
V.J =—— =- 
bas Ta 


This means that if VxH=J is true, it is resulting in V.J=0. 


As the equation of continuity is more fundamental, Ampere's circuital law 


should be modified. Hence we can write 


VxH=J+F 
Take dot product on both sides 


V.VxH =VJ+V.F 
that is, V.VxH =0=VJ+V.F 


Substituting the value of V.J from the equation of continuity in the above 


expression, we get 


V.F+(-p,) =0 
or, V.F =» 
The point form of Gauss’s law is 
V.D =P» 


or, V.D =p» 
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From the above expressions, we get 


V.F =V.D 
The divergence of two vectors are equal only if the vectors are identical, 


that is, F-D 
So, VxH =D+J Hence proved. 
2. According to Faraday's law, 
emf = A 
dt 


$ = magnetic flux, (wb) 
and by definition, 


emf =4 E.dL 
L 
_ —do 
PEL ir 
But $ =Í B.dS 
S 
9B 
pap 5- PE 
; . 9B 
x B.dS, B-— 


Applying Stoke's theorem to LHS, we get 


f Ear =| (VxE).dS 
E sS 


J VxE).as = f -b.as 


Two surface integrals are equal only if their integrands are equal, 


that is, VxE =-B Hence proved. 


3. From Gauss’s law in electric field, we have 


f D.dS -Q-| p, dv 
S v 
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Applying divergence theorem to LHS, we get 
f D.dS { (V.D) do- | p, dv 
S v v 


Two volume integrals are equal if their integrands are equal, 


that is, V.D =P» 
Hence proved. 
4. We have Gauss's law for magnetic fields as 


$ B.ds =0 
S 


RHS is zero as there are no isolated magnetic charges and the magnetic flux 
lines are closed loops. 


Applying divergence theorem to LHS, we get 


Í V.B dh =0 
V 


or, V.B =0 Hence proved. 


4.11 SINUSOIDAL TIME VARYING FIELD 


In practice, electric and magnetic fields vary sinusoidally. It is well-known that 
any periodic variation can be described in terms of sinusoidal variations with 
fundamental and harmonic frequencies. 


The fields can be represented by 
E 


E,, sin ot 


m COS Ot 


E = 
or, E- 
where œw=2r f, f= frequency variation of the field, E,, is the maximum field 
strength. 


It means that a sinusoidal time factor is attached to the field. It is also 
possible to represent the fields using phasor notation. The time varying field 
E (r, t) is related to phasor field E (r) as 

E (r, t) - Re {E(r) e?) 
or, E (r, t) =Im {E(r) elt) 


It may be noted that cosinusoidal variation is also considered to be sinusoidal 
in usage. 
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4.12 MAXWELL'S EQUATIONS IN PHASOR FORM 


1. Consider the first Maxwell's equation 


E D ~ 
VxH =O 45 
If B - Re {He}, 
D = Re {De}, 
J =Re {Je} 


it becomes, Vx Re {He} -< Re {De} + Re {Je} 


or, Re (Vx H- j@D - J) e/*'] 20 
Or, VxH =joD+J 


This is the first Maxwell's equation in phasor form. 
2. Consider the second Maxwell's equation 


z ə 

VxE --— 

iD 
i E - Re (Ee/^'] 
and B - Re (Be/* 


the second Maxwell's equation becomes, 
jot 9 jot 
V x Re {Ee} 2n" Re (Be! ) 


or, Re [(VxE+ joB) e/^'] =0 

or, VxE --joB 

This is the second Maxwell’s equation in phasor form. 
3. Similarly, consider the third Maxwell’s equation, 


V.D —p» 
that is, V.Re (De!) 2 p, 
or, V.D =P» 


4. Consider the fourth Maxwell’s equation 


V.B =0 
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that is, V.Re (Be!) =0 
Or, V.B -0 
In summary, Maxwell's equations in phasor form are: 
VxH =joD+J 
VxE --joB 
V.D =P 
V.B 20 


4.13 INFLUENCE OF MEDIUM ON THE FIELDS 


When the sources of electric and magnetic fields exist in a medium, the medium 
has influence on the characteristics of the fields. The constitutive relations, namely, 


D-ecE 
B-uH 
J=o0E 


describe the characteristics. 
Here € = permittivity (F/m), 1 = permeability (H/m) and o = conductivity 
(mho/m) of the medium. 


4.14 TYPES OF MEDIA 


Medium can be divided into five types: 
(i) Homogeneous medium 

(ii) Non-homogeneous medium 

(iii) Isotropic medium 

(iv) Anistropic medium 

(v) Source-free regions 


(i) Homogeneous medium [Itis a medium for which €, u and o are constant 
throughout the medium. 
Example Free space. 


(ii) Non-homogeneous medium It is a medium for which €, u and o are 
not constants and are different from point to point in the medium. 


Example Human body. 
(iii) Isotropic medium It is a medium for which e is a scalar constant. 


Example Free space. 
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(iv) Anistropic medium It is a medium for which e is not a scalar constant. 
Example Human body. 


(v) Source-free region It is a medium in which there are no field sources. 


Problem 41 Given E=10sin (ot —Dz) a, V/m in free space, determine D, 
B, H. 


Solution E =10sin (ot — Bz) ay V/m 
D = €p E, €9=8.854x10 ^ F/m 


D - 10e, sin (ot — Bz) ay C/m? 


Second Maxwell's equation is 


VxE =-B 
a, a, a, 
| EN CE 
that 1S, x ax ay az 
0 E, 0 
re) re) 
or, VxE =a, EZ EAM 
As E, =10 sin (ot — Bz) V/m 
OE cc 
Ox 
Now VxE becomes 
9E, 
VxE = z a, 
— 10D cos (ot — Bz) a, 
__ 2B 
ot 


B =-f10$ cos (œt — Bz) dta, 


or, B a (ot — Bz) a,, wb/m? 
0) 

and H Ey sin (w@t—Bz)a,, A/m 
Ho Ho ® 
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Problem 4.2 If the electric field strength, E of an electromagnetic wave in 


Nm 


free space is given by E=2 cos of ia, V/m, find the magnetic field, H. 


Vo 
Solution We have 
oB 
SE =-VxE 
a, a, a, 
_|9 9 9 
ox Oy az 
0 E, 0 
re) 
=-|a,( 5 Ey Ay ORs (Fe. 
soy 
oz * 


Vo 
B -2| sno [1 Sata, 

Uo Vo | 

or, B Sa cool 3a, 
Vo vo J 
B _ 

or, H =—= Z cos@ TED No = Ho -120nQ 
Ho Volo vo J Vo 
-2 

Thus, H =— cosQ ds Vo = 1 

No vo J Vio €0 


Problem 4.3 The parallel plates in a capacitor have an area of 4x 10 * m? 
and are separated by 0.4 cm. A voltage of 10 sin 10°t volts is applied to the 


capacitor. Find the displacement current when the dielectric material between 


the plates has a relative permittivity of 4. 


Solution We have 
D=c«E 
Or, D=eEE 
The displacement current density, J4 is 
des 9D _9€E) 
^ Qt at 
B Ec r 
ut d 
where d= plate separation = 0.4 cm=0.004 m. 
d(_V\ 
So, -—|e—4 
Link" | d) 
ae dV 
d dt 
E0 €, dV 


DOT e 


The displacement current, I; is 
..€o€, A dV 


I, =],xA 
amla 1 dt 


A =area of the plate 
dt d 

_ 4x8.854x107'? x 4x107*. dV 

7 dt 


4x10? 
-3542x10- V. 
dt 


V 210 sin 10?* volt 


But 
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av a a 
di —-10x10" cos 10°t 


So, Ij 23542 cos 10? t nA 


Problem 4.4 In free space, the magnetic field of an EM wave is given by 
H -0.40€, cos (0t —50x) a; A/m. Find the electric field, E and displacement 
current density, D. 


Solution H -0.40€, cos (of — 50x) a, A/m 
We have VxH=D+J 
But J=0 for free space. 
oD 9E 
So, H =— =e) — 
WAE Oe 
a a a 


. 3E |9 9 ə 
?9t lax dy oz 


Q Ó 
=a, là H, +a, |- 2H. |+ a, 


oH, 
But oy =0 [H is not a function of y] 
s " 9E X H, a 
B Cot ox 
H 
o OE [0.40€ cos (wt — 50x)] 
ox ox 
=+0.4Me, 50x sin (wt — 50x) 
— 20€, o sin (wt — 50x) 
; 9E 
that is, E0 JE =—20€ 9 o sin (œt — 50x) a, 
9E : 
or, 3r - 200 sin (ot — 50x) a, 


E- J -200 sin (wt — 50x) dta, 
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= = œ (-1) cos (@t—50x) a, 


E =20 cos (wt — 50x) a, V/m 


The displacement current density, J, 


| OD 


Ja LE 


OE 
=€q 3r 


=€9 2 (20 cos (œt — 50x) a, 


Ja =-20€9 o sin (ot - 50x) a, A/m 


Problem 4.5 If there is a magnetic field represented by 
B=2sin (ot — Bx) a, + 2y cos (ot — Bx) a, 


in a medium where p, 20, o=0 and J - 0, find the electric field. Assume e,- 1, 


H, =1. 
Solution We have VxH =D+J 
But J=0 
as D=e,)E, B-ujH 
We can write VxH ES VxB-ej, 9E 
Ho at 
9E 
or, VxB= En — 
Mo€o 9t 
a, a, a, 
eS yep 9 o 
ox Oy az 
B, B, 0 


Ó Q Ó Ó 
=a, ELIT. E +0]+a, à "ay 3 


As B, and B, are independent of y and z, 


9B, E OB, _ 


MEA ; 0 
oz oy 
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OB, OB 
= M es x 
VxB =a, E àv | 


9B, 9 (2ycos (ot — Bx) 
ox ox 
—-2yp sin (wt — Bx) 


But 


=2By sin (œt — Bx) 


VxB -2fy sin (ot — Bx) a, 


9E 


~Hofo ae 


OE a, 
or, aa 


dt Un Eo 


[28y sin (wt — Bo] 


p A2By 


Í sin (wt — Bx) dt 
Ho €o 


—2By 


Gio E0 


cos (ot - Bx) a, V/m 


Problem 4.6 An electric field in a medium which is source-free is given by 
E=1.5 cos (105: —z) a, V/m, where E,, is the amplitude of E, œ is the angular 
frequency and f is the phase constant. Obtain B, H, D. Assume e,- 1, y, - 1, 
6 - 0. 

Solution We have 


3B 
VxE =- 
e 
a, a, a, 
X* lax Oy az 
E. O 0 
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As E, is not a function of y, 


9E, _ 
oy B 
dE 
VxE =—“a 
oz ^" 
ƏB — OE. | 
Or, ET 5e y 
=-1.5ß sin (10° t-Bz) a, 
B --[ 1.5B sin (10° t — Bz) dt a, 
1.5 
B ET cos (10° t- Bz) a, wb/ m? 
As B-uH, u=uo -24nx107 H/m 
B 8 
H =—=128 cos (10 t-Bz) a,, mA/m 
u 
But D =€ E =€% E, €= 8.854x10 7 F/m 
So, D =13.28cos (10? t -Bz) a,, pC/m? 


Problem 4.7 Verify whether the following fields 


E-2sinx sinta, and 


2 
H =— cosx costa, 
Ho 


satisfy Maxwell’s equations in free space. 


Solution VxH =D [asJ=0] 
; -oH, oE, 
that is, x ay =o Fa ay 


PE . 
— sinx cost —2ej sinx cost 


nel Ho 
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— =2e 
Uo : 


or, Lo €o =1 


which cannot be satisfied. Therefore, the given fields do not satisfy Maxwell’s 
equations. 


Problem 4.8 In a medium of conduction current density given by 
J =3.0sin (wt — 102) a, + cos (wt-10z) a, mA/m’, 
find the volume charge density. 
Solution J =3.0sin («t —10z) a, + cos (œt — 10z) a, 


By the equation of continuity, we have 


d 
-I Fy dz 
ox oy oz 


=0+0+10 sin (wt — 10z) 
that is, P. =—10 sin (wt — 10z) 


or, P. = [710 sin (wt — 102) dt 


p, 7-100 cos (t — 10z) C/ m? 


Problem 4.9 If the electric field strength of a radio broadcast signal at a TV 
receiver is given by 
E - 5.0 cos (ot — By) az, V/m, 
determine the displacement current density. If the same field exists in a medium 
whose conductivity is given by 2.0x10? (mho)/ cm, find the conduction current 
density. 
Solution E at a TV receiver in free space 


=5cos (ot Dy) a, V/m 
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Electric flux density, 
D =€% E-5e, cos (ot - Dz) a, C/m? 
The displacement current density 


. oD 
= D = — 
Ja >) 


-< [5€, cos (ot- By) a] 


Ja 7»-5e9 o sin (ot - Dy) a; A/m? 


The conduction current density, 
Je =0E 
c =2.0x10° (mho)/cm 
-2x10? mho/m 
J. 22x10? x5 cos (ot — By) a, 


J. =10° cos (ot - By) a,, A/m? 


Problem 4.10 Find the electric flux density and volume charge density if 
the electric field, 


E-x^a, 42y^a, +z*a, V/m 
in a medium whose e,- 2. 
Solution E-x^a,*2y^a, *z^a, V/m 
D-2eE-ege,E 


-8.854x10 ? x2x(x*a, +24? ay +z7a,) 


D =17.708x" a, +35.416y* a, +17.708z" a, pc/ m? 


From Maxwell’s equation, we have 
Ó Ó o) 

V.D -Div(D)- — D,+—D, + 
NEM əx ^ Jy * æ 


Py =35.416x +70.832y + 35.416z C/ m? 


D, =P» 
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0-sra f 
JO O=@ A o=sr'a $ 0-8 A 0-8'A 0-8'A o-sraf 0-8'A 
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10 Q-Q'A -sra f “d=q'A 0=q'A “d=q'A -sra f “d=q'A 
T s s 
o=wa f sra [- sea f- 
1 7 
JO Q-HXA -waf 0-8XA 8- -38XA goí- - 3xA -waf 8--HXA 
1 s s 
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1 1 
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4.16 CONDITIONS AT A BOUNDARY SURFACE 


Relations between the main fields E, D, H, B are expressed in terms of Maxwell’s 
equations. These are valid at any point in a continuous medium. 


As Maxwell’s equations contain space derivatives, they cannot give 
information at points of discontinuity in the medium. However, Maxwell’s 
equations in integral form can be used to get the information at the boundary 
surface between different media. 


The electromagnetic fields that are solved using Maxwell’s equations must 
satisfy boundary conditions at the interface between different media. 


The boundary conditions on electric and magnetic fields at any surface of 
discontinuity are given by: 

1. The tangential component of electric field, E is continuous across any 
discontinuity, that is, 


Eau -E tan2 


Subscript tan 1 is the tangential component of the field at the boundary in 
medium 1. Subscript tan 2 represents it in medium 2. 


2. The tangential component of magnetic field, H is continuous across any 
surface except at the surface of a perfect conductor. At the surface of a 
perfect conductor, the tangential component of H is discontinuous by quantity 
equal to the surface current density (A/m). 


Ha NS Hg? i J; 
3. The normal component of B is continuous across any discontinuity. 
B, =B,2 


4. The normal component of D is continuous except at a surface which has 
surface charge density. At the surface where surface charge density exists, 
the normal component of D is discontinuous by a quantity equal to the 
surface charge density. 


D,,-D; =Ps 


Subscript n1 represents normal component of the field in medium 1 and n2 
represents it in medium 2. 


4.17 PROOF OF BOUNDARY CONDITIONS ON 
E, D, H AND B 


To prove Eun =Etan2 


Consider the rectangular loop on the boundary of two media (Fig. 4.1). 
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Medium 1 
— 
1 Ey 2 et 
ea | uj T 
Ay Boundary 
Ep 0 3 
Ea vy 
5 Ex2 4 
— 
4 Ax > Medium 2 
Fig. 4.1 Rectangular loop on boundary E2 


It is well-known that electric field is conservative and hence the line integral 
of E. dL is zero around a closed path. 


So, jEaL 20 
From the figure shown above, LHS is written as 


peg he a ad 


01 


A A A A 
=Ey ER Ax Ey3 > Eva > E,» Ax + Ey 


As Ay—0, we get 
fE.dL = Ey, Ax- Ey Ax =0 


or, Ew 5E 

It is obvious that E,, and E, are the tangential components of E in medium 
1 and 2 respectively. 

So, Eun =Etan2 

Now consider a cylinder across the media 1 and 2 (Fig. 4.2). 


Medium 1 


Boundary 


D, Medium 2 


Fig. 4.2 Cylinder across boundary 
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According to Gauss's law, 
$ D.ds =Q 


Applying this to the cylindrical surface on the boundary spreading over 
medium 1 and medium 2, we get, as Ay — 0 


D, As — D,» As =Q 
or, Dj -D2 - =p, 


Da -D,? =P; Hence proved. 


To prove Hi x Ha» m J S 


Consider the rectangular loop on the boundary of two media (Fig. 4.3). 


Hy 
1 = 2 
Hy |o 3 | Ay 
Hy Hp 
luc | 
X2 Fig. 4.3 A rectangular loop across a boundary 
From Ampere's circuit law, we have 
jua. = J+ J+ J+ J+ J+] 
50 01 12 23 34 45 
y Ay Ay Ay 
-Hy + Ay tHga Ax Hy Hyp Ay» Ax =I 
2 2 2 2 
As Ay—0, we get 
pH.dL =H; Ax-Hyy Ax 
I 
Or, Ha Hy» Ax = Js 
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Here, H,, and H, are nothing but tangential components in medium 1 
and 2 respectively. 
Hani —Hian2 =Js Hence proved. 
To prove B, =B,> 
Now consider a cylinder shown in Fig. 4.4. 


Medium 1 


Boundary 


Fig. 4.4 A differential cylinder across the boundary Medium 2 


Gauss’s law for magnetic fields is 


[B.as =0 
S 


LHS = | Ba, -dS a, + [B2 a, -dS Ca.) 
S S 


Applying LHS to the cylindrical surfaces shown, we get, for Ay 0 
B, AS-B, AS =0 
B, =B,2 Hence proved. 


Given the fields in one medium, it is usually required to determine fields 
in a second medium. This requires the knowledge of both tangential and normal 
components for each field. The above boundary conditions yield either tangential 
or normal component. The second unknown component is determined from the 
constitutive relations between E and D, H and B. 


We have Etani = Etan2 
But D=eEE 


D tan1 D tan2 


€1 €2 


€ € 
EA edi 
Dai NOH Da A ER Dua 
€1 rl 
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We have D,, —D,2 =P; 
€1 En —€2 Ej =Ps 

We have B,; =B,2 

But B =uH 


Uy Ain -H2 H, 


u u 
H, sta H,2 =-2 H,, 
Hy H1 
We have Hg — Htan2 = Js 


Biant - Bian2 zu 
Hi Mo 


4.18 COMPLETE BOUNDARY CONDITIONS IN 
SCALAR FORM 


Etani 7 Etan2 70 

€i Eg —€2 Ep2 =Ps 
Hani -Hian =J; 

Ha Hn Hr Hy) =0 


Bn ~ Bap =0 
eal E Po ai 
Hy Ho ° 
Dd rs DS -0 
E71 €;2 
IE ETSI DAS =Ps 
Jn, =] 
o 
Ja E 


4.19 BOUNDARY CONDITIONS IN VECTOR FORM 


a, X(E, - E5) 20 
an x (Hı -H;) =j; 
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a, .(B, - B5) =0 
a, .(Di -D5) =P; 


a,.(1 7-2) 20 
a, X Jeep 
01 oz J 


a, -(€; E1-€5 Ep) =P; 


a,. H, Hi) o 
Hy Ho J 


an X EAE 
Hi Ho J 


Problem 4.11 x < 0 defines region 1 and x > 0 defines region 2. Region 1 
is characterised by |i, 23.0 and region 2 is characterised by p, =5.0. If the 
magnetic field in region 1 is given by H, =4.0a, +1.5a, —3.0a,, A/m, find H, 
and H,. 

Solution H; -40a, +1.5a, -3.0a,, A/m 

For the regions given, 


H, -15a, -3.0a,, A/m 


and H, -40a, 
AS H, z H, 
H, =1.5a, -3.0a,, A/m 

and H,, = = H, 

H2 

3 
or, H, -24a, 
and H: =H, +H, 


H, =2.4a, +15a, -3.0a,, A/m 
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The magnitude of H, is 


Hy 242.4? +15? +(-3.0) 
H, =4.1243A/m 


Problem 412 In a three-dimensional space, divided into region 1 (x < 0) 
and region 2 (x 20), 0; 205 -0. E, =la, +2a,+3a,. Find E; and D,.e,-1 
and e, -2. 


Solution E, =2a, *3a;, V/m 

E, -a,, E€4=1 

D; =€ Qa, *3a,), C/m? 
As Ey -Ep 


E,; =2a, +3a,,V/m 


€1 1 
Or, E,» En E, 75 ax 
E; =Ep +E,» 
or, E, =0.5a, *2a, *3a, V/m 
D; -€; E, 


-2e, (0.5a, + 2a, + 3a;) 


or, D; =€o (a, + 4a, + 6a,), C/m? 


4.20 TIME VARYING POTENTIALS 


It is always useful to relate electric and magnetic fields in terms of their sources. 
However, it is often more convenient to relate potentials in terms of sources and 
then the fields in terms of potentials. 


In the first method potentials already developed for static fields are 
generalised to obtain time varying fields. Scalar electrostatic potential is given by 


EN J Py (r) dv 


Vw) Ane E f 
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and vector magnetic potential is 
_ Ho J (r) dv 
Age | — 


But the time varying potentials are expressed in the form of 


and A (r, t) Eu J Je. #) du 


These time varying potentials are due to time varying charge and current 
distributions. 


The above expressions do not take care of propagation delay. To obtain far- 
field expressions, this delay time must be taken into account. 


4.21 RETARDED POTENTIALS 


These are defined as the potentials in which a time delay or retarded time is 
taken into account. They are expressed as: 


V(r, t) dv, (volt) 


E. rivo) , 


~ Ane T 


A(t) == [ Jio ID 
An r 


where retarded time or delay time is 
ty =(t-r/ vg) 
v, = velocity of propagation of the EM wave 


From the above approach, there is no change in the expressions for E and 
H, that is, 


E --VV 


and H vr VxA 
Lo 
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4.22 MAXWELL'S EQUATIONS APPROACH TO RELATE 
POTENTIALS, FIELDS AND THEIR SOURCES 


By definition, vector magnetic potential, A is related to magnetic flux density as 


B=VxA 
But the second Maxwell’s equation is 


VxE =-B 
From the above two expressions, we have 


9 


VxE es (VxA)=-VxA 
Or, VxE+VxA =0 
or, Vx(E+A) =0 


This is true only if (E+ A) is the gradient of a scalar. Therefore, setting 
(E+ À)--VV, we get E as 


E--VV-À 

Note that E is not equal to (-VV) for time varying fields but it is given by 
the above expression. 

So, E - -VV is valid only for static fields 
Now consider 

B-VxA 
Take curl on both sides, 

VxB=VxVxA 


or, lo vxVxASCVXH 
Ho 


But VxH =D+J=e, Et+J 
From the above expressions, we get 


Eq E+J =-€q VWV-€y A+J 


ES VxVxA =-€9 We) At J 
Ho 


But vector identity gives 


VxVxA =VV.A-V°A 
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that is, VV.A-V7A = o €o VV -u0 Eo A+ J 
The third Maxwell’s equation is 


V.E =P» /€o 
This becomes V.E =-V.VV -V.A=p,/€o 
or, V?V+V.Å =-Py/€o 
and V? A-u0E0 A =—Ho J+ Ho €o VV +VV.A 


Each of the equations contain both the potentials and one of the sources. It 
is difficult to solve such type of equations. We should be able to get equations 
containing one potential and its own source to solve them easily. Helmholtz 
theorem helps to do this. 


4.23 HELMHOLTZ THEOREM 


It states that any vector field like A due to a finite source is uniquely specified 
if and only if its curl and the divergence are specified. 


To specify A, we know its curl, that is, 
VxA =B 
But the V.A is specified as 


V.A = Ho €o V 
V* Ao €p A =H J 
and VV -uo €o V =-p,/€o 
These are the expressions between time varying potentials and their sources. 
The corresponding expressions for static fields are: 


V? A =-LoJ 
V?v =—Py /€o 


4.24 LORENTZ GAUGE CONDITION 
It is given by 


V.A = -Uo €o V 
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Potential functions for sinusoidal fields are given by 
V?A +O Uo Eo A =-uoJ 
V? V «o^ Ho E0 V =-Pv Eo 
Problem 4.13 If the retarded scalar electric potential, V = x — oy t and vector 


xX ; ; i 
—— ds. where v, is the velocity of propagation, 


magnetic potential, A -( 
Vo 


(a) find V.A 
(b) find B, H, E, and D 


(c) show that V.A =- €o 2. 


ot 
luti yA -24r q Py. 194; 
Solution (a) A=- o x 
But A, 20, A, =0 
RUNE x ji 1 
ox dx | Ug J o 
V.A =1/v9 
(b) We have B=VxA 
Here A= UNUM 
Vo J 


a, ay a, 

dg es d 
VS | ae cay: iae 
Ax, ip "0 


9A, 9A, 
=a,[0]+a, l > Jes - ay | 


9A 
—- —0 and A, is not function of z, 


As A, # f (y), j 


Ay 
Oz 


=0 
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Therefore, VxA =0 
and B =0 
1 
As H =— B, H=0 
Uo 
E=-VV-À 
oA 
SUI a 
ot 
vy = oV oV i wav 
ox ^ oy Yaz ^ 
oV oV 
T Ege 
Here ay az 
VV EN a, =a, 
Ox 
oA ə 
OF a Ve Xn t) a. 
——4, 
Or, E--VV-À 


and D =e, E=0 
aV ð 
— =— (x-vgt)2-v 
© Sp aap E-t) 
1 
But V.A =— 
Vo 
Uo € Vo X NE 
7 oV 1 
or, Hoo ot do 
oV 
V.A =p Eo T Hence proved. 
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» Maxwell's equations are electromagnetic field equations. 


» Maxwell's equations give relations between different fields and sources. 


> Equation of continuity is V.J -—-,. 


> Most general Maxwell's equations are 


vxn- b Jf onus [[b«3us 
L s J 
VxE=-B, | -E.dL =-[B.dS 

T S 
V.D-p,, [oD.dS=f p, dv 

v 
V.B-0, $ B.dS=0 
S 


» For static fields, B zu D=0. 


> In good dielectrics, J= 0. 


> In good conductors, D=0. 
> For free space, Py =0, J =0, o=0. 


> For conducting media, p, =0. 


s b=% is known as the magnetic current density. 


» Magnetic current density has the unit of volt/m/. 
» Maxwell's equations in phasor form are: 

VxH =joD+J 

VxE --joB 
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V.D =P% 
V.B =0 


» The constitutive relations are: 


D =EE 
B =uH 
J =oE 


» For a homogeneous medium, e, u, o are constants throughout the medium. 


» For isotropic medium, e is a scalar constant. 


» Retarded potentials are: 


1 DS 
V(r, th = um J 7 dv, volt 
J DU 
u w) 
A(r, t) 2 — dv, wb 
(r, t) mi = v, wb/m 


» For time varying fields, E=-VV — À. 
» According to Helmholtz theorem, if the curl and divergence of a vector are 
specified, it exhibits unique meaning. 


> Lorentz gauge condition is V.A=—WUg Eg V. 
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OBJECTIVE QUESTIONS 


. E--VV is valid for all types of fields. 


. >, is magnetic current density. 


at 


3. Theta polarisation is called linear polarisation. 


19. 


20. 


. B and D can be related. 


€ 
. The characteristic impedance of a medium is E 


l j B.dS=Q 

. V.E=-B 

VJ=p, 

. In free space, V.D=0. 


. In free space, Vx H- J. 


. For static fields, Vx H- D. 
. The unit of D is wb/m?. 


. The unit of D is A/m’. 

. The unit of J is A/m. 

. E and D have the same direction. 
. B and H have the same direction. 


. Ampere's circuit law and Maxwell's first equation are the same. 


. B41 is always equal to B,;. 


D,, is always equal to D,;. 


Etan1 is always equal to Etano- 


(Yes/ No) 


(Yes/ No) 


(Yes/ No) 
(Yes/ No) 


(Yes/ No) 


(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/No) 


(Yes/ No) 
(Yes/ No) 


(Yes/ No) 


(Yes/ No) 


(Yes/ No) 
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21. Dy is always equal to Dj». (Yes/No) 
22. Surface current density in dielectrics is zero. (Yes/No) 
23. pp «0 for free space. (Yes/No) 
24. In dielectrics, displacement current density is greater than conduction current density. 

(Yes/No) 
25. In conductors, J. > J4. (Yes/No) 
26. V.B=0 because there exists no isolated magnetic poles. (Yes/No) 


27. The unit of vector magnetic potential is 


28. The unit of magnetic current density is 
29. If E=cos (6x10’t-Bz)a,, B. is 


30. For time varying fields, E = 


Answers 
1. Yes 2. Yes 3. Yes 4. Yes 5. No 
6. No 7.No 8. No 9. Yes 10. No 
11. No 12. No 13. Yes 14. No 15. Yes 
16. Yes 17. No 18. Yes 19. No 20. Yes 
21. No 22. Yes 23. Yes 24. Yes 25. Yes 


26. Yes 27. Wb/m 28.V/m 29. 0.2 rad/m 30. -VV-À 
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MULTIPLE CHOICE QUESTIONS 


1. The first Maxwell's equation in free space 


(a) VxH=D+J (D VxH=D 
(c) VxH=0 (d VxH=J 
2. Absolute permeability of free space is 
(a) 4x10 A/m (b) 42x10 H/m 
(c) 4nx107 F/m (d) 4nx107 H/m’ 
3. For static magnetic field, 
(a  VxB-p (b VxB-uJ 
(c) V.B-ugJ (d) VxB=0 
4. The electric field in free space 
D D [o] 
a) — b) — (c) ej D (d — 
«) €0 io Ho d €0 


5. Displacement current density is 


(a) D (b) J (c) 90D/9t (d) 3J/ət 
6. The time varying electric field is 

(a) E--VV (b E--VV-À 

(c) E--VV-B (d) E--VV-D 
7. A field can exist if it satisfies 

(a) Gauss's law (b) Faraday's law 

(c) Coulomb's law (d) All Maxwell's equations 


8. If c-20 mho/m, E-10.0 V/m, the conduction current density is 


(a) 5.0 A/m? (b) 20.0 A/m? (c) 40.0 A/m? (d) 20A 
9. Maxwell's equations give the relations between 

(a) different fields (b) different sources 

(c) different boundary conditions (d) none of these 


10. The boundary condition on E is 
(a a,x(E; —E,)=0 (b) a,.(E; -E5)-0 
(c) E, =E, (d) none of these 
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11. The boundary conditions on H is 


(a) a,x(H; -H;)- J. (b) a, -(H,; -H5;)-0 
(c) a, X(H; -H;)- J. (d) a,.(H; -H5)-0 
12. If E = 2V/m, of a wave in free space, (H) is 
1 
(c) 1201A/m (d) 240n1A/m 


13. The cosine of the angle between the two vectors is 
(a) sum of the products of the directions of the two vectors 


(b) difference of the products of the directions of the two vectors 
(c) product of the products of the directions of the two vectors 
(d) none of these 


14. The electric field intensity, E at a point (1, 2, 2) due to (1/9) nc located at (0, 0, 0) is 


(a) 33 V/m (b) 0.333 V/m 
(c) 0.33 V/m (d) zero 
15. If E is a vector, then V.VxE is 
(a) 0 (b) 1 
(c) does not exist (d) none of these 


16. The Maxwell's equation, V.B=0 is due to 


H 

(a) B=uH (b) B= E 

(c) non-existence of a mono pole (d) none of these 
17. For free space, 

(a) o=% (b o=0 

(c) ]20 (d) none of these 
18. The electric field for time varying potentials 

(a) E=-VV (b) E--VV-A 

(c) E=VV (d) E=-VV +A 


19. The intrinsic impedence of the medium whose o=0, €,=9, u, =1 is 
(a) 40xQ (b) 99 
(c) 1207Q (d) 607Q 


a Py ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 


20. For time varying EM fields 


(a) VxH=J (D VxH-D-J 
(o) VxE=0 (d) none of these 
21. The wavelength of a wave with a propagation constant —0.1x- j0.2mx is 
(a) 10m (b) 20m (c) 30m (d) 25m 
22. The electric field just above a conductor is always 
(a) normal to the surface (b) tangential to source 
(c) zero (d) œ 


23. The normal components of D are 
(a) continuous across a dielectric boundary 


(b) discontinuous across a dielectric boundary 


(c) zero 
(d) ue 
24. If J, 21mA/ m? in a medium whose conductivity is 602 10Mho/m, E is 
(a) 0.1 V/m (b) 102 V/m 
(c) 10uV/m (d) 10 V/m. 
25.1f J; 22mA/m? in a medium whose €,=2, 0-4.95Mho/m at a frequency of 
1 GHz, J, is 
(a) 89 mA/m? (b) 89 mA/m? 
(c) 0.89 mA/m? (d) 89 A/m? 
Answers 
1. (b) 2. (b) 3. (b) 4. (a) 5. (c) 
6. (b) 7. (d) 8. (b) 9. (a) 10. (a) 
11. (b) 12. (a) 13. (a) 14. (c) 15. (a) 
16. (c) 17. (b) 18. (a) 19. (a) 20. (b) 


21. (a) 22. (a) 23. (a) 24. (a) 25. (b) 


EXERCISE PROBLEMS 


1. If A is the vector magnetic potential, prove E M ECT 


ot 
2. If E=2.0 sinkx cosmta, in free space, find the volume charge density. 
3. If E= 10 cos (wt — kz) a, V/m, find D, H, B in free space. 


4. If the electric field strength of an EM wave in free space has an amplitude of 
5.0 V/ m, find the magnetic field strength. 


5. When the amplitude of a magnetic field in free space is 10 mA / m, find the magnitude 
of the electric field. 


6. The electric field of an EM wave is E=15 cos œ =. a,. Find H. 
Up | 


7.1t E=2 cos (10?: — 20x + 40°) a,, what is the phasor form of E? 


ELECTROMAGNETIC 
FIELDS AND WAVES 


EM waves can neither be seen nor sensed nor are they audible. 


The main aim of this chapter is to provide overall concepts of EM waves and their 
characteristics. They include: 


applications of EM waves 

wave equations and solutions 

propagation characteristics 

waves in conductors and dielectrics 
polarisation 

normal and oblique incidence of EM waves 
reflection and transmission coefficients 
Brewster angle and total internal reflection 
Surface impedance and Poynting theorem 


solved problems, points/formulae to remember, objective and multiple choice 
questions and exercise problems. 


Do you know? 


The electricity generated from every power socket has associated low frequency 
electromagnetic fields. 


5.1 INTRODUCTION 


A wave means a recurring function of time at a point. 


Definition of wave It is defined as a physical phenomenon. In its re- 
occurrence, there is a time delay which is proportional to the space separation 
between two adjacent locations. 


In general, wave is a carrier of energy or information and is a function of 
time as well as space. 


As far as we are concerned, a wave means Electromagnetic wave (or simply 
EM wave). Maxwell predicted the existence of EM waves and established it 
through his well-known Maxwell’s equations. The same EM waves were 
investigated by Heinrich Hertz. Hertz conducted several experiments which could 
generate and detect EM waves. These radio waves are called Hertzian waves. 


Examples radio, radar beams and TV signals. 


5.2 APPLICATIONS OF EM WAVES 


They have a wide range of applications in all types of communications like 
police radio, television, satellite, ionospheric, tropospheric, wireless, cellular, 
mobile communications and so on and in all types of radars like Doppler radar, 
MTI radar, speed trap radar, airport surveillance radar, weather forecasting radar, 
remote sensing radar, ground mapping radar, IFF radar, astronomy radar, fire 
control radar and so on. EM waves are also used in radiation therapy, microwave 
ovens and others. 


Advantage in using EM waves for communication purposes is that the 
medium between the transmitter and receiver requires no maintenance. This is 
because free space is the best medium for EM wave propagation. 


5.3 WAVE EQUATIONS IN FREE SPACE 


Wave equations in free space are given by 


VE = uo €o Ë 
V? H = uo €o Ë 
2 
where p=- E 


E 
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He 3’ H 
at? 
Proof Free space is characterised by €,=1,H,=1 or € =€ọ, M= uo, and 


o=0,p,=0 and J=0. Due to these characteristics of free space, Maxwell’s 
second equation becomes, 


and 


VxE --B 
=- H [as B - us H] 

Taking curl on both sides, we get 

VxVxE =o VxH 
Using standard vector identity, LHS is given by 

VxVxE - VV.E- V?E 

and for the first Maxwell's equation, RHS is 
-oV xH --uoD --upe, Ë 


VV.E-V?E --y,e, E 


But V.D=Ve,E =€o V.E=0 


V?E -eo MoE Hence proved. 
Now consider the first Maxwell’s equation 
VxH -ej E 
Taking curl on both sides 
VxVxH = e, VxE 
VV.H- V?H =e, (-B)--u9 e; Ë 


METIRI €o Ë [as V.H=0] 
Hence proved. 


5.4 WAVE EQUATIONS FOR A CONDUCTING MEDIUM 

Wave equations for a conducting medium (p, =0, 0#0 and J#0) are given by 
V?E =e Ë+uoE 

and V?H =ue H+uoH 
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Proof Consider the second Maxwell’s equation 
VxE --B--uH 
Take curl on both sides 
VxVxE --uVxH 
VV.E- V?E --p [e E+J] 
--pe É-ucE 
V2E -ue Ë+uoE [as V.E- 0] 
Hence proved. 
Similarly, consider the first Maxwell's equation 
VxH =D+J=cE+oE 
Take curl on both sides 
VxVxH == VxE+oVxE 
VV.H- V?H =€ (-uH)- ucH 
V2H -ue H«ucoH [as V.H - 0] 


Hence proved. 


5.5 UNIFORM PLANE WAVE EQUATION 


Definition of uniform plane wave An EM wave propagating in x-direction 
is said to be a uniform plane wave if its fields E and H are independent of 
y and z-directions. 


It is defined as a wave whose electric and magnetic fields have constant 
amplitude over the equiphase surfaces. These waves exist only in free space at 
an infinite distance from the source. 


A uniform plane wave propagating in x-direction has no x-components of 
E and H, that is, E, 20, H, =0. 

The electric and magnetic fields of an EM wave are always perpendicular 
to each other. A typical wave is shown in Fig. 5.1. 


E, -0 and H,=0 for a uniform plane wave 
Proof The plane wave equation in free space is given by 


V?E =H eo Ë 
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Electric field 


Magnetic field 


Fig. 5.1 Electro- 
magnetic 
wave 


0 E, aE 2 E 3E 


o? oa? az 


that is, 


As per the definition of uniform plane wave, 


E# f (y) 
and E# f(z) 
2 2 
E 
E =0, S Ec 
oy oz 
Hence the wave equation becomes 
9?E € 9? 
o? "98 
2 32 E 32E 
: y 
that is, z a, + 32 a, 2 a. 
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Equating the respective components on both sides, we get 


9? E, 9? E, 
ad O° y ici 
2 2 
O° Ey Ses OE, 
ox? at? 
0° E, “ij 9? E, 
axe” Or? 
Also we have 
V.D =0 [as p, 20] 
Or, Veg E =0 
that is, V.E =0 
OE, 9E, 9E, 
=0 
=o ox Oy az 
9E 
As a =0, i =0, we have 
9E 
ue =0 (5.2) 
Substituting Equation (5.2) in (5.1), we get 
2 
E 
d x 2p 
ot 


This means that E, should have one of the following solutions. 
1 Bo 
2. E, =a constant with time 
3. E, increases uniformly with time, that is, E, =Kt where K is constant. 


If E, =a constant and E,-Kt, it will not be a part of wave motion. 
Therefore, 


E, =0 


x 
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Similarly, H, =0 
This means that the components of electric and magnetic fields of a uniform 
plane wave in the direction of propagation are zero. 


5.6 GENERAL SOLUTION OF UNIFORM PLANE WAVE 
EQUATION 


The wave equation in free space is 


V?E -ugeo Ë 
Applying the conditions of uniform plane wave equation, the above equation 
becomes 
bce 0° E 
VB [as Ex f(y), E* f(z)] 
dE =e dE (5 3) 
qe Ser | 


Equating the respective components on either side and as E, 20, we have 


9^ E, OnE, 

—— = Cp 

gx M 

9? E, 9?E, 
=Une 

Ae a 


Equation (5.3) has a general solution given by 
E = fi(x — Vo t)+ fo(x + Vo f) 


where f, and f, are functions of (x-—v gt) and (x+Ugt) respectively. 


Up = Tr = velocity of propagation 
x is the direction of propagation of the wave. 
fi(x ^ vot) represents a forward wave and 
fa(x+ Vot) represents a reflected wave. 


This reflected wave is present when there is a conductor which acts as a 
reflector. Otherwise, it is absent. As we are considering free space propagation, 
E will be fı(x—vgt) only, that is, 


E = f(x- gf) 
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This is the solution of uniform plane wave equation in free space. 


The behaviour is represented typically in Fig. 5.2. 


fex) 


Paws 


Fig. 5.2 A wave along x-direction 


5.7 RELATION BETWEEN E AND H IN UNIFORM 
PLANE WAVE 


The relation between E and H is 


E E 
=| =—=120nQ= 3770 
H H 


Proof First Maxwell’s equation is 


a, ay a, 
ò : i 
vA ae V Si 
H, H, H, 
=a oHa Py +a EE PELO. (5.4) 
"| oy oz "| oz ax ^| ox dy 
oH 
But gane x =0, Hs 
oy oz 
Equation (5.4) becomes 
oH oH . 
VxH = x ay + d a, -egE 
Similarly, 
9E 9E 
VxE = 3s ayt "ELEM uo H 
9H, oH, dE, 9E, 
Or, Ay ayt J a, DE yg 3t a, 
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and 


CU LAC TL ae M op 


Equating the respective components, we get 


ƏH, ay " 
=E 3 
ox V gt Tn 
oH 9E, 
y 5.6 
a so (5.6) 
dE, _ 9H, 
ox Stn at 
dE, DET 9H, 
ox ? gt 
Writing E, in the form of 
1 
E, = f(x vot), vo = 
Ho E0 
9E of Ə(x-vt) 
that i “= os í 57 
m. dt  d(x—Vot) 23 vof OF) 
where f= E 
b) (x — Uo t) 
From Equations (5.5) and (5.7), we have 
aH 3E , 
zn E rA vo f 
or, H, = [eo vo dx A 


As the constant, A cannot be a part of wave motion, we can put A=0. 
Bo H, 2 eov | f'dx 


$- =F 0 c Vo f) 


eo ( 9f 
UNES 


As my 
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eo €0 
"n Hs 7 dus Ving P 


- duet 
: H, Y €0 
Similarly, if we take 
E, P f(x — Vo t) 
9E, 
=v f 5.8 
at Vof ( ) 
From Equations (5.6) and (5.8), we have 
oH 
s oF =e, p f 


Ox 


ot 


H, —-—€p vof fx 


--€9 Vof 
-—€g Ug E, 
E __ Ho 
or, H, Ep 


2 2- 
H \ Hy H: 
E _ [Ho _ 
H Véo 
ES —120n€ 
H 


Hence proved. 


The intrinsic impedance or characteristic impedance, n is defined as 


E 
no =—=120n2 
DAE 
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5.8 PROOF OF £ AND H OF EM WAVE BEING 
PERPENDICULAR TO EACH OTHER 


Consider 


E.H-E,H, *E,H,*E,H, -E,H,*E,H, [asE, -0, H, - 0] 


x Ey _ |o E. | [Mo 
S H, €o” H, E0 


We get 


E.H =E, H, +E, H, +E, H, 


m fu 
Eo E0 


E.H =0 


The dot product of two vectors E and H is zero only when the two vectors 
are perpendicular to each other. Hence proved. 


5.9 WAVE EQUATIONS IN PHASOR FORM 


Wave equations in free space are 


V? H =H0€0 H and 


V?E -uoeo Ë 
If E = Re(Ee/?) 
H =Re{He!™} 


The wave equations become 
2 
V*H =-® Ho €9H 
V?E =-@ Up eg E 
These are wave equations in phasor form. 


Note that a single time derivative of the field gives a factor of j@ and a 
double time derivative of the field gives a factor of — o. 


Similarly, the wave equations in conductive medium are 
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V?E -(-o? ue +jouo) E 
V?H -(-o^ pe -jouc)H 
These can be represented in the following form 
V^E-Y!E | 
V^H-y'H 
1) 


where Y= propagation constant E y 


Y= J- oue -jouo 


5.10 WAVE PROPAGATION IN LOSSLESS MEDIUM 


The wave equation is 


3E 

that is, —- =-q@*pcE 
ox? 
9?E 5 

or, 2 --glE 
ox? P 

where p -2oJnue 


The y-component of E may be written as 
E; =Ae™ 4 pebr 
where A and B are arbitrary complex constants. Then 
E; (x, t) = Re(E, (x)e/^'] 
2 Ref Ae! tP») + Bel (oH Bx) 
If A and B are real, it becomes 
Ey (x, t) = Acos(wt — Bx) + Bcos(ot + Bx) 
This is the sum of two waves. They travel in opposite directions. If A=B, 
the waves combine together and form a standing wave. Such waves do not 
progress. 


The wave velocity (v) It is defined as the velocity of propagation of the 
wave. It is also defined as 
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where ®=2nf = angular frequency 
B= phase shift constant, radians/m 


Phase shift constant, B It is defined as a measure of the phase shift in 
radians per unit length. 


Wavelength of the wave, à It is defined as that distance through which 
the sinusoidal wave passes through a full cycle of 27 radians, 


2n 
p 


that is, mm 


Phase velocity, (v,) It is defined as the velocity of some point in the 
sinusoidal waveform. 


Intrinsic or characteristic impedance of a medium which has a finite 
value of conductivity is given by 


jou 
o+ joe 


5.11 PROPAGATION CHARACTERISTICS OF EM WAVES 
IN FREE SPACE 


The wave equation in free space is 
V?E --o? ue, E 
= y? E 
The propagation constant, y(m ^!) 
Y 24-o)pge, = jO Mo€o 
= jp 
The phase constant, B (rad/m) 
D =@ loeo 


The propagation characteristics of EM wave in free space are: 


1. Propagation constant, y= jo JH5€o, Gn) 
2. Phase shift constant, B =@ Jo €o, (rad/m) 
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3. Velocity of propagation, vg = ————, (m/s) 
vor 0 


4. Velocity of propagation of an EM wave is the same as phase velocity, 


B Jo €o 


e E (E 
H Eo 


7. Attenuation constant, a=0 
Problem 5.1 If a wave with a frequency of 100 MHz propagates in free 


space, find the propagation constant. 
Solution Propagation constant, y in free space is 


. .Q 1 
Y = jo Juoeo 7 j — AS Uo = 
Vo | a 


| .2nf _ .2nx100x10° 
i 3x108 


Vo 


; 8 
ae S = j2.094 


y = j20941m'! 


Problem 5.2 If H field is given by H(z, t) - 48 cos (10*t- 40z)a,, A/m, 
identify the amplitude, frequency and phase constant. Find the wavelength. 


Solution Amplitude of the magnetic field 
=48 A/m 
œ =10° 
8 
f= oe 15.915 MHz 
2n 


or, 
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B =40rad/m 
Now wavelength, X= 2ir = 2n =0.157m 
B 40 


Problem 5.3 When the amplitude of the magnetic field in a plane wave is 
2 A/m, (a) determine the magnitude of the electric field for the plane wave in 
free space (b) determine the magnitude of the electric field when the wave 
propagates in a medium which is characterised by 0=0,4=—o and €= 4e,. 


Solution We have 


E Ho 
— =N = [— -120nQ forfreespace 
(a) H Tlo VES P 
But H =2A/m 
E =H 


=120nx2=240nV/m 


E =240n V/m 


(D o=0,€,=4,u, =1 


= 51200 = 6079 


E =No H =60nx2=120n V/m 


E =120n V/m 


Problem 5.4 If €,=9,u=4ọ, for the medium in which a wave with a 
frequency, f =0.3GHz is propagating, determine the propagation constant and 
intrinsic impedance of the medium when o=0. 


Solution The expression for propagation constant, Y is 


y -Jjou(o- joe) = jo Jue foro- 0 


As Uu, 21,6,29,020, f x03 GHz 


Y = j2nx 3x109 x J Anx1077 x9x8.854x 10-7? 
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= j6nx108 x2x3 48.854x 10 I? x m 


= j36nx10? x10? x1.66780 


y 218.8624 (1/ m) 


Intrinsic impedance, 


Vo 7 joe € 


n = [42 =e Mo L1, 150g 
19e; 3Yeo 3 


N -40n1 


Problem 5.5 The wavelength of an x-directed plane wave in a lossless 
medium is 0.25 m and the velocity of propagation is 1.5x10'? cm/s. The wave 
has z-directed electric field with an amplitude equal to 10 V / m. Find the frequency 
and permittivity of the medium. The medium has u= pọ. 

Solution v=1.5x10'°cm/sec=1.5x10°m/s 


Frequency of the wave, 


8 
BoA 
à 25x107 
f =600 MHz 
We have 
1 1 
a0) = — 
Jue Ho€oe, 
=o 15x10 
€, 
ôt Ke. = 3x 10° a 
: "^ 15x10? 
€, =4 


Problem 5.6 Identify frequency, phase constant when the electric field of 
an EM wave is given by E- 5.0 sin(10°t-4.0x) a,. Also find A. 
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Solution E=5.0sin(10°t—4.0x)a, 
© =10° or 2nf=10° 


8 
f - 1 =15.915MHz 
TU 
B =4.0 rad/m 
_%_ 8x10 


= 18.850 m 


f 15.915 10° 


5.12 PROPAGATION CHARACTERISTICS OF EM WAVES 
IN CONDUCTING MEDIUM 


The wave equation in a conducting medium in phasor form is 
V?’E-y E =0 (5.9) 
where the propagation constant, y is 


y = jou (o+ joe) 
=- 0? uE -jouo 


or, y =a+ jp 
where œ is called the attenuation constant, dB/m 
D is called phase constant, rad / m. 


Phase constant, f is also called wave number and it is the imaginary part 
of propagation constant. 


One solution of Equation (5.9) is 
E(x) = Ege '* 
where x is the direction of propagation and in time varying form, 
E(x, t) = Re {Ep e/^'] 
= Re (Ey e ***!] 
E(x, t) =% Re (Ey e?'-P*] 


This is the equation of EM wave propagating in x-direction and attenuated 
by a factor e ^^. 
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Attenuation constant, œ (dB/m) Itis defined as a constant which indicates 
the rate at which the wave amplitude reduces as it propagates from one point to 
another. It is the real part of propagation constant. 


Expressions for œ and p in a conducting medium 


a =o |. | 14 -17, dB/m 


\ 2 |Y o? e? j 


2 
Be pee z +1“, rad/m 


\ 2 | oe y 


Proof From the wave equation, propagation constant, Y% 


Y 2 4- oue joo - o - jp 
Squaring both sides, we get 


y! --o ye * jou 


= (o jB)? 
=0?— p? + 2jap 
Equating real and imaginary parts, 
a? —B? --o?ue (5.10) 
208 = ouo 
or, aß =(@po)/2 
OUT or g. ONG 


Thus, (5.11) 


or B= 
2p 20 
From Equations (5.10) and (5.11), we get 


$05 
2 2 wc 
-ope =a? -——ÀÀ,— 
40 
or, — 407 owe -4a* «07 y? o? 


or, 404 +407 œ ue —0? u? o?-0 


Dividing this by 4, 


[Q) 
a* +07 oue - 
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Adding and subtracting | 


dune: USE 2 Ý 
ot satotnes (SS: =e " (S 
j J 
2 
j o? ue | oy? ot pe? 
2 7 4 4 
2 
, oue ) _ ot we? T a ) 
Or, Bor 2 nw 4 ae? t 
) J 
Taking square root on either side, we get 
2 4 2-2 2 
gees 2/2 Es ged 
2 4 o€7 
2 2 2 
o ue o o ue 
or, Qu 2 Lo > (5.12) 


Hence proved. 
Now substituting Equation (5.12) in Equation (5.10), we get 


p^ =" pe 


or, 


5.13 SUMMARY OF PROPAGATION CHARACTERISTICS 
OF EM WAVES IN A CONDUCTING MEDIUM 
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m 
B EE oen "Y Hence proved. 


1 
1. Propagation constant, Y= y— o^ ue *Jouo, B 


E 
€ (0J al 
2. Phase shift constant, gui 1+——; +1“, (rad/m) 
O E J 
He 
3. Attenuation constant, Q = 0 


4. Velocity of propagation of EM wave, 


6. Intrinsic impedance, n 


sees ene 
H Yo-joe 
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Problem 5.7 Earth has a conductivity of 6-10? mho/m,e,-10,u, =2. 
What are the conducting characteristics of the earth at 
(a) f -50Hz (b f-1kHz (c) f-1MHz 
(d) f2100MHz (e) f-10GHz 
Solution The parameters of earth are 6-10 ? mho/m,e, -10, p, =2. 


[e] 107? 


OE on fx10x— x10 
36n 


 10?x18 18x10 
10? x f f 


(a) At f=50 Hz 


© _ 18x10° 
we — 


= 0.36x10° =3.6x10° 


So this is >> 1. Hence it behaves like a good conductor. 
(b) At f = 1 KHz, 


o  18x105 18x10 


z =18x10° 
m f 10 


This is »» 1. Hence it behaves like a good conductor. 
(c) At f= 1 MHz, 


- 6 
9 I -18 
We 10 
It behaves like a moderate conductor. 
(d) At f = 100 MHz, 
o — 18x10° _ 
we 100x105 
Earth behaves like a quasi-dielectric. 
(e) At f = 10 GHz, 
6 
og ergo 


me 10x10? 
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: [o 
that is, — «« 1. 
we 


Earth behaves like a good dielectric. 


Problem 5.8 A medium like copper conductor which is characterised by 
the parameters o =5.8x10’ mho/m, e,- 1, u, =1 supports a uniform plane wave 
of frequency 60 Hz. Find the attenuation constant, propagation constant, intrinsic 
impedance, wavelength and phase velocity of the wave. 


Solution Let us obtain the ratio 


o 5.8x107 
@E — 2nx60x8.854x10 ^ 
This is >> 1. Therefore, it is a very good conductor. 


-173x10" 


Attenuation constant 


1 
=Qa= EI = 117.2 m1 
2 J 


Phase constant 


(moy =1172( 


er ee 


de 
m 


Propagation constant 


=y=a+ jp= 172+ una 
m ) 
Wavelength 
pe PE = SU 9 0536 
B 1172 


Intrinsic impedance, n 


JCR - (2.0224 j2.022)10 5 Q 
[6] 


Phase velocity of wave, 


v =A f «0.0536x60 23.216 m/s 


a -21172m! B -1172m'! 
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y-1172«-j1172m ! | X =5.36cm 
n =(2.022+ j2.022)uQ V -3216 m/s 


5.14 CONDUCTORS AND DIELECTRICS 


As some media behave like good conductors at one frequency range and like 
good dielectrics at some other frequency range, the conventional definitions of 
conductors and dielectrics are not satisfactory in communication through EM 
waves. 


The displacement current density, 
Ja =D=cE=jweE 
and the conduction current density, 


J, =0E 
LASER 
Jı oe 


Definition of a good conductor 
If 2 >>1, the medium is a good conductor. 
Definition of a good dielectric 
If "n 1, the medium is a good dielectric. 


Dissipation factor of a dielectric material (D;) is defined as 
LO 
IDA mu 
When D, is small for a specific type of dielectric material, the dissipation 
factor is practically the same as its power factor which is equal to sin $. Here, 


rec 
$-tan Dy. 


5.15 WAVE PROPAGATION CHARACTERISTICS IN GOOD 
DIELECTRICS 


Attenuation constant, @ is given by 


2 
a -a s| M s ] (5.13) 


Oo 
For dielectrics, —— << 1 
oc 


1 
or 


ole? 


Expanding í + 


neglected. 


by Binomial series, higher order terms can be 
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2 
a =o ES 1+ Z i 1 
2 20€ J 
= ue o? 
| 40e? 
=O uo 
\ 40e 
_o fa 
* 72 Ye 
The phase shift constant, B is given by 
2 
B =0 ES es A 
\ 2 we J 
2 
=O a 1+ a E 
\ 2 29€" ) 
2 
that is, B =@ cus ee z D 
\ 2 297€7j 
2 
=O /we} 1+ - D 
we” 4 
\ dare") 
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aM 
p edis rtu 


The velocity of propagation is 


djs a 
B ope | 1+ ) 
8a°e* J 
a 1 
o? ) 
1 E 
ferr 
ee 1 1 o? ) 
Jue 80^€^j 


n- [jou _ ioe} 1 2 [| 1 = 
0 + joe Jeu. 9- le | 2 Ż 


joc) joe J 


5.16 SUMMARY OF THE PROPAGATION 
CHARACTERISTICS OF EM WAVES IN 
GOOD DIELECTRICS 


e] 
1. Attenuation constant, Q = 7 E dB/m 
€ 


2 
2. Phase shift constant, B= @ Jue sur] rad/m 
i e 
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ere 


2 
3. Velocity of the wave, uc l í T E 


4. Intrinsic impedance, N = E [^ j 29e] Q 
€ 


20€ j 


5.17 WAVE PROPAGATION CHARACTERISTICS IN GOOD 
CONDUCTORS 


The propagation constant, y is given by 
Y= ey ue Tjouo 


= | JOUS [as <<1 for good conductors 
o 


- ono 245° 
Thus, Y =a+ jB = ouo 245° 


QUO 
Or, a= = ——— 
P 2 


The velocity of the wave in a conductor is 


o Ro 


“B Vuo 


and the intrinsic impedance of the conductor is 


jop 


J ~ \o+ joe 


| 
n 
Ó 
+ 
Q 


a EY ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 


joue 
Y oe 


n puc 


5.18 SUMMARY OF CHARACTERISTICS OF WAVE 
PROPAGATION IN GOOD CONDUCTORS 


QUO 
= ,j/——, dB 
ND Bm 
B = 7 rad/m 
v= ZO 
luc 
jou 
n = ——,Q 
Vo 


5.19 DEPTH OF PENETRATION, 5 (m) 


Definition The depth of penetration is defined as that depth at which the 


1 : : m . 
wave attenuates to — or approximately 37 per cent of its original amplitude. 
e 


Depth of penetration is also called skin depth. It is a measure of depth to 
which an EM wave can penetrate the medium. 


The depth of penetration 


1 : : 
ô =—,a being attenuation constant 
a 


The conductivity of the medium attenuates the wave during propagation. 
At radio frequencies, the rate of attenuation is more in good conductors. 


Proof of ô= A 
a 
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Let the wave attenuation be represented by 


E=Eje 
z being the direction of propagation. 
At z=6 
E=Eye® (5.14) 


As per the definition of 6, we have 


E-Eje! at z=5 (5.15) 
From Equations (5.14) and (5.15), we have 
Eo et = Eo noe 


ad =1 


or, 6 = Hence proved. 


d 
a 


Problem 5.9 Find the depth of penetration, § of an EM wave in copper at 
f = 60 Hz and f = 100 MHz. For copper, o=5.8x10’ mho/m, u, =1,€,=1. 
Solution For copper, at f = 60 Hz, 


o | 5.8x107 
We — 2nx60x8.854x10 ? 


2174x104 2» 1. 


Therefore, at f — 60 Hz, copper is a very good conductor. 
The depth of penetration, 


1 2 2 
a le ~ V2nx 60x 4nx10 7 x 5.8x107 


or, 8 -8.53x10? m 
At f = 100 MHz, 


c 5.8x107 


= as 11 
Ge — 2nx8.854x10 7 TUN 


-10425x10? >>1 
Copper is a very good conductor at f = 100 MHz. 
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The depth of penetration, 


1 2 
Ò z= — >= — 
Q QLLO 
7 | 2 
2nx100x10° x 40x10 77 x5.8x107 
or, 8 =6.608x10 m 


5.20 POLARISATION OF A WAVE 


Definition Polarisation of a wave is defined as the direction of the electric 
field at a given point as a function of time. 
The polarisation of a composite wave is the direction of the electric field. 
Types of Polarisations 
These are of three types, namely 
(a) Linear polarisation 
(b) Circular polarisation 
(c) Elliptical polarisation 


Linear Polarisation 


A wave is said to be linearly polarised if the electric field remains along a straight 
line as a function of time at some point in the medium. Linear polarisation of a 
wave is again of three types, namely 


(i) Horizontal polarisation 
(ii) Vertical polarisation 
(iii) Theta polarisation 
E When a wave travels in z-direction with E and H fields lying in xy-plane, 
if E, 20 and E, is present, it is said to be x-polarised or horizontally polarised. 


If E. is only present and E, =0 the wave is said to be vertically (y-polari- 


sed) polarised. On the other hand, if E, and E, are present and are in phase 
then the wave is said to be 9-polarised. This is given by 


E 
9 =| tan? — 
E, J 


I——^ 
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Circular Polarisation 


A wave is said to be circularly polarised when the electric field traces a circle. 
If E, and E, have equal magnitudes and a 90 degree phase difference, the 
locus of the resultant E is a circle and the wave is circularly polarised. 


Let E of a uniform plane wave travelling in the z-direction be represented by 
E; = E. e P 
and in time varying form 
[A = Re(E,e ei") 
As the wave moves in z-direction, E and H lie in x-y plane. 
Here, E, is a complex vector, that is, E, can be written as 
E, =F, +jE, 
where E, and E, are real vectors. 
At some point in space (say z = 0) E. p becomes 
Ep, = Re [(E + jE2) e^] 
= F cosot — E, sin ot 


As per the definition of circular polarisation, the electric vector at z = 0 is 
expressed as 


E, =E; a, + jE; ay 


E (0, t) = E; cosota, — E, sinwta, 


that is, E, = E, coswt 
E, =—-E, sinot 
ge 2 
So, E. T E, = Et 


This represents a circle. 


Elliptical Polarisation 


If E, and E are not equal in magnitude and they differ by 90? phase, then 
the tip of the resultant electric vector traces an ellipse. The wave is said to be 
elliptically polarised. 


Here E, can be written as 
E, =aa,+jba, where a and b are constants 
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E (0, t) 2 acosota, —bsinata, 
E, =acos@t 


E, =—bsinot 


~ 2 
RET 
Or, Sr md 
TOUS 
This is the equation of an ellipse and hence the wave is said to be elliptically 


polarised. 


5.21 SOURCES OF DIFFERENT POLARISED EM WAVES 


Horizontal dipole produces horizontally polarised waves. 
Vertical dipole produces vertically polarised waves. 
Inclined dipole produces 0-polarised waves. 
Circular slots produce circularly polarised waves. 


Elliptical slots produce elliptically polarised waves. 


5.22 DIRECTION COSINES OF A VECTOR FIELD 


Definition The direction cosine of a vector field is defined as the cosine of 
the angle made by the vector with the required coordinate axis. 


Consider a vector E which is arbitrarily oriented with respect to the Cartesian 
coordinate axes. Assume E makes angles 0,, 0, and 0, with x, y and z-axes 
(Fig. 5.3). Then the component of a vector in a given direction is the projection 
of the vector, E on a line in that direction, that is, 


Fig. 5.3  Arbitrarily oriented vector, E 
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E, =E.a, = Ecos0, 
E, =E.a, =Ecos0, 
E, =E.a, =Ecos0, 
cos 8,, cos 0, andcos 0, are known as direction cosines of the vector along 
the coordinate axes. 


Problem 5.10 A vessel under sea water requires a minimum signal level of 
20u V/m. What is the depth in the sea that can be reached by a 4.0 MHz plane 
wave from an aeroplane? The wave has an electric field intensity of 100 V/m. 
The propagation is vertical into the sea. For sea water, o- 4mho/m, y, =1, 
€,=81. 

Solution At f =4.0MHz=4.0x10° Hz 


For sea water 


6 =4.0mho/m 
H, =1 
€, =81 
[o] 4 


Me  2nx4x106x8.854x10 ? x81 


re 
~ 2253.06 


Hence sea water is a good conductor. 


=221.9>>1 


Intrinsic impedance of sea water, 


ZA45° 


6 -7 
n = Oe age ERO areas 
[o 


=2.8 Z45?Q 


nı (free space) 2 3770. 
04 (free space) =0 


o  2nx4x10° 


"ET S 8.377x10 ? (m 1) 
x 


B, (free space) = 


Transmission coefficient 


205 


Ni T2 
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N2 =2.8 245° = 1.9798 + 71.9798 
Transmission coefficient 


_ 3.9596 + 73.9596 
377 + 1.9798 + 71.9798 


| 5.6745? 
378.97984 j1.9798 


-1477x10? 244.70 


The transmitted electric field 


-1477x10? x100 21.477 V/m 


9» 


Propagation takes place in the form of e ??*. Therefore, the distance at 


which the signal becomes 20u V/m is found out from 
1.477e *2^ - 20x10 


Qd 20x10 $ 
1.477 


or, =13.54x10~° 


or, -ad =1n 13.54x10° 
— —6 In 13.54 
= —15.6338 


+15.6338 

d EIU 
2 
QUO 


But Q5 = 3 


_ fee 10° x4x4nx107 
2 


-8nx410 
=25x0.316 
=7.905 (m!) 


_ 15.6338 
7.905 


=1.977m 


d =1.977m 


that is, the signal will reach the vessel when it is at a depth of 1.977 m. 
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Problem 5.11 The electric field of a plane wave propagating in a medium 
is given by E= 4.0e ** cos (10? mt)—Bx) a, V/m. The medium is characterised by 
€,-49, w,=4 and o=4mho/m. Find the magnetic field of the wave. 


Solution Here o-zxx10? 


o _ 36x4 


: — - = 2.938 
The ratio m 49 


This is neither «« 1 nor »» 1 


- jou jnx10? x 4x 4nx10 7 
T = 7 = 
Vo+ je] hl 44 jrx10 x49x — 
36m x10 
_| |jlén?x10*x36| 240m 245° 
| 4x36+ j49 144+ j49 
2407 245° 240n 245° 


~ (20736+240) 218° 152.10 29.39° 
= 61.13 235.604° 


H =—0.065cos (10° nt — Bx — 35.604") a, 


Problem 5.12 An elliptical polarised wave has an electric field of 
E=sin (wf —Bz) a, +2 sin (w@t—Bz+75°) a, V/m. 
Find the power per unit area conveyed by the wave in free space. 

Solution E, -sin(ot pz), V/m 

E, —-2sin(ot — Bz -75?), V/m 
According to Poynting theorem, we have 

Pis =EXH 
hee SEE) 
® 2o 2 No 


(s 


124927] 


P, = 0.00663 w/m? = 6.63 mw / m? 
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5.23 WAVES ON A PERFECT CONDUCTOR—NORMAL 
INCIDENCE 
1. When a wave in air is incident on a perfect conductor normally, it is entirely 
reflected. 


2. As neither E nor H can exist in a perfect conductor, none of the energy is 
transmitted through it. 


3. As there are no losses within a perfect conductor, no energy is absorbed in 
it. 

4. When an EM wave travelling in one medium is incident upon a second 
medium, it is partially reflected and partially transmitted. 


Total fields of a wave at any point after reflection with normal incidence 
on a perfect conductor 


Resultant electric field, 

Ep(z, t) = 2E; sinBzsinot 
E; is the amplitude of the electric field of the incident wave, z = direction 

of propagation. 

Resultant magnetic field, 

Hg(z, t) 22H; cosfz cosot 
H; is the amplitude of the magnetic field of the incident wave. 
Let the electric field of the incident wave be 

2j 2n 

Eincident = E; € Pm p = A 
Then the electric field of the reflected wave is 

E reflected = E, er 
The boundary condition is 


Eun) = Eun? =9 at z =0 
This requires that 


Ep =(E,e 7 e E, el )-0 
At z=0 
E; +E, =0 
E; =e. 


This means, the amplitudes of incident and reflected electric field strengths 
are equal but with a phase reversal on reflection. 
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Now Ep (z) = E; e P7 + E, e P 
-E, (e fb = el?) 
= 2j E; sinz 
In time varying form 
Ep(z, t) =Re{-2jE; sinfze/^'] 
Ep (x, t) = -2E;sinBzsinot 


This obviously represents a standing wave. The variation of Ep is shown in 


Fig. 5.4. 
Perfect 
reflector 
Fig. 4 Standing ——Z 
waves z-0 
Conclusions 


1. The magnitude of electric field varies sinusoidally with distance from the 
reflecting plane. 


2. Ep =0 at the surface of the conductor (z = 0) and also at z= ^, n,=1, 2, 3, ... 
3. (Ex) max "E 2E; 
4. E, is maximum at z= m^, m=1,3,5,... 

Resultant magnetic field, Hp 


Let us write Hg as Hp(z)=H,e " +H, eP 
At the surface of a perfect conductor, 


Ftant -Hanz =Js 
As J, is not specified, we cannot use this boundary condition. Suppose 
Hj - — H,. It leads to identical directions of incident and reflected powers. This 
cannot be true. Therefore, H; and H, should be the same at z=0, 
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Hg(x) =H; CR + ez) 
= 2H; cosBz 
In time varying form, 
Hp (z, t) = Re (2H; cosBze!} 
Hs (z, t) = 2H; cospz cos œt 


This also represents a standing wave. The variation of the Hp is shown in 
Fig. 5.5. 


Perfect 
reflector 


Fig. 5.5 Variation of resultant 
z=0 magnetic field 


Conclusions 


1. Magnitude of Hg varies cosinusoidally with distance. 
X 

2. Hp =0 at z=m a m=1, 3, 5,... 

3. (AR) max = 2H; 


; s À 
4. Hg is maximum at z=n 5 =1, 2, 3,... from the surface. 


5.24 WAVES ON DIELECTRIC—NORMAL INCIDENCE 


When an EM wave is incident normally on the surface of a dielectric, reflection 
and transmission take place. 


For a perfect dielectric, o — 0. Hence, there is no loss or no absorption of 
energy in it. 


Reflection coefficient It is defined as the ratio of reflected wave and 
incident wave. 
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That is, the reflection coefficient 


_ reflected wave 
— incident wave 
Reflection coefficient for 
E 
E= Ig = 
E; 
Reflection coefficient for 
H= Ty, = E 
H H, 


reflected electric field 


where 


Il 


E, 
E; = incident electric field 
H, 7 reflected magnetic field 


H; = incident magnetic field 


| 


Transmission coefficient It is defined as the ratio of transmitted wave 


and incident wave. 


Transmission coefficient 


_ transmitted wave 


incident wave 
Transmission coefficient for E is 


and transmission coefficient for H is 


T= 
H H 


i 


Expressions for reflection and transmission coefficients are: 


tees pd tel 
p=% = 

Ej n2+nı 
pers E E 
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T us Aio 
unl cM EE 
Ej m+n? 

A Ann 
PU de es 
A; +n 


where n, and m; are intrinsic impedances of medium 1 and medium 2 
respectively. 


Proof Let €,, 1,11 be the permittivity, permeability and intrinsic 
impedance of medium 1. €5, U2, Nz are the values for medium 2. We know that 


E; 214 Hj 
E, =N H, 
E, =N2 H, 


At the boundary of a dielectric, the tangential components of E and H are 
continuous, that is, 


E; +E, =E; 
H,+H, =H; 
From the above equations, we have 
nı (H; +H,) -Ej -E, =, H; 
=ù; H; - (E; -E,) 
= p =T (EjE,) 
2 n» 


12 (E; -E,) 2 m (E; t E,) 


or, 12 E; 7n; E; 2, E, * n? E, 
E. op a eeN d 
So, m E M +N; Hence proved. 
Now consider, E, =Ę+E, 
E "E 
E; E; 
zn Ma M 
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Tot +12 7-11 


Ni +N2 
E 215 
Es É =.= Y Hence proved. 


From the above equations 


i Ej N2 +N1 
gue ea 
Hi "i +N2 
Hence proved. 
Similarly, consider 
H,;+H, =H, 
H; H 
or mm 
1 1 
-14 U2 
T; +N2 
H 2n1 
H, =Ty = N1 +N? Hence proved. 


5.25 OBLIQUE INCIDENCE OF A PLANE WAVE ON 
A BOUNDARY PLANE 


Reflection and transmission of a wave depend on 
1. the type of polarisation of a wave 
2. the medium of the boundary. 


General polarisations, namely, parallel and perpendicular, are considered. 


Parallel Polarisation 


It is defined as the polarisation in which the electric field of the wave is 
parallel to the plane of incidence. Parallel polarisation is also called vertical 
polarisation. 
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Perpendicular Polarisation 

It is defined as the polarisation in which the electric field of the wave is 
perpendicular to the plane of incidence. Perpendicular polarisation is also 
called horizontal polarisation. 


Plane of Incidence 


It is a plane which contains the incident, reflected and transmitted rays and 
is normal to the boundary. 


It is described in Fig. 5.6 in which x-y is the plane of incidence. 


Plane of incidence 


«— —— Interface 


Incident ray Fig. 5.6 Plane of incidence 


5.26 OBLIQUE INCIDENCE OF WAVE ON 
PERFECT CONDUCTOR 


When a wave is incident on a perfect conductor, it is reflected back into the same 
medium. The resultant fields depend on the type of polarisation. 


Parallel Polarisation 


The incident and reflected electric fields are shown in Fig. 5.7. 
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>x 
Fig. 5.7 Incident and reflected electric fields in 
parallel polarisation Perfect conductor 
The incident and reflected magnetic fields are shown in Fig. 5.8. 
y 
A 
>x 
Fig. 5.8 Incident and reflected magnetic fields in 
parallel polarisation Perfect conductor 


The incident magnetic field is given by 


Hj; = H; e Yn 
where a, = unit vector normal to the plane 
r - (x, y, z)isaradiusvectoron the plane 
a,.r =x cos 0, +y cos 0, +z cos 0, 
n 

where 0. = (2*4 

0, = (n T 0;) 

T 
0. = > 


8,,9, and 0, are the angles made by a unit vector normal to the plane 
with x, y and z-axes (Fig. 5.9). 
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Fig. 5.9 Unit vector normal to the plane 


a,.r =x sin0; — y cos0j 


H; -H;e! (xsin0—ycos0) 
mE 


Similarly, Hg =H, e! D 
Here, a, -r =x cos €, +y cos €, +z cos 0; 
,_ (7 
0. (2-93 
0, =6, 
, 
0, =5 


0%, 0, and 6, are the angles made by the unit vector normal to the plane with 
x, y and z-axes (Fig. 5.10). 


H, =H e Y (xsin 8+ ycos 0) 

R~**r 

Hr =H,+Hp 
tel —y (xsin 0—3cos 0) —Yy (xsin 04 ycos 0) 
-Hije d +H,e Y 


At the surfaces of the conductor, E; =—E,. In order to satisfy the direction 
of power flow, H; must be equal to H, that is, H; = H,. Now 


Hr =H. [e ' (xsin 06—y cos 8). 7t (xsin 064 y cos €) 
i 
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Fig. 5.10 Unit vector normal to the plane 


=H. e sin 0 (e2089 pg eos) 
1 
Here, y= propagation constant = a+ jp 
But in free space, œ =0. 
Hence Y =78 
The expression for Hz is given by 


Hy = H; e~ fBxsin O (oues 9 i. TRUCOS UY 


Hz -2H;cos(fy cos 0) e /P*5in e 


or, Hr =2H;,cos(By y)e Pax 


where, By — p cos6, B, =B sino 
Conclusions 
1. The maximum value of Hr is 2H;. 


2. The maximum occurs at y = 0, at y= ES and at its even multiples. 


3. The minimum is zero and it occurs at y =a and at its odd multiples. 


In order to find the resultant electric field, we can make use of the relations 
between the magnetic and electric fields. 
E; =H; 


E, =n cos0 H}, for the incident wave 
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= -y cos0 Hr, for the reflected wave 
Similarly, E, =1 sin 0 H}, for the incident wave 
=n cos 0 Hp, for the reflected wave 
The resultant E, is 
E, =n cos0 H; -n cos0 Hy 
-Tncos0 [H; - Hg] 


- cos [H; e P (xsin0—y cos 25 e P? (xsin0-- y cos 8 
i 


Er, 7 2j cos0H; sin, ye Pax 


Similarly, E, =n sin0 Hj, for the incident wave 


=n sin0 He, for the reflected wave 


Er, =2n sin 0 H; cos By ye IP 


Perpendicular Polarisation 


» cu 


Boundary surface Fig. 5.11 Electric field in perpendicular polarisation 


For the incident wave, 


Er = E; e (a,r) 


à,.f =XCOS (r9 ycos (n-0)*z cos 5 


Ej EVE: e P (xsin0- ycos0) 
1 
For the reflected wave, 


Er = E, e P (aj, f) 
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a;.r —xcos (r9 ycos0- zcos^ 


) 


=x sinð +y cos0 


ees e P (xsin0-y cos) 
Er 


But E; =E, 
Er = E; [eB (xsin @—-ycos@) + e P (xsin ey cos8)] 
= 2j E; sin (By cos9) e /P* 5n? 
or, Er =2jE; sinBy ye IBxx 
where By =B cos®, B, =P sine 


5.27 OBLIQUE INCIDENCE OF A PLANE WAVE ON 
DIELECTRIC 


When a wave is incident on a dielectric, a part of it is reflected and a part of it 
is transmitted through the dielectric. If 9;, 0, and 0, are the angles of the incident, 
reflected and transmitted rays, 0; 20,. The angles 0; and 90, are related by 
Snell's law, that is, 


sin 0; _ [en 
sin0, €4 


Parallel Polarisation 
Consider Fig. 5.12. 
The boundary condition on E is 
Etani E Ein? 
(E; — E,) cos0; = E, cos0, 
Dividing both sides by E., we get 
j- Ek bg = B cos, 
E; 7 E 


i i 


E 1 E, ) cos; 
= 5 (5.16) 


or, E E; 7 cos, 


i 
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Incident wave Reflected wave 


Medium 1 


mx 
Boundary surface 


Medium 2 


Fig. 5.12 Incident, reflected and 
transmitted rays 


Transmitted wave 


By the law of conservation of energy, incident energy is equal to the sum the 
of reflected and transmitted energies, that is, 


lg cos0; = a2 E? cos0; + ES E? cos0, 
"ni ni n2 
" E? PU E? cos0, 
E? N E? cos6; 
From Equations (5.16) and (5.17) 


(5.17) 


E? a Nh E, y cos6; y cos0, 
Eo um E; J cose, J cos6; 
211 E, | cos6; 
T? E; | cos, 
2 2 
E; 12 nı A cos6; 
E? no J cos0, 
2 
E; id E, ide T i cos; 
E AE J ™% J cos0, 
E, PN _m (4 _ E, ) cose; 
E; J No 


E; J cos8; 
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Simplifying this expression, we get 


E,  7,c0s0; -n, cos6, 


Ej B 14 €050; +N, cos0, 


VEq Lr 
For most of the dielectrics, 


H =Uo 
Hy —H2-7Ho 


Vei leo 


Hence the reflection coefficient is 


E,  4€;2 COSO; - J€,4 COSO; 


E; VE r2 cos0; + Je 4 cos, 


Ez J€ 2 cos9; NONE (1- sin? 0,) 
E; VE ;? COSO; es (1- sin? 0,) 


sin? 0; €, 
as : ih 
sin? 0, € rl 


A . 2 
er sin? 0; -€,, sin^ 0, 


(1-sin29,) =| 1- 5t sino, 
€, J 


€ n 

€,» cos; — le 1 S8 gin g,d 

r2 i ri i4 
€, J 


Bu 
E 


VE r2 cos; 2 [fra ad 


€;2 
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E 
Or, B 


Perpendicular Polarisation 


Consider Fig. 5.13 in which E is z-directed and x-y is the plane of incidence. 


>x 


Boundary surface 


Fig. 5.13 Wave incidence with 
perpendicular polarisation 


From the boundary condition, we have 


E; +E, =E, 
Phi gi 
E E 


1 i 


From the law of conservation of energy, we have 


2 2 
E ee: e cos6, 


E ] ur E; J cos0; 


2 
= eee E cos; 


1 E; J cos; 


n 
As Ni = Eo, qi, Eo, 
Vey Veo 
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On simplification of the above expression, we get 


€ 
cos; — E sin? 0, 


\ 


€ 
cos0; + [en sin? 6; 


\ ` 


En ) 


5.28 BREWSTER ANGLE 


Definition Brewster angle is the angle of incidence at which there is no 
reflection. 


Brewster angle for parallel polarisation 


For parallel polarisation, we have 


€ € ; 
r2 cos; | ra ) sin? 0; 
€ 


E, E E71 n) 
E 
i € : 
72 cos0; +, || —2 I sin? 9; 
E71 en 
E, 
At Brewster angle, — =0 
E; 
AD 
2 cos9; =|=- sin? 6; 
r1 €4 
2 
€ ; 
Er2 4 cog? 9, =—"2 — sin? 0; 
* 1 
€, J Sri 
2 2 
€ € ; E72 ua? 
e] - en] sin? 0; - — - sin* 6j 
er J ral J Sr 
Simplifying this, we get 
: € 
sin? 0; =——2 
E1 t€, 
€ € 
Or, cos? 0; = r2 Ts a 
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€ 
tan; = |—2 
Ey 
T -1 fEr2 
Brewster angle, 0; =tan ex 
rl 


Brewster angle for perpendicular polarisation 


€ ; 
cos6; — r sin? 0, 


E, \ En J 
We have E (CEN RETE: 
i c i 
cos6, + || 2 4- sin? 6; 
\ E71 
E, 
At Brewster angle, —. -0 
E; 
€ CA 
cos? 0; == -sin^ 0; 
Er 
€ 
Or, cos? 0; ^ sin?0; = —2. =1 
Ey 
Ey. =©r2 


Hence, the condition for no reflection in perpendicular polarisation is 
En=€r2- 


5.29 TOTAL INTERNAL REFLECTION 


Definition Total internal reflection is said to exist if 
1. the angle of incidence is very high 


2. medium 1 is denser than medium 2 and 


. € 
3. sin 0; > ziz 
Ey 

For total internal reflection, 


e] 


cos 0; + j sin? 0; — 


Ep. <i] 


E. ) for perpendicular polarisation 
‘cos 0; - j sin? 0; T 
€1 ` 


— 
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© droso, +j [sin o; (51 
E, 461] <1] 


5.30 SURFACE IMPEDANCE 


Definition It is defined as the ratio of the tangential electric field, E, to the 
linear current density, J, which flows due to the electric field, that is, 


E 
z, ==, ohms 


S 


For a flat thick conducting sheet, the current density (Fig. 5.14) is given by 


for parallel polarisation 
Ei (ei) : Jin? ez | 
icos 0; - j |sin^ 0; -| —-z 
€J €1 J 


The concept of total internal reflection is often used in binocular optics. For 
these applications, glass prisms are used to shorten the instrument. 


Fig. 5.14 Current density 


h 


>) 


J=he” 


As the conductor considered is thick, the depth of penetration is much 


smaller compared to the thickness of the conductor. 


The surface current density is 
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ed 
T 
The current density at the surface, J; is given by 
J, 7 9E, 
From the above expressions, we have 
E, E SN em d 
J s o J 1 o 


For a perfect conductor, o is very high. 

Y= J- UE t-jouo 
= jon (6+ joe) 
~ jono 


Zs = 


Jiono _ [jon 


o o 


S 


= [PR 445° 
© 
Zs =R; +j X; 
= eo ou 
26 26 


Problem 5.13 A perpendicularly polarised wave is incident at an angle of 
0; =15°. It is propagating from medium 1 to medium 2. Medium 1 is defined by 
€,,=8.5, py, =1, 0; =0 and medium 2 is free space. If E; = 1.0 mV/m, determine 
En Hy Hy 


Solution The intrinsic impedance of medium 1 is given by 
n= Hi Ho Hn 
VE, Veo EX 
= 377X [3E 
8.5 
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T 21290 
As medium 2 is free space, 
N2 2377Q 
By Snell's law 
sin0; {Ey | €o 
sin 0, €1 € 8.5 
0, = 49? 


The reflection coefficient for electric field is 


E,  m»5cos0;-n, cos; 


i  12€c0s0; +n, cos 0; 


— 0.490 


E, —0.490x1.0x10? 20.490 mV /m 
E, =0.490mV/m 


E; 
Now TÉ =N1 
E; 10x10? 
Nh 129 
H; =7.754A/m 
E, 
and similarly, H =ù; 
r 
or, H, 43.798. A/m 


5.31 POYNTING VECTOR AND FLOW OF POWER 


When EM waves travel from one point to another, there will be energy flow 
across the surface involved. 


Poynting Theorem It states that the cross product of E and H at any 
point is a measure of the rate of energy flow per unit area at that point, that is, 


P =ExH watts / m° 
Poynting Vector, P is defined as 


P =ExH watts / m? 
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If E and H are instantaneous, P is also instantaneous. 


Proof First Maxwell's equation is 


VxH -D«J-cE-«J 


or, J=VxH-eE 
that is, E.J -E.VxH-c E.E 
But V.(ExH) =H.VxE-E.VxH 


E.J -H.VxE- V.ExH-c E.E 
As VxE =-uH, this becomes 
E.J --uH.H-c E.E- V.ExH 


Here E.E = 


pj -v.Exa- 2 (Lento le gn) 
at \ 2 2 J 


Taking volume integral, 
2 ) 


9 ((1 ,2.1 2) 
E.Jdo =-| (V.ExH)do- — || Ze E^ 4 2uH* 4d 
J Jdv E «m dv J (5e u V 


By divergence theorem, 


J V.ExHdv = f(ExH).dS 
v S 


7 0 1 2,1 72) 
ee copus xl 5E ESRA adv 


) 


The left hand side represents energy dissipated in the volume. 


The second term on the right hand side represents the rate at which the 
stored energy in magnetic and electric fields is changing. (-)ve sign indicates 
decrease. Therefore, by the law of conservation of energy, the rate of energy 
dissipation in the volume is equal to the rate at which the stored energy in static 
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electric and magnetic fields in the volume is decreasing plus the rate at which the 
energy is entering the volume from outside. Therefore, 


- f (Ex H).dS 
S 
represents inward power flow, or 


}(ExH).dS 
S 
represents outward power flow. 


KExH).dS is in watts 
S 
ExH represents power flow per unit area, or, ExH is in watts/m’. 


P=ExH Hence proved. 


Problem 5.14 The magnetic field, H of a plane wave has a magnitude of 
5 mA/m in a medium defined by €,=4, u, =1. Determine (a) the average power 
flow (b) the maximum energy density in the plane wave. 

Solution (a) We have 


E =188.4H -188.4x 5x10? 2942.0 mV/m 


ae E? | 9420x10?x942x10? 
7 — 2x188.5 377 
(b) The maximum energy density of the wave is 


= 2353.75u w/m? 


Wr -1e E?^x2-eE?-ege, E? 


= 4x8.854x10 7 x 942x 942x10 í 
—314.269x10? x10718 
-3142x106 x10718 


Wer 23142PJ/m? 


Problem 5.15 A plane wave travelling in a medium of €,=1, u, =1 has an 
electric field intensity of 100x x V/m. Determine the energy density in the 
magnetic field and also the total energy density. 
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Solution The electric energy density is given by 


1 2 1 2 
W, =—e EX =—e,e, E 
E 2 2 O=r 


- 5x8.854x10 x1x100? xx 


-213.9x10^? 2 139x10? 


W, =139n]/ m? 
As the electric energy density is equal to that of the magnetic field for a 
plane travelling wave, 


Wy = 139 nJ / m? 


So the total energy density, 


Wr =278nJ/m° 


Problem 5.16 The conductivity of sea water, o =5 mho/m, €,=80. What 
is the distance, an EM wave can be transmitted at 25 kHz and 25 MHz when the 
range corresponds to 90% of attenuation? 


Solution If the wave is moving in x-direction, we have 


eg =0.1 
that is, In (e ?*) =In (0.1) 
-ax =In (0.1) 
—Qx =-2.30 
2.30 
Or, x ——— 
a 


at f = 25 kHz, a = 0.702, 
at f 25 MHz, 
a — 21.96 


at f 2 25 KHz, EUN 
0.702 
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Hence x =3.27m 
at f =25MHz, 
2.3 


x = 
21.96 
or x =0.104m 


Problem 5.17 A plane wave with a frequency of 2 MHz is incident upon 
a copper conductor normally. The wave has an electric field amplitude of 


E 22 mV / m. Copper has p, =1, €,=1 and o=5.8x10’ mho/m. Find the average 
power density absorbed by copper. 


Solution Copper is a good conductor 


n= ey eae 
o 58x 10° 


-4T x10 = 4T x10 = 5235x104 Q 
58 2.40 
1 E 
—x4x10 
= 1 E? m 


- - 20.382x10? w/m? 
7" 2Inl 5235x10* 


p, = 3.82 mw / m? 


5.32 COMPLEX POYNTING VECTOR 


It is defined as 


P, -lguge 
2 


where H* is the complex conjugate of H. 


P, 


a 


1 


1 
Pease = 2 Im (Ex H*) 


Complex Poynting vector is useful to find average power flow. We have, 


1 
Pay = 5 Re(EH*) 
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- E Re (nHH*) 


If H - H, el^! 


= -jot 
H* SA 2 J 


1 
Pry = 5 Hm Re (n) 
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> For a uniform plane wave propagating in x-direction, E,=0 and H, =0. 


> Intrinsic impedance of free space is 1207Q. 


v 


nates UL NE. E 
> Intrinsic impedance of a medium is 1 x 


> The wave equations in a conductive medium are: 
V?E -uc E* uoE 
V?H -uec H«ucH 
» The solution of uniform plane wave propagating in x-direction is 


E =f (x—-vpt) 


> Propagation constant is y- J—o)u e jouo 


» Attenuation constant in free space is zero. 


> Phase constant in free space is B=@,/Ug€o 


TA Q 

> Phase velocity in free space, v, x 
PR o 
» Dissipation factor D p= 
WE 


: : o Ouo 
> Attenuation constant in good conductors is & = ape 


OUG 
2 


> Phase constant in good conductors is B= 


> œ in good dielectrics is dm = 
2Ve 
» Depth of penetration, coe 
i 


» Poynting vector, P=ExH 
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> Complex Poynting vector, P, = ; ExH* 


' A reflected wave 
> Reflection coefficient = ——— — — — 
incident wave 


transmitted wave 


» Transmission coefficient = 


incident wave 
ex Js 
> Brewster angle, 0, = tan™ |— 
ET 
in; €^ 


> Snell’s law is given by 3 = mE 
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OBJECTIVE QUESTIONS 


1. Characteristic impedance of a medium is E x (Yes/ No) 
2. Velocity of propagation of uniform plane wave and its phase velocity are identical. 
(Yes/ No) 

3. Brewster angle is the angle of reflection. (Yes/ No) 
4. PxH gives average power. (Yes/No) 
5. E- e/?* a, means that E- sin (of * 2x) a,. (Yes/ No) 
6. E and H in good conductors are in time phase. (Yes/ No) 
7. Power density is represented by Poynting vector. (Yes/ No) 
8. Complex Poynting vector is ExH*. (Yes/ No) 
9. The units of Poynting vector are watts. (Yes/ No) 
10. Depth of penetration is nothing but o. (Yes/ No) 
11. B has the unit of radian. (Yes/ No) 
12. Unit of œ and p are the same. (Yes/ No) 
13. Unit of the propagation constant is m”. (Yes/ No) 
14. Brewster angle is the same as critical angle. (Yes/ No) 
15. In circular polarisation, E, and E, components have the same magnitude. 
(Yes/ No) 

16. In elliptical polarisation, E, and E, components have the same magnitude. 
(Yes/ No) 

17. Horizontal polarisation is said to be linear polarisation. (Yes/ No) 
18. When an EM wave is incident on a perfect conductor normally, standing waves are 
produced. (Yes/ No) 

19. According to Snell's law, the angle of incidence and the angle of reflection are the 
same. (Yes/No) 

20. Polarisation and the direction of propagation of an EM wave are one and the same. 
(Yes/No) 


21. In perpendicular polarisation with oblique incidence on a dielectric, there exists 
Brewster angle. (Yes/No) 
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22. If E- cos (6x10? t-fz) a,, B. is 


23. If the attenuation of a plane wave in a medium is 225x10? m !, the depth of 
penetration is 


24. If the depth of penetration of a plane wave in a medium is 2 mm, the attenuation 
constant is ; 


25. Brewster angle is given by 


Answers 
1. No 2. Yes 3. No 4. No 5. Yes 
6. No 7. Yes 8. No 9. No 10. No 
11. No 12. No 13. Yes 14. No 15. Yes 
16. No 17. Yes 18. Yes 19. No 20. No 
21. No 22. 02 rad/m 23.4 cm 24. 0.5x10° m 1 
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10. 


MULTIPLE CHOICE QUESTIONS 


. Poynting vector is given by 

(a) ExH (b) E.H (c) 
. Poynting vector gives 

(a) rate of energy flow (b) 

(c) electric field (d) 
. E.H of a uniform plane wave is 

(a) EH (b) 0 (c) 
. Absolute permeability of free space is 

(a) A4nx107 A/m (b) 

(c) 4rx10” F/m (d) 
. For a uniform plane wave in the x-direction 

(a) E,-0 (b) 

(c) E,=OandH, =0 (d) 
. Depth of penetration in free space is 

(a) infinity (b) 1/« (c) 
. Complex Poynting vector, P is 

(a) P=ExH* (b) 

(c) P= 7 EXH" (d) 
. Uniform plane wave is 


(a) longitudinal in nature (b) 
(c) neither transverse nor longitudinal (d) 


(a) inversely proportional to p (b) 
(c) directly proportional to p (d) 


HxE (d) H.E 


direction of polarisation 


magnetic field 


nE? (d) nH? 


Anx107 H/m 
Anx107 H/m? 


© 


(d) small 


P=ExH* 


ExH 


transverse in nature 


x-directed 


E (d) H 


. The direction of propagation of EM wave is obtained from 
(a) ExH (b) E.H (c) 
The velocity of an EFM wave is 


inversely proportional to œ 
directly proportional to œ 
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11. Velocity of the wave in an ideal conductor is 
(a) zero (b) very large 
(c) moderate (d) small 


12. If E = 2V/m of a wave in free space, (H) is 
1 


(a) c; Am (D 60xA/m (c) 1201A/m (d) 2402 A/m 


13. If wet soil has o=10°7 mho/m, 6-15) u,=1, f=60Hz, itis a 
(a) good conductor (b) good dielectric 
(c) semi-conductor (d) magnetic material 

14. If wet soil has 6-210? mho/m, €,-15, u,=1, at 10 GHz, it is a 
(a) good conductor (b) good dielectric 
(c) semi-conductor (d) semi-dielectric 


15. The cosine of the angle between two vectors is 
(a) sum of the products of the directions of the two vectors 


(b) difference of the products of the directions of the two vectors 
(c) product of the products of the directions of the two vectors 


(d) zero 
16. If E is a vector, then V.VxXE is 
(a) 0 (b) 1 
(c) does not exist (d) none of these 


17. Velocity of an EM wave in free space is 
(a) independent of f (b) increases with increase in f 
(c) decreases with increase in f (d) zero 


18. The direction of propagation of an EM wave is given by 


(a) the direction of E (b) the direction of H 

(c) the direction of ExH (d) the direction of E.H 
19. For uniform plane wave propagating in z-direction 

(a E,=0 (b) H,-0 

(c) E,-0,H,-0 (d E,=0,H, =0 


20. For free space, 
(a) o=% (b) o=0 
(c) J#0 (d) u, =0 
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21. Velocity of propagation of an EM wave is 


£0 Ho 1 E0 
b) = d) — 
v) Ho 2 €0 e 4MoSo a Ho 


22. The intrinsic impedance of the medium whose 6-0, €,=9, pu, -1 is 
(a) 40xQ (b 92 (c) 12072 (d) 60xQ 


23. The wavelength of a wave with a propagation constant =0.1m+ j0.2m is 


(a) 10m (b) 20m (c) 30m (d) 25m 
24. Electric field just above a conductor is always 
(a) normal to the surface (b) tangential to source 
(c) zero (d) œ 
Answers 
1. (a) 2. (a) 3. (b) 4. (b) 5. (c) 
6. (a) 7. (c) 8. (b) 9. (a) 10. (a) 
11. (a) 12. (a) 13. (a) 14. (b) 15. (a) 
16. (a) 17. (a) 18. (c) 19. (d) 20. (b) 


21. (c) 22. (a) 23. (a) 24. (a) 
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EXERCISE PROBLEMS 


. Find the depth of penetration for copper at 20 MHz. For copper 


6 =5.8x10’ mho/m, u, =1 


. What is the velocity of propagation of a uniform plane wave in a medium whose 


€,=10, n, =3? 


. Conduction current in a copper wire is 4.0 amps. Find the displacement current in 


the wire at 1 MHz and 10 MHz. For copper €,=1, u, =1, 6—5.8x10/ mho/ m. 


. An EM wave in free space is incident normally on a dielectric whose €,=5.0. Find 


the reflection and transmission coefficients. 


. If an electric field in free space is E=2.0 cos (ot —Bz) a, V/m, find the average 


power flowing across a square whose side is 2 m. The square is in z=a constant 
plane. 


. Derive the condition under which the electric field E =k cos (3x10? t-z) a, exists 


in a source free dielectric medium. Here k is a constant, B is a constant. 


. If the electric and magnetic fields in a medium (u, =1 and e,- 4) are given by 


E = 10cos(10°t-Bz)a, and H= IL (105; — Bz) a, find out N, f and B. 
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GUIDED WAVES 


The propagation characteristics of guided waves are different 
from wave propagation characteristics in free space. 


The main objective of this chapter is to provide the conceptual behaviour of EM waves 
in guided structures. The topics include: 


fields and propagation characteristics between parallel plates 


fields and propagation characteristics in hollow rectangular and circular 
waveguides 


TE, TM and TEM waves 
cavity resonators 


solved problems, points/formulae to remember, objective and multiple choice 
questions and exercise problems. 


Do you know? 


The Transverse Electromagnetic (TEM) wave does not exist in a 
hollow waveguide. 
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6.1 INTRODUCTION 


In the previous chapter, propagation characteristics of uniform plane waves in 
free space were considered. These characteristics are very important when waves 
propagate between transmitter and receiver in free Space. However, there are 
practical situations where propagation is by means of guided waves, that is, the 
EM waves may be guided between conducting planes or along a pair of wires 
or coaxial transmission lines. They may also be guided in wave-guide structures. 
In these cases, the medium of propagation is not free space. 


6.2 WAVES BETWEEN PARALLEL PLATES 


In these structures, the waves are no more uniform plane waves. Hence their 
propagation characteristics are described in terms of Transverse Electric (TE) and 
Transverse Magnetic (TM) waves. 


6.3 DERIVATION OF FIELD EQUATIONS BETWEEN 
PARALLEL PLATES AND PROPAGATION 
PARAMETERS 


Consider Fig. 6.1. 


Bed: Fig. 6.1 Parallel conducting plates 


Assume that: 
(a) the plates are extended to infinity in y and z-directions 
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(b) the plates are perfectly conducting 

(c) the plates are separated by a distance of ‘a’ metres in x-direction 

(d) the space between the plates is air or free space 

(e) the direction of power flow is z 

(f) all field components in z-direction vary as e "^ where Yp =, + jB,- Here 
Yp is the propagation constant, ©, is the attenuation constant and p, is the 
phase constant. In time varying form the fields vary as 


e el at = el ot-By) [as OL, =0] 


(g) the field is uniform in y-direction as the plates are extended to infinity in 
y-direction 


As the medium between the plates is air, the first and second Maxwell’s 
equations are given by 


VxH - joe, E (6.1) 

and VxE = -jouo H (6.2) 
The corresponding wave equations in air are: 

V? E --o? My e; E (6.3) 

and V?H --o?uj e, H (6.4) 


Expanding Equation (6.1), we get 


x y Z 
eg as. is 3r 
XU lax y az 
H, H, H, 


oH oH 
za. oH, ty +a, [Ss ya, y 9H, 
oy | Oz Oz Ox ox | Qy 
- joe, E, a, + joe, E, a, + joeo E; a; 


Equating the respective components on either side, we get 


A y 
= =j]ME, E 
oy oz ] E0 pa 
oH, OH 
x cw Ue ac?) 
oH 
: oH, = IVEq E; 
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Similarly, expanding Equation (6.2) and equating the respective components 
on both sides, we get 


OE, 9E, , 
— -+ =-j@u, H 
oy oz PUE 
ðE, OE, . 
-—--iougH (6.6) 
do dm d EO 
9E, OF 
y x ] 
—-- ——-z-jo0usgH 
Ox 9y ] Uo Z 
f H= H9, at z 20, the field components can be written as 
EET 
H, = Hye P 
oH 


and similarly 


9H, 0 -Yz 
ee Yp Hs (6.7) 
9E 
yi. 0,7Y,2 _ 
ae ” = —Yp Ey 
dE 0 -Y,z 
and x = — E e P“ =- E 
az Vp x Vp x 
Substituting Equation (6.7) in Equations (6.5) and (6.6), we get 
oH | \ 
2" ty, Hy, = joeg E, 
oH ; 
OH, ƏH, _. 
Is x = joe, E, ) (6.8) 
9E ; 
m + Yp Ey - -jouo Hy 
9E 
Yp Bx TTo, 
9E, ð 
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But all terms containing derivatives with respect to y vanish as the fields do 
not vary with y. Hence Equation (6.8) becomes 


ty, Hy = joeo E, 


oH ; 
Yp H, T = JOE E, 
oH, - s 
vw Pee 
l (6.9) 
Yp Ey 7 -jouo Hy 
9E ; 
Yee oy 
9E, 
cu c THO H; 
As E can be written as 
Eee 
OE a 
a ee Soe 
o. dE _ 2g 
and similarly ad =p (6.10) 
oH 
Sor des 
ə H A 
T +y, H 
The wave equations 
dE JE JE 5 
ar x2 30008 SuBUE 
ðH 9?H 07H , 
and =-@ EQ Uo H 


+ + 
ax? o? o 
2 
now become 33 C0 E =-@* Ho €p H 
x 
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JE 5 


Or, m dpt --o!uge, E 
(6.11) 
9^H 
T +H --o uoc H 
Solving Equation (6.9) simultaneously, we get the field components as 
= Vp oH, 
x 0,2 
hj Ox 
-jo€o OE; 
H, = —- 6.12 
"CUR (6.12) 
_ —Yp 9E, 
X5 293 fur) 
h; ox 
_ Jo oH, 
y 2 
h, ox 
where h; = Y; +0" eg (6.13) 


It is seen from Equation (6.12) that if E, 20, H, =0 as in the case of uniform 
plane wave, all the components will vanish. Therefore, there should be either E 
or H in the direction of propagation. In view of this, the solution is divided into 
two parts: 

1. Transverse Electric waves (TE waves) In this E, 20 and H, #0. 


2. Transverse Magnetic waves (TM waves) In this H, =0 and E, #0. 


6.4 FIELD COMPONENTS FOR TE WAVES (E, =0) 


TE wave means transverse electric wave for which there is no component of E 
in the direction of propagation, or, E, =0. 

For this case, as E; =0, it is obvious from Equation (6.12) that H, =0 and 
E, =0. Substituting these values in Equation (6.11), we get the component of y 
as, 


2 
y 


ox? 


u^ E, --6 Uo Eg E, 
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o? Ey 2. 2 
that is, m =- (y, +O" Ho €o)E, 
3 E 
or, EE --h; E, (6.14) 
9? EO 
or, S sch (6.15) 
where h; = (Y +0" Ug Eo) 


This equation has the solution in the form of 
Ey =A, sinh, x+ A cosh, x (6.16) 
where A, and A, are constants. 
Using the boundary condition, E, 20 at x=0, A» is zero. 
So, Ey =A, sinh, xe (6.17) 
At x=a, E, =0 requires that 


qm 


h LEE m=1, 2; 3; (6.18) 
ü 


p 


Here if m=0, all the field components vanish. 
Thus, Ey =A, sin (Fajr (6.19) 
a 


Substituting Equation (6.19) in Equation (6.18), the other components are 
obtained. The resultant expressions for the field components are: 


E? =A, sin (F4 


a) 


| -m 
jouoa 


A, cos ED 
a 


) 


H? = au A, sin (F4 
jeuo a J 


These represent the fields for TE,,. 
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The field components in complete form are: 
— pO 
E, -E,e 
H, =H ogee 


H, = Hle "7 
The instantaneous electric and magnetic fields for TE; wave at some instant 
of time are shown in Fig. 6.2. 


>x 


> xR 


R 


le n/29—— 


PEL. 


dis: 


4 


E z 


E H 


Fig. 6.2 Electric and magnetic fields between parallel plates for TE, wave 


TE waves are represented in the form of TE,, where m represents variation 
along x. 


6.5 FIELD COMPONENTS OF TM WAVES (77, = 0) 


TM wave means transverse magnetic wave for which there is no component of 
magnetic field in the direction of propagation, or, H, =0. 


The wave equation for y-component of H from Equation (6.11) can be written 
as 


a Hy 2 2 
EUM. H, =-o Uo Eo H (6.20) 


y y 
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o Ay 2 
or, =a coh Hy (6.21) 
where hy = Y; +0" Up Eo 


The solution of Equation (6.21) appears in the form of 


Hy - (As sinh, x+ A4 cosh, x) (6.22) 


As the tangential component of H is not zero at the surface of a conductor, 
the boundary condition cannot be applied directly to H, to obtain A3 and A4. 
From Equation (6.9) we have 


HY ne. pO 
ar = joe, E; (6.23) 
Putting Equation (6.22) in Equation (6.23), and writing the equation for E,, 
we get 
0 h, : 
E? =- [A3 coshx- A, sinh, x] (6.24) 
JOE o 


The boundary conditions are: 
E? =0atx=0 


E? =0 at x=a 
Applying the first boundary condition, A4 becomes zero. For the second 
boundary condition, E, =0 at x=a. E, becomes zero if 


hy (54 m=0,1,2,3,... 
a J 
Here, m=0 is also possible as there still exist some more components. 
=h 


E? 2 —?. A, sin (F4 (6.25) 
jOEo a ) 


From Equations (6.9) and (6.25) we get the remaining components H y and 
E,. As a whole, the expressions of field components for TM waves are: 


-h 
Pa A, sin (Id 


J@E 


H? = A, cos e xj (6.26) 


) 
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Ei ates cos (T4 (6.27) 
The field components in complete form for TM,, waves are: 

E, =E? et 

Hove us 


Eyre 


The field variations for TM, wave between parallel plates are shown in 


Fig. 6.3. 
x x 
A 
Ex Ay 

& y 
x 
A 

Zz 

E 
Fig. 6.3 The TM , Wave between parallel plates 


Dominant mode or wave It is defined as a mode TE, which has the 
lowest cut-off frequency. 


6.6 PROPAGATION PARAMETERS OF TE 
AND TM WAVES 


We have the expression for propagation of TE and TM waves as 


Vp =h} -0° uses 
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where hy (HH 
a) 
mm Y 
If o? Uo Eo > (7 Vp will be purely imaginary, or, 
a 
Yp z JP, 
D, is the phase constant 
B 2 mu is 
So, = ,/@° Uy Ep0 |] — -+ 
p Ho &o a | 


mm ig 2 ; 
If e] 20 Ugo, Yp will be purely real, or, 
Qp is the attenuation constant 
2 
a) 


For all frequencies less than @,, 


where O, = ! C 


duces a J 


Yp is real and B,, =0.. This means that fields will be attenuated exponentially in 


z-direction and there is no wave motion as p, =0. 


At f > fc, Y, - jB,, wave motion takes place and o, =0. This f, is known 


as cut-off frequency. 
Cut-off frequency ( f.) 


Definition Cut-off frequency, f, is defined as a frequency below which 
there exists only attenuation and B,, 20 and above which «, 0 and D, exists. 


m 


= 2ü Mo E0 


6.7 GUIDE WAVELENGTH 


Wavelength between the plates is À, E 


p 
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27 


E 2n 
~ | o? Yu 
Q. Mo Eq 1 "C ATE 
2 
2T 
But ù —— -free space wavelength 
e 
h =— 
where B m 
dues 1 
j= 
vio €o 
2 MEM A. 
OVHo E0 
À 
now oe 2172 
TED 
5j 
—— (6.28) 
p z^ 2 LPS . 
if 
àc J 
where À, = cut-off wavelength 


The propagation parameters are: 


TT 7 
Vp m - ou, Eg 
a) 
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dy m = 1/2 
je 
ai 

ae 

p 
| m 
je a hin ep 
For TE, E 
24 4M E0 
À, =2a 


6.8 TRANSVERSE ELECTROMAGNETIC WAVE 
(TEM WAVE) 


Definition 1 TEM wave is a wave for which there are no components of E 
and H in the direction of propagation. 


Definition 2 TEM wave is a TM,, wave for m=0, or, TEM- TEM,. 
TEM wave is called principal wave. 


The field components of TEM wave are obtained from m=0. They are: 


H, = A4 
E, = zd A4 
jeep 


The propagation parameters for TEM wave are 


Yp =jo Jho €o & 
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Qy =0 
p, =@ Jio €o (rad/m) 
9, =1/ Jo €o (m) 


Àp == /f (m) 


fe =0 

A, = 

n, 2| - [Ho =120n0 
H, Eo 


TEM wave between parallel plates are given in Fig. 6.4. 


x x 
A 


Ex Hy 


Fig. 6.4 TEM wave fields between parallel plates 


6.9 VELOCITIES OF PROPAGATION 


Free space velocity (vg) Itis defined as the velocity of propagation of an EM 
wave in free space. 


Phase velocity (v,) It is defined as the velocity of propagation of 
equiphase surfaces along the guide. 
Group velocity (v) It is defined as the velocity with which energy 
propagates in a waveguide. 
The phase velocity in a waveguide is always greater than free space velocity. 
In free space, velocity of propagation is equal to the phase velocity. 
Group velocity in waveguide is less than free space velocity. 
The velocities of propagation are related by 
v5 =v 


V 


8 P 
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where V, =— Vo 


6.10 ATTENUATION IN PARALLEL PLATE GUIDES 


Attenuation factor in general 


_ power lost per unit length 


2x power transmitted 


Attenuation factor for TEM wave, 


1 o 
a, =—— E Nepers/m 
Npa \ 20, 
where a = plate separation, m 


c, =conductor conductivity, mho/m 
u, 7 conductor permeability, H/m 
@ =27 f 

Np =intrinsic impedance, Q 


Attenuation factor is also given by 


ina R 
P 220 
where R =resistance, Q/m 


Zo = characteristic impedance, Q 


Attenuation of TE waves 


PS (6.29) 


where m =1, 2,3,... 
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u = permeability of medium between plates 
€ = permittivity of medium between plates 


6.11 WAVE IMPEDANCES 


Wave impedances at any point between parallel plates are defined by the following 


relations: 
SR ees E 
ce 
y 
+ E 
Zy = 
H, 
UNT 
Zyz == 
H, 
CLR ep 
Lia 
y 
S RR E, 
Ax = 
H, 
Se E, 
Zo EC 
H, 
These wave impedances can be evaluated from field expressions. For 
example, 
LI J@Mo 
Zy = 


Yp 


Problem 6.1 If a wave of 6 GHz is propagating between two parallel 
conducting plates separated by 30 mm, find the cut-off wavelength, guide 
wavelength for TE; mode. 


Solution Frequency of the wave, 
f=6 GHz 
Plate separation, 
a =30mm=0.03m 
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Cut-off wavelength for TE, is 
À, 22x (plane separation) 
= 2 x 0.03 = 0.06 m 


À, =6cm 


Free space wavelength, 


_ Vo 3x10 


pm cT 


The guide wavelength 
À 
Ag 23172 
he 
0.05 
1/2 
1 (2057 
0.06 J 


|| 0.05 
(10.694)! /? 


__ 0.05 
(0.3055)! /? 


_ 0.05 
0.5527 


À = 9.05 cm 


= 0.0905 


Problem 6.2 When a wave of 6 GHz propagates in parallel conducting 
plates separated by 3 cm, find the phase velocity, group velocity of the wave for 
the dominant wave. 


Solution Frequency of the wave, 


f=6 GHz 
Plate separation, dO 
8 
Free space wavelength, à = Vo 3x ih 
f 6x10 
À =5cm 


Cut-off wavelength, i, =2xa=2x3=6cm 
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Phase velocity, Vy = e Up 


Group velocity, LEER 


v, =1.66x10° m/s 


Problem 6.3 When a wave of 6 GHz is to be propagated between two 
parallel conducting plates separated by 60 mm, find the modes that will propagate 
through the guide. 


Solution The modes which have their cut-off frequencies less than the 
frequency of the wave will propagate. 


Here, plate separation, a=60mm=6.0cm 


f= 6 GHz =6x10° Hz 
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For TE,, fe (z39 
ü 
For TE f -.l 43x10" -25GHz 
: ^ 2x6 b 


As f,«f, TE, propagates. 
2 


For TE; f: a =5 GHz 
x 

It propagates. 
3 10 

For TE; JE = za M =7.5 GHz 


As f,» f, it does not propagate. 


For TE, f. = 575 x3x10" =10GHz 


As f,» f, this will not propagate. 


6.12 WAVES IN RECTANGULAR WAVEGUIDES 
A rectangular waveguide is a hollow metallic device with four sides closed 
and two sides open. It can be used as 
1. a radiator 
2. a high pass filter 
3. a transmission line 
4. a feed element to antennas 


A hollow rectangular waveguide supports only TE and TM waves/ modes 
and it does not support TEM mode. 


6.13 DERIVATION OF FIELD EQUATIONS IN 
RECTANGULAR HOLLOW WAVEGUIDES 
Field expressions can be obtained from the solutions of Maxwell's equations and 
wave equations. 
Assumptions: 
(a) Space inside the waveguide is free space or air. 
(b) The walls of the waveguides are perfectly conducting. 
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(c) The direction of propagation of power is z. 
(d) The dimension of the narrow wall is b metres. 
(e) The dimension of the broad wall is a metres. 
(f) The fields in z-direction vary as e "*^. 


As the medium inside the waveguide is air, the first and second Maxwell's 
equations are given by 


VxH - joc E 
VxE --jou H 
Expanding these equations, we get 


a, ay a, 
ee E 
X lox Oy az 
H, H, H 
2: dH, 90H, t [9 Ot La 9H, ƏH, 
| ."|ay az [oz ox ^| ax dy 
= joe E, a, + joe E, a, + joe E, a, 
Equating the respective components, we get 
dH, 9H 
à x eR 
oH, OE. ; 
icu c USE co) 
OH oH, . 
gee oy joe E, 
dE, dEy ; 
and oy Cos —- jo H, 
oE, oE, ; 
de nam --jou H, (6.31) 
9E, dE, 
cum jou H, 
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As the fields are assumed to be varying in the form of e "*, combining 
time variation, we get 


Han ee 
oH 
ys t p cpm. 
lel I Lr 
"P oH, — 
Similarly, x yg H, 
9H, 
NU. H, (6.32) 
9E 
and x -—y, Ex 


Substituting Equation (6.32) in Equations (6.30) and (6.31), we get 


oH , 
Qu +Y; H, = joe E, 
ƏH, . 
plne TOSE; (6.33) 
oH 
Hir s 9H; - joe E, 
ox oy 
9E ; 
2 +Y Ey =-jou H, 
9E 
= +Y; Ex JOH H, 
dE, dE 
y x 
RE a H 
ox ay JOU H, 


The wave equations are: 
V?E --o? ue E 


V?H --o?^ueH 
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These can be written as 


3'E * 9?E 3 3'E 
ox? oy? oz? 


--o)ue E 


9H 9H 0°H 


= 2 
aS wr ee ne 


The wave equations for E, and H, are given by 


2 2 
2 + +E, =-@ ue E, 
ə H, 9H 
e Re ata, ocu ue H, 634) 


Equation (6.33) can be mathematically manipulated to get the following. Consider 


j (6.35) 

9E 
and un E, =-jou H, (6.36) 

Equation (6.35) becomes 
oH 

Yg Hy 7- joe E, Scr (6.37) 

But E, from Equation (6.36) is 

1 1 9E 

E, =— (-jou H,)- — = 6.38 


From Equations (6.37) and (6.38), we get 


c | OH pg Pa joe ðE, OH, 


H, =-J® x, 
E Ye J Y. y ox 


x 


H 
Ys Ys 


, ime QE, . dH; 
: oy ox 


GUIDED WAVES 


-0° (me OE oH 
or, H, = one H, 4 E Zi = 
Y Ve OY Yg Ox 
m (eue) joe OE, 1 OH, 
í T Y; Ye 9y Ty 9x 
joe 9E, Ye oH, 
Hy -73 2 
he oy hz ox 
where hy -Y +o ue 
H I E 
Similarly, Hy, = Is a ms 2E, 
he oy hg ox 
9E, jou oH 
patches Job oio (6.39) 
he ox he oy 


E ít 9E, on oH, 
hz oy ox 
In the above equations, if E, 20 and H, =0, all the field components vanish. 


Hence, the wave cannot satisfy TEM wave characteristics. They are transverse 


magnetic (TM) and transverse electric (TE) waves. A typical rectangular waveguide 
is shown in Fig. 6.5. 


: f mx 
Fig. 6.5 A rectangular waveguide 


Transverse Magnetic (TM) Waves in Rectangular 
Waveguide 


TM waves are EM waves for which there is no component of H in the direction 
of propagation, that is, H, =0. 
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The wave equations given by Equation (6.34) can be easily solved using the 
method of product solution. In this method, two ordinary differential equations 
with known solutions are obtained. We know that, 


E, (x, y, z) =E, (x, ye ' 


If E? - XY (6.40) 
where X is only a function of x and Y is only a function of y. 
From Equations (6.34) and (6.35), we can write 


y £X uH Let aad 
dx? dy? : 
X „dY 
or, Voie z+; +o" ue)XY =0 
dx? dy? 
2y 2 
ye ex Vth? XY = =0 
ox? oy? 


2 2 
LOX T4. qe 
X dx? Y dy? 8 


1d4^X 1 d*Y 
x + ES ra (6.41) 


This expression equates a function of x to another function of y. This is 
possible when each of these functions is equal to some constant. Let the constant 


be B 
a p UC 
x +h, =B (6.42) 
i 1 d? Y 2 
an n > ==p (6.43) 
Y dy? 


The general solution of these equations are 
X =A, cos Cx + A; sinCx 
where es =h; -p 
and Y = A} cos By + A, sin By 
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E? =XY 
= A4 A5 cosCx cos By + A; A4 cosCx sin By 
+A, A, sinCx cos By + A, A; sinCx sin By 


The constants A4, Aj, As, A, are evaluated using the boundary conditions. 
Using the boundary condition 


E? =0 at x=0 

E? =A, A3 cos By + A4 A4 sin By 
This is zero if A, =0 

E? =A, As sinCx cos By + A, A4 sin Cx sin By (6.44) 
At y=0, Equation (6.44) becomes 

E? =A, A; sinCx 
For this to vanish, A, or A3 can be zero, while assuming C +0. Keeping 


Az =0 in Equation (6.44), E? becomes zero. Hence instead of A, =0 assume 
A; =0. Then Equation (6.44) becomes 


E? =A, A4 sinCx sin By 


= Ksin Cx sin By [K = A, A4] 
At x=a, 


E? =K sin Ca sin By 


For this to vanish for all values of y (assuming B#0) the constant C must 
be 


Ca e219 3... 
a 


At y=), 


. mT ; 
E? = Ksin — x sin Bb 
a 


For this to vanish for all values of x, B must be 


nn 
Ba =, na 1,2) 3. 
b 
Hence, the final expression for E? is 


E? =Ksin Č” xsin me y (6.45) 
a 
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=K sinCx sin By 
From Equations (6.44) and (6.45), we get 


E? =- 
hg 
K 
o__ Ys : 
E, raat Bsin Cx cos By (6.46) 
8 
ioc K 
H? - [9*7 B sinCx cosBy 
h 
8 
-joe 
u= j Eb cosCx sin By 
hg 
where C= m -" 
a b 


Therefore, the field components for a TM wave are: 


TM mn wavefield components 


E, =(K sinCx sin By) e's"? 


K lc 
E, i P C cosCx sin By? A aree 
g 


aez V 


K ; 
E Te B sinCx cosBy* e a cad 
y i 


a= Nt 


H, = pe Ay sinCx cosBy e mipana 
E h? 


H, t t C cosCx sinBy* g grum 
8 
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Field variations of TM,; mode/wave are shown in Fig. 6.6. 


À À 
[4 8 
— —h— "Yan RN 
> Siri EO EI 
cun 
po4 m a 
poe 
E NER aru CIE ER NS. 23 
: : x ; Top End 
Fig. 6.6 Field variations of TM, wave in f 5 
hollow rectangular waveguide — | 777777777 H Field E Field 


Transverse Electric Waves 


TE waves are EM waves for which there is no component of E in the direction 
of propagation, that is, E, =0. 
The expressions for TE waves are derived in the same manner as in the case 
of TM waves. From Equation (6.39), we have 
Ye OE, jou oH, 
2 2 
hz ox h E oy 


x 


But E, =0 
-jou oH 
Hence E, = PE 5 z 
he y 
The first boundary condition is 
E, =Oaty=0 
0 
Z 
that is, oy Oaty=0 
But H? =(A, cosCx A; sinCx).(A5 cos By + A4 sin By) 
oH? 


ay —(A4 cosCx+ A, sinCx).(—A3 B sin By + A4 B cos By) 
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oH? 
oy 


As =0 at y=0, A, =0 


The secondary boundary condition is E, =0 at y=b 


0 


H 
Ais —+=0 at y=b 
y 


B should be a 


oH? 

Moreover, 37 0 at x =Oleads to A, 20 
x 
oH? 

and 972 —Oatx=a,leadstoc= ^. 
ox a 
H? =A, A4 cos m res cL | (6.47) 
UP MET ee 


Substituting Equation (6.47) in Equation (6.39), we get 


Eo = lia KB cosCx sin By 
8 
Ion 


Eo =- 


y KC sin Cx cos By 


E 


Y 
H? == KC sin Cx cos By 
hg 
H? Aus KB cos Cx sin B 
pr 2 y 
8 
The field expressions for TE waves in complete form are 
(jot, z) 


H, =(K cosCx cos By) e 


E m JO KBcosCx sin By? gan 


E, = zu OH kCeinCrcos By e Um 
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H, = + KCsin Cx cos By? ' Uere) 


g 
H, = Ys KBsin Cx cos By cu^! te?) 
h = 
8 
ed eir m 
where he =Y tO ue 
mT nu 
C =—y B= i 
a b 


As TE;9 is popular, its field equations are 


TUX jot—Yy,z 
H, =K cos — eU iru 
ü 


yak T 
4 E gin Z ea 
T a 
-jouaK iot- 
Ey = dcus sin Z gud 
T a 
E, =0, 
H, =0 


The field patterns are shown in Fig. 6.7. 


po ees 
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po Kop Ws UN £o) 
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Fig. 6.7 Field patterns of TE, mode | — — --—-—--— H Field 
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6.14 PROPAGATION PARAMETERS OF TE AND TM 
WAVES IN RECTANGULAR WAVEGUIDES 


We have "SH uo gasto ge 
b a 
and hy =y +0 ue 
or, Yg = h; o^ we 
2 2 
mm ) HR \ 
= at sp E (00) E 
li Í a) o s 


nm Y nn Y E 
If a T v} »0ue 
Y, =Q, (purely real) 


Con mm 


If (nj (HH «o! ue, 


a, = jB, (purely imaginary) 


QOO 


This particular œ corresponds to w,, the angular cut-off frequency. 


aee 


. CE 
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And cut-off wavelength is 


Q Q 
LN 2 mn Ý nn Ý 
ny 

X _ 2m | 27 


Derivation of guide wavelength in terms of free space and 
cut-off wavelengths 


The expression for guide wavelength is 


X LA . 21 
8 B 2 2 
g jo mn \ (nm) 
© UE-| —a4-—|-7- 
Ga 
2 2 
mY (mY _ 2 
As (A7 oue 
2T 
"EIC E 
a uE- uE 
27 
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or, 


1 v 
Bu - Q,A-— 
i cS 
——— 
o. Y 
A^- 3 

xv À 


The summary of propagation parameters of TE and TM waves are: 


1. Propagation constant, 


2. Phase constant, 


3. Cut-off frequency, 


4. Cut-off wavelength, 


5. Phase velocity, 
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6. Guide wavelength, 


or, he == (im) 


Dominant wave/mode It is defined as a wave which has the lowest cut- 
off frequency. This is represented by TE, 9: 


In TE,, or TM,,, waves, m represents the number of half-period variations 


of the field along x-axis and n represents the number of half-period variations of 
the field along y-axis. Here, the broad wall is along the x-axis and the narrow 
wall is along the y-axis. 


Propagation and field equation of dominant mode, TE, 


1. Cut-off frequency for dominant mode, TE,, 


1 vV 
ENTE 
2. Cut-off wavelength for dominant mode, TE p 
Ac of TE, =2a 


Here À, = cut-off wavelength (m) 


fe of TE49 = 


a= broad wall dimension (m) 


m, n =integers=1, 2, 3,... 


TX  (jot- 
H, =K cos — ge 
a 
Y aK TUX ot- 
H, --5— sin — e127) 
n ü 
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ob 

g Iorue-(2J 
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Transverse Electromagnetic Waves 
In TEM wave, both E and H are entirely transverse to the direction of propagation, 
that is, if the direction of propagation is along z, E, 20, and H, =0. 


TEM wave is called principal wave. Its cut-off frequency is zero and it exists 
in two conductor transmission lines or in free space. 


Characteristics of TEM waves 

. TEM =TMo T 

. For TEM, E; 0, H, =0 

. Its cut-off frequency, f.-0 

. It exists only in two conductor transmission lines or in free space. 
. It does not exist in hollow waveguides. 
Àg =À 

B, =B 

a=0 

no 

LI 


i AN DA oT B WN e 


pa 
(e) 


6.15 TEM WAVE DOES NOT EXIST IN HOLLOW 
WAVEGUIDES 


Proof Method 1 Consider TM wavefield equations given by 
E, =(K sin Cx sin By)e  :? 
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(jot — y,z) 


E, = KC sin Cx cos By* e 


Ys ) 
- -— KB sin Cx cos By: e 


Ud 
E 


E o Uem 
E, j 
H, = IDs Ey sin Cx cos By” e NEN?) 
hg 
H, H - jo (jot — Y,z) 
A 


As TEM=TM gy, that is, when m=0, n=0, all the above field components 
vanish. This itself indicates that there exists no TEM waves in hollow waveguides. 


Method 2 Assume that TEM wave exists within a hollow waveguide. Then, 
the magnetic field lines must be in the transverse plane. Also we know that 
V.B =V.uH=0 


or, V.H =0 


This requires that the lines of H be closed loops. Hence, if a TEM wave 
exists (by hypothesis) inside the waveguide, the lines of H are closed loops in a 
plane perpendicular to the axis of the guide. It may be noted that the direction 
of propagation is along the axis. 


By Maxwell’s first equation, we have 
n.a =| «pas 


that is, the magnetomotive force around the closed loop of H lines is equal to the 
sum of axial displacement and conduction currents. As the space inside the 
guide is air or free space, 


J=oE=0 [aso =0] 
that is, conduction current is zero. Hence the axial current must be a displacement 


current. If there exists displacement current in the axial direction which is 
the direction of propagation of EM energy, there should be a component of E 


[s sO e T = displacement current density} in the axial direction. The 


presence of E along the axial or direction of propagation indicates the absence of 
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TEM wave. Therefore, we conclude that there exists no TEM in hollow waveguides 
of any shape. 


6.16 EXCITATION METHODS FOR DIFFERENT TE AND 
TM WAVES/MODES 


The excitation of TE;; by a probe is shown in Fig. 6.8. 


i a >| Fig. 6.8 Excitation of TE, by a probe 


The excitation of TE,, by a loop is shown in Fig. 6.9. 


b 
+ 
j< a >| Fig. 6.9 Excitation of TE, by a loop 
The excitation method of TM,, by a probe and a loop are shown in Figs. 6.10 
and 6.11. 
y 


Coaxial cable 


Source 


Z | Fig. 6.10 Excitation method of TM " by a probe 


An/4 >] 


+ Fig. 6.11 Excitation method of TM i by a loop 
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6.17 EVANESCENT WAVE OR MODE 


This is defined as a wave TE,,, or TM,,, in which the operating frequency is 
less than the cut-off frequency and wave propagation does not take place. For 
evanescent wave, the TM, wave impedance is purely capacitive and this causes 
only reactive power or energy storage. 


6.18 WAVE IMPEDANCE IN WAVEGUIDE 


For TE,, wave, wave impedance is defined as 


TE Ey E, _ op 
MEC NUS 


Or, Ninn = 


where 1 = intrinsic impedance of the unbounded medium. 
The wave impedance is purely resistive and average power flow occurs in 
the waveguide when f> f- 


For non-propagating TM,,, wave, the wave impedance 


—10Q 

Qs = [a E 
y œŒ 
when f «f, for a particular TM,,, mode. 


The variation of magnitude of wave impedances of TE,, and TM,,, for 
f< fe is shown in Fig. 6.12. 


TE 


TM 


Fig. 6.12 Magnitude of TE n and TM in wave impedances 0 >f 
(f«f) f 
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The wave impedance for the propagating modes is found to be 


Y 
ia -— 
joe 
2 
or, Nam =N |1- fe 
/] 


From the above equations, we get 
hiis =n= fÉ 


6.19 POWER TRANSMITTED IN A LOSSLESS 
WAVEGUIDE 
The average power transmitted in z-direction is found by integration of the z 


component of the complex Poynting vector over a transverse cross-section of the 
waveguide, that is, 


P == Re [JeExH*.a,ds 
cross-section 
where H* = complex conjugate of H 


Power transmission takes place through TE,) wave. Using the corresponding 
component values of E and H*, Pw is given by 


_ ablEP 


ao TE 
4Anio 


watts 
In an ideal guide, P,, is independent of z-direction. 


Power Dissipation in a Lossy Waveguide 


When the conductivity of the dielectric (04) in the waveguide is non-zero and 
the conductivity (o,) of the walls is not infinite, wave in the propagating mode 
will be attenuated and the transmitted power will decrease exponentially with z. 


The attenuation factor due to dielectric loss is the indication of power loss 
for TE;) mode, which is given by 


EEUU a mu Og, Neper/m 


a 
E ESO 
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The attenuation factor due to wall loss indicates power loss and is given by 


a =i (z) Pioss 
a w(2) 2Pr9 
where Poss = power flow into the first 1 m of the inner surface of the wall 
Pi = Pay (ye 


and simplified expression for a, of TE,) mode is given by 


T 70i, 


e (E d. f Jn 
Aw = 
25 {4 
e 
where R,, = surface resistance at cut-off frequency of TE y Q 


€ 
The total attenuation factor is 
Q, =A, +O,,np/m 
Problem 6.4 Find the cut-off frequencies for TE), mode in a hollow 
rectangular waveguide whose dimensions are: 
(a) a2 2.286cm, b=1.016cm 
(b) a=1.016cm, b 2 2.286cm 
(c) a21cm, b=1cm 
(d) a210cm, b 10cm 


Solution The cut-off frequency for TE; mode is given by 


(a) a=2.286cm, b=1.016cm 
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D x l xz] in 24 


= 30.215 GHz 


(b) a=1.016cm, b 2 2.286cm 


fe oe i" =a) (X 


=19.75 GHz 


(c) a21cm, b=1cm 


$m 1° +2? 


= 33.54 GHz 


3x10" 
2 


(d) a=10 cm, b=10 cm 


je 3x10! | 1 J 2 ï 


2 10) 110] 
=3.354 GHz 


Problem 6.5 A rectangular waveguide with dimensions 3 x 2 cm operates 
at 10 GHz. Find f,, Mc, À, Nes By, Up of TE; mode. 

Solution a=3cm,b=2cm, f =10GHz 

For TEjo mode, 


10 
f one 05g 
2a 2x3 
fe =5 GHz 


À, =2a=2x3=6cm 
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(1-052? 
— 
(0759/2 ` 


464 


Ag = 3.464 cm 


B. = I 1.8138 rad / cm 


8 


iss d —34.64x 10? 


8 


v, 234x10* m/s 


Problem 6.6 Find the broad wall dimension of a rectangular waveguide 
when the cut-off frequency for TE, mode is (a) 3 GHz, (b) 30 GHz. 


Solution (a) fe =3 GHz for TE;y mode 
-%0 
Ss 


a = broad wall dimension 
EUR 3x10! 

2f, 2x3x10? 
a =0.5x10 = 5cm 
(b) f, =30 GHz for TEjo mode 


or, 


10 
P EL ; =0.5cm 
2f. 2x30x10 


or, a=0.5cm 


Problem 6.7 A hollow rectangular waveguide operates at f =1 GHz and 
it has the dimensions of 5 x 2 cm. Check whether TE,,; mode propagates or 
not. 
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Solution The propagation constant is given by 


-| mn Y my 2 
Yg = a + + © Ug Eo 
E us 
Here a=5cm=0.05m 
b=2cm=0.02m 


f=1GHz=10° Hz 
For TE, m=2,n=1 
uo 24nx10 7 H/m 
€p =8.854x10 ? F/m 
Yg for TE,, mode is 


2 2 
Y 4 2n. | E Lan? x10 x 4xx 107 x8854x 1077? 
8 Y005] (002] 


= 200.1 + j0, NP/m 
=a, andp, =0 
Yg 7€, =200.1Np/m 


As Y, is purely real, there is no propagation of TE,, mode. 


6.20 WAVEGUIDE RESONATORS 


A waveguide resonator is a resonator at high frequencies. It is made up of a 
rectangular waveguide with its open ends closed by shorts (Fig. 6.13). 


Fig. 6.13 Rectangular cavity 


It is used for energy storage. As there is no propagation through the shorted 
ports, standing waves exist inside the cavity. These resonators are used for various 
applications, particularly in klystrons and wave metres. 
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Features of Resonators 


1. A rectangular cavity (Fig. 6.13) is a rectangular waveguide whose open 
ends are shorted. In this type of structure, standing waves, TE and TM 
waves exist. 


2. Resonators are mainly used for energy storage. At high frequencies RLC 
circuit elements are inefficient when used as resonators. This is because the 
dimensions of the circuits are of the order of operating wavelength. Because 
of this, radiation takes place which is undesirable. 


3. The EM resonator cavities find extensive applications in klystron tubes, 
band pass filters, wave metres and microwave ovens. 


TM Mode (H,= 0) 


If E, =(x, y, 2) - X(x) Y(y) Z(2), 
We can write, X (x) 2 C4 cos Ax + C» sin Ax 
Y (y) = C; cos By + C, sin By 
Z(z) =C; cos Cz + C; sin Cz 
where K? =A? +B +C =" pe =p? 
m =1,2,3,..,n=1,2,3,..., 4 =0,1,2,3,... 
Here, we have three boundary conditions to solve the constants, 
Cy, Co,... etc. 
E, =Oatx=Oandatx=a 
E, =Oat y=Oand at y =b 
E, =0, Ey Oatz=Oandatz=c 


After simplification, E,, becomes 


E, -E, sin (Min Pos (= 
a 


NS ee) 


where Em =C2 C4 Cs 
The resonant frequency is given by 
B, v 
f, sks p, is T 


 2njue 27 
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E 


: PH 


and pm 2 


TE Mode (£ = 0) 
As in the case of TM mode, H, is expressed 
H, (x, y, z) =X(x) Y (y) Z(z) 
where X(x) =p, cos Bx +p, sin Bx 
Y (y) =p3 cos Ay + p4 sin Ay 


Z(z) ^ ps cos Cz + pg sin Cz 
The set of boundary conditions are 


H, =Oatz=Oandatz=c 


9H =Oatx=Oandatx=a 
ox 
oH, 
y -0aty -Oandaty-b 


Using the boundary conditions, and simplifying, we get 


eere (tj 


Seo 


where m —0,1,2,3,... 
n=0,1,2,3,... 
1=1,2,3,... 


Dominant Mode 


Dominant mode is defined as the mode which has the lowest resonant frequency 
for a given cavity size (a, b, c). 


The waves are represented by TE,,,,, TMonn1 


Degenerate Mode 


Modes having the same resonant frequency are called degenerate modes. Ideally, 
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the walls of the resonant cavity have infinite conductivity. But practically, cavity 
walls have finite conductivity. As a result, some stored energy is lost. 


Quality Factor, Q 
Quality factor is defined as 


average stored energy 


Q=2n 
loss of energy in a cycle 
Q € on Wi, =@ Wi, 
W, WL 


where Q =2nf 
W; =average power loss in a cycle 
Wm — average stored energy 


Quality factor, for dominant mode, TE;o, is 


(a? +c) abc 


LISTO PU PER EE 
where ô =depth of penetration in cavity walls 
1 
§ =-= (m) 


JT. fio1 99 


6.21 SALIENT FEATURES OF CAVITY RESONATORS 


1. A completely closed metallic structure forms a cavity and it is called cavity 
resonator. 

2. It stores energy. 

3. TE and TM modes exist in the cavity. 

4. In TE mode, E, =0 (z is propagation direction) and E,, E 
H, are present. 

5. In TM mode, H, -0 and H,, H,, E,, E, and E, are present. 


6. In cavities, the electric and magnetic fields do not propagate along z-axis 
but they oscillate with time at a specified location. 


7. The lowest order of TM,,,; mode is TM. 
8. The resonant frequency of the lowest order TM mode is 


y; Hy, H, and 


E KT ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 


9. The lowest order for TE,,; is TE. 
10. The resonant frequency of the lowest order TE mode is 


v /1 1 
EI ——T— 
fior 2 a? c? 


Problem 6.8 A copper rectangular cavity resonator is structured by 
3x1x4cm. Find its resonant frequency for TM;;) mode. 


Solution The dimensions of resonator are: 
a =3cm=0.03m 
b=1cm=0.01m 
c=4cm=0.04m 

For TM;;o, the resonant frequency is 


SORT 1 1 
n 5 2 a? ty + c? 
3x10? 1 1 1 
fr = at zt 2 
2 (0.03)* (0.01) (0.04) 
8 
PES 3x10 [oom 10,0004 10,000 
2 16 
8 
n 28x10" 25 [169 
2 144 
f= 3x10! 33 
CES 12 


f, =1.625x10"° Hz 


f, =16.25 GHz 


Problem 6.9 A copper walled rectangular cavity resonator is structured by 
3x1x4 cm and operates at the dominant modes of TE and TM. Find its resonant 
frequency and quality factor. The conductivity of copper is 5.8 x 10’ mho/m. 
There is air inside the cavity. 


Solution For TM mode, the dominant mode is TM, y: Its resonant frequency is 


vill 
2 Va? b? 
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1 


4HMo€0 


a=3cm=0.03m 


Here v= =3x10° m/s 


b=1cm=0.01m 


E foal 


_ 3x108 
C 


Es 


1 
0.01 ) 


V1111.1+ 10,000 


=1.5x10° «105.4 


f, =15.8 GHz 


For TE mode, the resonant frequency of the dominant, TE, ; is 


um 


abu 
-15x10? 111114 | ——4 

0.04 ] 
=1.5x10 J11111- 625.0 


f, 26249 GHz 


The quality factor, Q for TE4o; 


(a? £c) abc 
6 [2b (à? +c°)+ ac (a? 4 c?)] 


1 


VT fio1 Ho Oc 


where ô = 


1 
Vn x6.249x10? x4rx107 x 5.8x 107 


=8.3598 x107 m 
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E (37 +.47)x3x1x4x107 
8.3598x10 7 [2x1 (3? + 4°) - 3x4 (37 +47) 


Q 


A 25x12x10? 
8.3598x10 7 [2x 91] - 12x 25 


" 300x107 
8.3598x 107 [182 + 300] 


_ 300x10 1 
482 8.3598 


x10” 


Q =7,445 


Problem 6.10 A copper walled resonant cavity is dielectric (c,— 4) filled 
and its dimensions are 5 x 4 x 10 cm. Determine the resonant frequency of TE401 
and its quality factor. 


Solution The conductivity of copper, 
c, =5.8x10’ mho/m 
a=5cm 
b=4cm 
c=10cm 


The resonant frequency of TEj9; is 


ze 


EG 


OE 
=0.75x108 5 (3 


—_ 


2 2 
=0.75x 108 fs (az 
0.05 


Y 


= 0.75x10° ./400 + 100 


f, =1.677 GHz 
The quality factor, Q for this mode is 


_ (a? +c) abc 
6 [2b (à? +c°) +.ac (a +c7)] 


Q 


1 


JTf101 Ho 9c 


1 
Mn x 1.677 x 10? x An x 107 x 5.8x 107 


—0.032275 x 10 * 
= 32.275 x10 ^ (m) 


(a? +c?) abc 
2b (à? +c°)+ac (a? +c’) 


and 


7 (25+100)5x 4x10 
~ 2x 4(125 +1000) + 5x 10(25 + 100) 


_ 125x200 _ 25,000 
9,000--6,250 15,250 


=1.6393cm 
=1.6393x10 m 


_ 1.6393 x10? 


as 32.275 10-7 


= 0.05079x 10? 
Q 25,079 


6.22 CIRCULAR WAVEGUIDES 


The waveguides of circular cross-section (Fig. 6.14) are used to transmit EM 
waves from one point to another. Unlike rectangular waveguides, the circular 
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waveguides do not have unique orientation as it is perfectly symmetrical around 
the axis. 


Fig. 6.14 Circular waveguide 


6.23 SALIENT FEATURES OF CIRCULAR WAVEGUIDES 


10. 


.It is easy to manufacture. 
. They are used in rotational coupling. 


. Rotation of polarisation exists and this can be overcome by rotating modes 


symmetrically. 


. TMo, mode is preferred to TEp, as it requires a smaller diameter for the 


same cut-off wavelength. 


. TE; does not have practical application. 


.For f» 10 GHz, TE; has the lowest attenuation per unit length of the 


waveguide. 


The main disadvantage is that its cross-section is larger than that of a 
rectangular waveguide for carrying the same signal. 


. The space occupied by circular waveguides is more than that of a rectangular 


waveguide. 


. The determination of fields here consists of differential equations of certain 


type. Their solutions involve Bessel functions. 
Here also TE and TM modes exist. 
For TM wave, the solution of axial component 
E, nm =Jn (Ker) (A cos nó + B sing) 
and for TE wave, it is 
Ham 7], (Ker) (A cosnó + B' sinn) 


where Ja (Ker) =Bessel function of the first kind 
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r = the radius of the guide 
K, =the cut-off wave number 
A, B, A’, B’ =constants 


The solutions for the Bessel function are obtained for certain values of K, 
where these values of K, are known as eigen values. If K, is to produce solution 
of the Bessel function, (K,r) must be the roots of the Bessel function. Then 


Jn (Ker) =0 
The propagation parameters for nm™ mode TM waves are: 


Phase constant, 


Bam E(K* -KË am)? 


where E us Pm 
p 
271/2 
and Bim lE. dem 
r) 
where Pum = the roots of the Bessel function 


K = free space wave number = = 


The cut-off wavelength for TM wave, 


E 2n — 2nr 


K 


c,nm Pam 


The roots of the Bessel function for TM mode are shown in Table 6.1. 


Table 6.1 Roots of Bessel Function (TM Mode) 


Order First order Second order Third order 
n Pu Pu Pas 
0 2.405 5.520 8.654 
1 3.832 7.016 10.174 
2 5.135 8.417 11.620 


The roots of the Bessel function for TE mode are shown in Table 6.2. 
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Table 6.2 Roots of Bessel Function (TE Mode) 


Order First order Second order Third order 
n Pu Pn2 Pus 
0 3.832 7.016 10.174 
1 1.841 5.331 8.536 
2 3.054 6.706 9.970 


For circular waveguides, TE;, is the dominant mode. The propagation 
parameters for TE,,, mode are: 


c,nm 
where Rs = Pom 
" 
pea? 
2 Pn 
Dun |k 1 = | 
2nr 
Neim = D 
Pun 
X 
Guide wavelength, s 21172 
zr 
Ke nm J 


Problem 6.11 If the radius of a circular waveguide r=1.27cm, f =10 GHz, 
find the cut-off wavelength for the dominant mode and phase constant. Assume 
that the waveguide is air-filled. Take pj; = 1.841. 


Solution For the dominant mode, 
m=1,n=1 


For TE,,;, we have 


2nr , 
Net T —— Pu =1.841 
Pu 


Ac ji -= PL = 4.32 cm 
4 1.841 
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The phase constant, 


Here K = 
À o o 
27x10" 
= =209 
Bu 3108 
1/2 
1841 Y 
-|209? -| — 1 
Bu | m {| 


By, =150rad/m 


Problem 6.12 Determine the size of the circular waveguide required to 
propagate TE;, mode if A, 28 cm (pj, =1.841). 


2 
Solution We have À,1; = = 
Pu 
re 11 X Pu 
or, fc cs 
2n 
289195. upon 
2n 


Radius of the guide = 2.35 cm 
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» EM wave propagates in a waveguide with multiple reflections. 
» TE and TM waves exist in a waveguide. 

> TEM wave does not exist in a hollow waveguide. 

> TEM wave exists between parallel plates. 


» The dominant mode has the lowest cut-off frequency. 


2 
> The propagation constant between parallel plates is y, 4 (4 - 67 ug Ep- 
ü 
> The cut-off frequency is a frequency below which the wave is attenuated 
completely. 


m 


e 
2a JM. E0 


> Between the parallel plates, f, = 


> À, for TE, =2a 


> Group velocity, phase velocity and free space velocity are related by v9 = Vp Vg: 


1 |o 
> Attenuation factor between parallel plates is a, = — eit Nepers / m. 


n a Y 20, 


2m?x? Jou, /26 
> Attenuation of TE waves between parallel plates is o,= Eees = 
2 | 2 ee 
oua 0^ LE 4 
a 


> A rectangular waveguide is used as a radiator, a high pass filter, a transmission 
line and feed element to an antenna. 
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> TEM - TM, 
> For TEM, E, 20, H, =0 
> A, =A, B, 2D, N=No, &=0 for TEM 


» Typically, wave impedance for TE,, wave nis =x 


Hy 


» Circular waveguides can be used to produce circular polarisation. 

» TEM wave has zero cut-off frequency. 

» The field components of TE wave between parallel plates are E,, dg lial Lae 
> The field components of TM wave between parallel plates are Ey, Ez, Hy. 
> TEM wave between parallel plates has only E, and H, components. 


> The field components of TE in a hollow rectangular waveguide are E,, Ey, Ti 
H, and H,. 


» The field components of TM in a hollow rectangular waveguide are E,, Ey, 
E,, H, and Hy. 


: : : v 1 
» The resonant frequency TE;o, in a cavity resonator is fio1 ES adm 
a c 
: ; : v 1 
> The resonant frequency of TM, in a cavity resonator is f110 == a 


2Vaz b 


B. WO N 
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OBJECTIVE QUESTIONS 


. TEM mode exists in parallel plate structure. (Yes/ No) 

. TEM mode exists in a hollow rectangular waveguide. (Yes/ No) 

. The quality factor is nothing but figure of merit of a cavity resonator. (Yes/No) 
. If quality factor is high, the power loss in the walls of a waveguide is less. 

(Yes/ No) 

. The phase constant, B,,,, of TE wave is the same as that of TM wave in a rectangular 

waveguide. (Yes/ No) 

. The wavelength, X,,, of TM wave is the same as that of TE wave in a rectangular 

waveguide. (Yes/ No) 

. Phase velocity, V, in TE wave is the same as that of TM wave in a rectangular 

waveguide. (Yes/ No) 

. Group velocity, V, in TE wave is the same as that of TM wave in a rectangular 

waveguide. (Yes/ No) 

. A rectangular waveguide can be excited for TE;o mode by a loop. (Yes/ No) 

. The presence of modes depends on the shape of the waveguide. (Yes/No) 

. The presence of modes depends on the dimensions of the waveguide. (Yes/No) 


. The presence of modes depends on the medium inside the waveguide. (Yes/No) 
. The presence of modes depends on the operating frequency. (Yes/No) 
. A rectangular waveguide can be used as an antenna. (Yes/No) 
. A rectangular waveguide can be used as a transmission line. (Yes/ No) 
. A calibrated cavity resonator is nothing but a frequency meter at microwave 

frequency. (Yes/ No) 
. In cavity resonator, standing waves are absent. (Yes/No) 
. A cavity resonator at microwave frequency is similar to a low frequency resonant 

circuit. (Yes/No) 
. Each mode of TE wave in a rectangular waveguide has a different cut-off frequency. 


(Yes/No) 
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20. In a hollow rectangular waveguide, TE mode has all the components of E and H. 


(Yes/ No) 
21. In a hollow rectangular waveguide, TM mode has all the components of E and H. 
(Yes/ No) 
22. The phase velocity in a rectangular waveguide is greater than that in free space. 
(Yes/ No) 
23. The group velocity for each TE,,, mode in rectangular waveguide is different. 
(Yes/ No) 
24. The phase velocity for each TE,,, mode is the same as in a rectangular waveguide. 
(Yes/ No) 
25. Guide wavelength varies with each TE and TM mode. (Yes/ No) 
26. Guide wavelength depends on waveguide dimensions. (Yes/No) 
27. Evanescent mode is a mode which does not propagate. (Yes/No) 
28. For evanescent mode, the propagation constant is equal to attenuation constant. 
(Yes/No) 
29. Wave impedance in a waveguide is smaller than that of free space. (Yes/No) 
30. If the impedance is resistive in a waveguide, the average power flow exists. 
(Yes/No) 
31. Nmn Nmn =N? (Yes/No) 
32. The cut-off frequencies of TE; and TE,, are the same. (Yes/ No) 
33. If the operating frequency is 10 GHz and cut-off frequency for a TE;9 in a rectangular 
waveguide is 12 GHz, wave propagation takes place. (Yes/No) 
34. In cavity resonators, there exists no reflected waves. (Yes/No) 


35. In rectangular waveguides, if the propagation constant is purely real, propagation 
takes place. (Yes/No) 


36. Phase velocity is nothing but the velocity of propagating energy in a waveguide. 
(Yes/No) 


37. Phase velocity is the speed of the constant phase points on the travelling wave. 


(Yes/No) 


38. Propagation constant is the same for TE and TM modes in a waveguide. 
(Yes/No) 
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If the conductivity of the wall of a waveguide is high, the skin depth is small. 
(Yes/No) 


. The resonant frequency depends on the length of the cavity resonator. (Yes/No) 
. TEM wave means 

. TE wave means 

. TM wave means 

. In TE mode, the electric field in the direction of propagation, z is equal to 


. When an EM wave is propagating in z-direction, the magnetic field in z-direction 


for TM wave is 


. The cut-off frequency of TEM mode is 
. The cut-off wavelength of TEM mode is 
. Cavity resonator is obtained from a rectangular waveguide by 


. The cut-off frequency for the dominant mode in a rectangular waveguide is 


. The quality factor of a resonating system is 


. The propagation constant, y,, for TE,,,, at operating frequency less than cut-off 


frequency is 


. At an operating frequency greater than the cut-off frequency of TE,, wave, the 


propagation constant is 


. The rectangular waveguide can be excited for TEjọ mode by 


. The power flow in z-direction in a waveguide requires the presence of the 


components of 


. The number of modes in rectangular waveguides are 

. The modes in a waveguide are 

. A waveguide is usually made of 

. The field components in a waveguide are obtained using 


. In TEM mode in a hollow rectangular waveguide, components of E and 


H are present. 


. The phase velocity in a rectangular waveguide is when f= f,- 
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61. The relation between phase, group velocities and free space velocity is 


62. If the wave impedance is capacitive in a waveguide, the average power flow is 


63. For the best cavity resonator, the quality factor is 


Answers 

1. Yes 2. No 3. Yes 4. Yes 5. Yes 

6. Yes 7. Yes 8. Yes oes 10. Yes 
11. Yes 12. Yes 13. Yes 14. Yes 15. Yes 
16. Yes 17. No 18. Yes 19. Yes 20. No 
21. No 22. Yes 23. Yes 24. No 25. Yes 
26. Yes 27. Yes 28. Yes 20 Yes 30. Yes 
31. Yes 32. No 33. No 34. No 35. No 
36. No 37. Yes 38. Yes 39. Yes 40. Yes 
41. Transverse electromagnetic wave 42. Transverse electric wave 
43. Transverse magnetic wave 44. Zero 45. Zero 46. Zero 
47. Infinity 48. Closing both ends of the waveguide with conducting plates 


49. Lowest 


W, 
50. Q2 0, ——, o, is angular resonant frequency, W, is the time-averaged stored 
Pa 

energy (J) and P, is the power dissipation 


CUM 52. Imaginary 53. A probe 54. E, and H, 55. Infinity 
56. Nothing but discrete characteristic patterns 
57. Copper or brass 58. Maxwell’s equations 59. No 


60. Infinity 61. Vp 0, = V6 62. Zero 63. Infinity 


MULTIPLE CHOICE QUESTIONS 


1. When a wave is propagating in x-direction, TE wave has E, equal to 


(a) zero (b E, (c) E (d) E+E, 

2. For a wave propagating in z-direction in a hollow rectangular waveguide, TEM 
wave has 
(a) E,=0 (b) H,=0 


(c) all components of E and H are zero (d) E,=0, H, «0 
3. The cut-off frequency of TEM wave is 
(a) zero (b) f (c) infinity (d) that of TE; 


4. If a=2cm,b=1cm for a waveguide, the cut-off frequency for TE;) mode is 
(a) 0.75 GHz (b) 7.5 GHz (c) 1.5 GHz (d) 1.5 MHz 


5. If the cut-off frequency for the dominant mode in a rectangular waveguide is 
4 GHz, the dimension of the broad wall along x-axis is 


(a) 4 cm (b) 3.75 cm (c) 5cm (d) 37.5 cm 


6. If f= 10 GHz, the broad dimension of a rectangular waveguide, a = 2 cm, the cut- 
off frequency for TE; is 


(a) 0.75 GHz (b) 7.5 GHz (c) 10 GHz (d) 5 GHz 


7. At f - 10 GHz, a 22cm, b=1cm, the cut-off frequency for TE, is 
(a) 10 GHz (D 1.5 GHz (c) 15 GHz (d) 7.5 GHz 


8. If in a rectangular waveguide the attenuation constant is 2 dB/m and the phase 
constant is 2 rad/m, the propagation constant is 


(a 2+j2dB/m (b) 2+j2np/m 
(c) 2 dB/m (d) 2 np/m 
9. If B=300rad/m for TE; mode in a rectangular waveguide, the guide wavelength 
for TE is 
(a) 0.209 cm (b) 0.209 m (c) 2.09 m (d) 20.9 cm 


10. The cut-off frequency for TE,) is 5 GHz at an operating frequency of 6 GHz. The 
phase constant for TE, is 
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(a) 69.5 rad/m (b) 6.95 rad/m 
(c) 0.833 rad/m (d) 1.2 rad/m 
11. If the resonant frequency is 6 GHz, the time averaged stored energy is 10 Joules and 
the power dissipation is 20 watts in a resonator, the quality factor is 
(a) 188.49 (b) 188.49 x 10° 
(c) 200 (d) 188 
12. The ideal value of quality factor is 


(a) œ (b) 0 (c) 100 (d) very small 
13. If 41M 2100, nym =150, the intrinsic impedance is 


mn 


(a) 122470 (b) 150 (c) 0.3330 (d) 122470 

14. If the phase constant of TM», is 320 rad/m, œ=0 at an operating frequency of 
10 GHz, the characteristic impedance of TM», is 
(a) 320 (b) 5390 (c) 3000 (d) 53.90 


15. The cut-off wavelength for the dominant mode in a rectangular waveguide having 
dimensions 4 x 3 cm is 


(a) 12 cm (b) 8 cm (c) 1.33 cm (d) 0.75 cm 


16. The cut-off wavelength for TE, in a waveguide is 10 GHz. The guide wavelength 
for TE4, mode is 


(a) 3 cm (b) 3.2 cm (c) 6 cm (d) 3m 


17. Skin depth in the copper wall of a waveguide operating at f= 6.25 GHz is 


(a) 8.39 mm (b 83.9um (c) 83.9 mm (d) 839 mm 

18. The mode of propagation in an air-filled waveguide of 2 x 1 cm dimensions operating 
at 10 GHz is 
(a) TE; (b) TE» (c) TE; (d) TE; 


19. If the propagation constant in a waveguide is 105 € j10, np/m the attenuation 
constant is 


(a) 105 np/m (b) 105 dB/m (c) 10. np/m (d) 115 np/m 
20. If Ymn ^ €,,4, in a waveguide 

(a) propagation takes place (b) no propagation takes place 

(c) energy is increased (d) energy is decreased 
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Answers 
1. (a) 2. (c) 3. (a) 4. (b) 5. (b) 
6. (b) 7. (c) 8. (a) 9. (b) 10. (a) 
11. (b) 12. (a) 13. (a) 14. (b) 15. (b) 


16. (a) 17. (b) 18. (c) 19. (a) 20. (b) 


EXERCISE PROBLEMS 


1. A rectangular waveguide operates at 1 GHz and has dimensions of 5 x 2 cm. Find 
the distance from the source end at which the electric field of TE;, wave becomes 
0.5% of its starting amplitude at z=0. The amplitude of the electric field in 
z-direction at z=0 is 10 KV/m. 


2. A rectangular waveguide with dimensions of 2.5 x 1.0 cm operates below 15.0 GHz. 
What are the TE modes that can be propagated if the waveguide is filled with 
material whose relative permittivity, ¢,=4 and u,-1, 6-0? Find their cut-off 
frequencies and cut-off wavelengths. 


3. A hollow rectangular waveguide operates at 10 GHz. If the cut-off frequency of 
TM», mode is 6 GHz, find its phase velocity, wavelength, phase constant. 


4. A hollow rectangular waveguide has the dimensions of a = 2.286 cm and b = 1.016 cm. 
Find the cut-off frequencies of TM,, and TM». 


5. Find the cut-off wavelength of TEjọ and TE  ) mode in the hollow rectangular 
waveguide of dimensions a=3cm,b=1.5cm. 


6. In a hollow square waveguide, the cut-off frequency for TE) mode is (a) 10 GHz 
(b) 20 GHz (c) 30 GHz. Find the dimensions of the waveguide. 


7. Find the radius of the circular waveguide required to propagate TE;, mode if 
A, =10cm. (pi, =1.84). 


8. Find the cut-off frequency of TE), mode in a circular waveguide of radius 4 cm. 
(Take p5, —3.054). 


TRANSMISSION 
LINES 


Transmission lines are nothing but guided conducting 
structures which are used in power distribution at low 
frequencies, in communications and computer networks at 
higher frequencies. 


The main aim of this chapter is to provide the overall concepts of Transmission Line 
theory. They include: 


transmission lines and applications 

equivalent circuits 

primary and secondary constants 

lossless and distortionless lines 

loading of lines and RF lines 

reflection coefficient and VSWR 

stubs and smith charts 

solved problems, points/ formulae to remember, objective and multiple choice 
questions and exercise problems. 


Do you know? 


Human beings and animals consist of several ideal transmission lines which are noiseless, 
attenuationless and distortionless. These transmission lines are powered by the heart and 
controlled by the brain through parallel processing. 
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7.1 TRANSMISSION LINES 


A transmission line is a means of transfer of information from one point to 
another. Usually it consists of two conductors. It is used to connect a source to 
a load. The source may be a transmitter and the load may be a receiver. 


7.2 TYPES OF TRANSMISSION LINES 


The various types of transmission lines are 
(a) Two-wire parallel lines 
(b) Coaxial lines 
(c) Twisted wires 
(d) Parallel plates or planar lines 
(e) Wire above conducting line 
(f) Microstrip lines 
(g) Optical fibres 
Typical configurations of the above are shown in Fig. 7.1. 


(a) Two-wire parallel line 


(b) Coaxial line 


(c) Twisted pair of lines 


Fig. 7.1 Types of transmission lines 
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(d) Planar line 


(e) Wire above conducting plane 


(f) Microstrip line 


Cladding Core (g) A typical step-index optical fibre 


Fig. 7.1 Types of transmission lines 


7.3 APPLICATIONS OF TRANSMISSION LINES 


Applications of transmission lines are: 

. They are used to transfer energy from one circuit to another. 

. They can be used as circuit elements like inductors, capacitors and so on. 
. They can be used as impedance matching devices. 

They can be used as stubs. 

. They can be used as measuring devices. 


oO oF WN rnc 


. Coaxial cables are frequently used in laboratories and to connect televisions 
to TV antennas. 


7. Microstrips are used in integrated circuits in which metallic strips connecting 
electronic elements are deposited on dielectric substrates. 


8. Twisted pairs and coaxial cables are used in computer networks such as 
Ethernet and Internet. 


9. Pair of parallel lines are used in telephony and power transmission. 
10. Planar lines are used to connect transmitters and antennas. 


11. Optical fibres are used to transmit information over long and short distances 
with negligible attenuation. 


7.4 EQUIVALENT CIRCUIT OF A PAIR OF 
TRANSMISSION LINES 


The equivalent circuit of a transmission line is a distributed network. This 
consists of cascaded sections and each section consists of a series Resistance R, 
series Induction L, shunt Capacitance C, and shunt conductance G. One section 
of the equivalent circuit is shown in Fig. 7.2. Here R is expressed in ohm/unit 
length, L in Henry/unit length, C in Farad/unit length and G in Mho per unit 


length. 
R L 
O AINN— L O 
C -- G 


Fig. 7.2 Equivalent circuit of a two-conductor QE EN" 


transmission line 
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Electric and Magnetic Fields in Parallel Plate and Coaxial 
Lines 


In parallel plate transmission, if z is the direction of propagation, the electric and 
magnetic field distributions are shown in Fig. 7.3. 


Fig. 7.3 E and H in a parallel plate transmission line 


The E and H fields in a coaxial line are shown in Fig. 7.4. 


— —— E field 


spec > H field 


Fig. 7.4 E and H fields 
in a coaxial 
line 


7.5 PRIMARY CONSTANTS 
The R (Q /Km), L (H/Km), C (F/Km) and G (mho/Km) are known as primary 
constants. 
Salient aspects of primary constants: 
1. R is defined as loop resistance per unit length of line. 
2. L is defined as loop inductance per unit line length. 
3. C is defined as shunt capacitance between two wires per unit length. 


4. G is defined as the conductance per unit length due to the dielectric medium 
1 
separating the conductors. It may be noted that Gass 


5. R, L, C, G are distributed along the length of the line. 
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6. For each line, the conductors are characterised by o, and u, 2 to, €,=€o, 


and the dielectric medium, which is basically homogeneous, separating the 
conductor is characterised by 6,, Uy, €,. 


7. R, L, C and G depend on the geometry of transmission line, characteristics 
of the dielectric material and in some cases on the frequency. 


The relations are presented for quick reference. 


For parallel wires 


Rac = Rm (f «10kHz) 


C 


p imis , Q/ m (f >10kHz) 


nO, òa 


L= I +9.21 l0g10 thao” H/m 
a 
T€, 
In 6 
a) 


G eee ae 
Eq 


GE 


F/m 


where o, = conductivity of conductors 


a =radius of wire 
sz 2 
JT f Uc 9, 


d — spacing between wires 


= skin depth 


€, — dielectric constant of the dielectric material 


us 


relative permeability of the conductor material 
1 for non-magnetic material 


Internal inductance (L;) is due to internal flux linkages in the conductors. 
It is 


L; MU (H/m) for f >10kHz 
2n f 
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Ho 
"m (H/m)for f Hz 


External inductance (L,) is due to flux linkages with the flux external to 
the wire. 


1 
L,=*tx 


ae 


H/m  (ford»»a) 


For coaxial cable 


TE S el 
^ gm |a? t(b+t) 


1 1 1 
R,. = =+- | for t>>6 
A zs ;| 
L = Rac (H/m) for f >10 kHz 
2nf 


=e (H/m) for f <10 kHz 
TU 


L-L;-L, 


C =ne; | ——— |, F/m) 


2 
«al 


G E 0, (mho/ m) 
€4 


where a= inner radius 
b= outer radius 
t= outer thickness 


For parallel plates 
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2 
R= for t>>6 
7 TO, dw 
L; = Ra (H/m) for f >10 kHz 


2nf 


-U5 H/m for f «10kHz 
4n 


L =H! (H/m) 
W 


Re d 


C (F/m) 


G a o0, (mho/m) 
Eq 


where w = width 
d = separation 


7.6 TRANSMISSION LINE EQUATIONS 


Consider Fig. 7.5 in which a line of length /, voltage and current at source end, 
V. and I, are shown. The voltage, V; and current I; at the load end are also 


shown. 
I; —» lr 
+ + 
Z 

Vs L v; 
— — x 
le l >| 

Fig. 7.5 A transmission line with load, Z x=0 


Let V and I be the voltage and current on the line at any arbitrary location. 
Assume V, and I, are for the forward wave and V, and I, are for the reflected 
wave. Then, we can write 


dV 


—— =-(R+joL)I 
zr (R+ joL) 
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dl 
— =~(G+joaC)V 
di (G t joC) 


Differentiating and combining, we get 


dV , 
“el 225 
where Y. =(R+ j@L) (G+ joC) 
or, 


Y =,|(R+joL) (G+ jac) 


= propagation constant 
And the series impedance 


Z =(R+ joL) 
The shunt admittance 
Y =(G+jaC) 
Y =vVZY 


The solutions of Equations (7.1) and (7.2) are either in exponential form 
or in hyperbolic function form. In the first form, 


V =V pe ™ +V, e” 


I=1pe™ +I, e” 


These represent the sum of the forward and reflected waves. 
The characteristic impedance, 


zo is related to R, L, C and G and is given by 


[Z [R+joL 
p^ = — 
0 VY \¥G+ joc 
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If the line is terminated in a load impedance of z,, then 


LY LUV) 
"LOI QgeL) 


Or, zjVg-zV, -z9V, +ZoV, 


Dividing both sides by V;, we get 


V, V, 
QUA —ZgTtZg-- 
bs 


Vr 
V. 
or, —- [zr +29] =Z; — zo 
Ve 
V, _ 21-20 
or V; ZL +Zo 


The reflection coefficient, 


V, 


r -ŽL 0 


pect- 
Ve Zr + Zo 


7.7 INPUT IMPEDANCE OF A TRANSMISSION LINE 


Input impedance z; is defined as the ratio of voltage and current at the 


sending end. 


In hyperbolic function form, the solutions of Equations (7.1) and (7.2) are 


given by 
V =A, cosh yx + B, sinh yx 
I = A, cosh yx + B; sinh yx 
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The constants, A4, Ay, B; and B; are found using the boundary conditions, 


that is, 
VzVi,IzI, at x20 
V =V,, I-1, at x-l 
R+ joL 
Th AW pii ege 
= BERR IO EO 
G+ jac 
A, =1,, B=- V. 
BSE YR+jaL 


V, =V; cosh yx — zo I; sinh yx 


V 
I, «Ij cosh yx - — sinh yx 
Zo 


zi is chosen at x=0 and if |-—x, we have 


V, =V, cosh yl + zo 1; sinh yl (7.3) 
V. 

I, =I; coshyl+— sinh yl (7.4) 
Z0 


Here, | is measured from the load end. From Equations (7.3) and (7.4), we 
have 


_V, _ Vi cosh yl + zo I, sinh yl 


Zi = 

I 

ERIT sat (Ld 
CN 


If the line is short circuited at the receiving end, z; 20 and V; =0. Then 
the input impedance is 


(zi)g = zo tanh yl 
Now if z; —«ee, I; 20, then the input impedance is 


(zi Joc cg coth yl 


2 
or, (NE 
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7.8 SECONDARY CONSTANTS 


The secondary constants are 
1. Propagation constant, Y and 
2. Characteristic impedance, zo 


Propagation constant 


Definition 1 y 2 Jseriesimpedance x shunt admittance 


=VZY, e ) 
j 
Definition 2 y «log, [ es log, e nepers 


Definition 3 y =20 logy 199 logio V. lam 
hy "j 


Definition 4 y zo jp 
where a = attenuation constant, dB/m 
B = phase constant, rad/m 
It may be noted that 
1 neper =8.686 dB 
1 rad = 57.3? 


Consider Y =a+ jB = (R+ joL) (G+ jac) 
Y =a? *2jop-p^ 
-RG-o^LC^ joRC4 joLG 


a’ -B =RG-w LC (7.5) 
Iyl = Jo? «p? 
a? +B? = (à +0? 2) (G ee? C?) (7.6) 


From Equations (7.5) and (7.6), we have 


20? -(RG- a LC) (RP ro I2) (G? Fo C?) 
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or, a = a (RES OG) Re Mor CHECA] (7.7) 


From Equations (7.6) and (7.7), we get 


2B? = (RG - 9? LC) - A(R? + @ 12) (G + @ C?) 


oF B= E Q LC - RG) + \(R? + 0° 2) (G +0? c 


Characteristic impedance, z, 


Definition 1 The characteristic impedance, z, of a line is defined as the 
ratio of the forward voltage wave to the forward current wave at any point 
on the line, 


that is, Zo ==, 


Definition 2 zo is also defined as the ratio of the square root of series 
impedance to the square root of shunt admittance, or, 


2 R+ joL 
Za Em = 
0 VY YG-joC 
Definition 3 zo is defined as the minus of the ratio of the reflected 
voltage wave to the reflected current wave at any point on the line, or, 


7.9 LOSSLESS TRANSMISSION LINES 


A transmission line is said to be lossless if the conductors of the line are 
perfect, or, o, —«e and the dielectric medium between the lines is lossless, or, 
0, —0. Also, a line is said to be lossless, if 


R=0=G 
For lossless line, 
y =a+ j=j, a=0 
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= (R+ joL) (G+ 9C) 
As R=0, G=0 
Y =j@ VLC = jB and B=a@vVLC 
or, B =wVLC, a=0 fora lossless line 
R+ joL 
Zo 7 
G+ joC 
As R=0=G 


The velocity of propagation in lossless line 


1 


ee 
” p JE 


7.10 DISTORTIONLESS LINE 


A transmission line is said to be distortionless when the attenuation constant, 


a is frequency-independent and the phase constant, B is linearly dependent 
on the frequency or when 


R S 
psu 
Consider Y = (R+ joL) (G+ jac) 


If 


mx 
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Consider 
|O[R* joL 
\ Gt joc 
R (1+ joL/R) 
\ G (1+ joC/G) 


== = |E -R+ %, thatis, X; =0 


ACER EE REE for a distortionless line 
NG NG 


The velocity of propagation for distortionless line is 


Qr 


0o 
WP OT m © MIRE 


The overall transmission line characteristics are shown in Table 7.1. 


Table 7.1 Propagation Parameters for Different Types of Lines 


Parameter General transmission Lossless Distorstionless 
line line line 
y (R+ joL) (G+ jac) jovLC JRG + javLC 
Zo aie L [E Or B 
G+ joC C C G 
1 2 
a z (RG-@ LC) 0 VRG 
1 2 2.5 
+ (R o^ D) 
2 
1/2 
(G +o C? ] 
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Parameter General transmission Lossless Distorstionless 
line line line 
1,2 
p 5 (o LC — RG) ox LC ox LC 
" Re? 
(G? n ciynp? 
E a 1 1 
E p VEC VLC 


7.11 PHASE AND GROUP VELOCITIES 


Energy is propagated along a transmission line in the form of Transverse 
Electromagnetic wave (TEM wave). The phase velocity, v, for TEM wave is 


For a transmission line, u, =1, but e, may be different. Then 


v 
v, =e 


Vo = free space velocity 


For a lossless and distortionless transmission line, 
1 
VD, == 
VLC 
Individual waves propagate with the same phase velocity if D is 


proportional to œ. If B is not proportional to œ and if the wave components 


travel with different velocities, the envelope of the wave travels with a velocity, 
known as group velocity, V, that is, 


a0) _ 90 
8 op 


This is also the velocity at which energy is propagated along the line. 


7.12 LOADING OF LINES 


Introduction of inductance in series with the line is called loading and such 
lines are called loaded lines. 


Effect of loading 
This is shown in Fig. 7.6. 


3.0 F 


Unloaded cable 


a in dB/Km 
—— 
N 
e 
T 


Loaded cable 


oe 
e 
T 


fin KHz Fig.7.6 Effect of loading on the cable 


Types of loading 
1. Continuous loading Here loading is done by winding a type of iron 
around the conductor. This increases inductance but it is expensive. 


2.Patch loading This type of loading uses sections of continuously loaded 
cable separated by sections of unloaded cable. Hence cost is reduced. 


3. Lumped loading Here, loading is introduced at uniform intervals. It may 
be noted that hysteresis and eddy current losses are introduced by loading 
and hence design should be optimal. 


7.13 INPUT IMPEDANCE OF LOSSLESS TRANSMISSION 
LINE 


For lossless line, 
Y-jB [asa=0] 
and as tanhjBl=jtanBl and zo= Ro, z; becomes 


zi =R jinne (for a lossless line) 


Ro IE jz. tanBl 
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For shorted line, z; =0 
Zee = Zo tanh yl 
For open circuited line, z; =°% 
Zoe =Z; = Zo cothyl 
and (Zi)sc (Zi doc = 24 
For matched line, z; = Zp 
Zi = Zo 


Input impedances of a transmission line for different cases are given in 


Table 7.2. 
Table 7.2 Input Impedance for Different Loads 
Type of line Input impedance, Z; 
+z, tanh yl 
Lossy line eu caeli 
Zo +z, tanh yl 
Zot 
Lossless line Žo Zr T AUS 
Zo + jz, tan BI 
Lossy line with shorted load 
(z1 =0) zo tanh BI 
Lossy line with open circuited load zo coth B1 
(zL =) 
Lossy line with matched load 
(zi 7 zo) Zo 
Lossless line with shorted load j zotan Bl 
Lossless line with open circuited 
load — jzcotBl 
Lossless line with matched load Zo 


The variation of input impedance of lossless line when shorted and open 
circuited are shown in Fig. 7.7. 
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Inductive 
0 | | > Bl 
n/2 T 3n/2 2n 
Capacitive 
(a) Shorted load 
Inductive 
0 BI 
1/2 T 3n/2 2n 
Capacitive (b) Open circuited load 
Fig. 7.7 Input impedance variation 
7.14 RF LINES 
At radio frequencies, 
oL >>R 
oC >>G 
Then, Z =R+ joL = joL 


Y =G+ joC = joc 


"T Erb LE 
? WYG«joC VC 


and Y = (R+ joL) (G+ jac) 
Y = jo VLC 


As y=0+ jp, a=0,B=@4VLC, it is not enough if œ is small compared to 
B. Hence let us consider, 


Y = (R+ joL) (G+ joC) 


Y =jovEC vr 
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R ) B 
= JovL 1 +11 + 
dd el EI “Fac 4 
R G 
= — JL/C + jo4LC 
2JL/C i 2 io 
[0/ i201 
2 | Zo J 
B =a@VvLC 


For RF lines, the input impedance is 


eee E + jzo d 


Zo + jz, tanBl 


7.15 RELATION BETWEEN REFLECTION COEFFICIENT, 
LOAD AND CHARACTERISTIC IMPEDANCES 


ZZ 
p= L 0 
ZL +Zo 


where p= reflection coefficient 
Z; = load impedance 
zo characteristic impedance 
Proof For lossless RF lines, we have 
Y -jP 


V =V; eP! 


incident 


Similarly, 


V reflected = V, el 
At the load, (120) 


— Y reflected 


V; =V; + V, 
Zn = V incident a 
07 E 
Lincident 


I reflected 
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I at any point from load is 


[=] incident + I reflected 
Load current, I; 


I L= I incident — I reflected 
V. V 


incident reflected 


Zo Zo 


Zo 


-Vr 
"ay 
ina Z ats E a 
I (=) 


Viz -z, V, =Z0V; tzgV, 


Dividing both sides by V;, we get 


V, V, 
EDUC = Zo + Zg— 


1 i 


p DUE uev Hence proved. 
Ve ZL+Zo 
If Zr 2zg,p-0 
zi =0,p=-1 
Z; =0,p=1 


Zr = purely reactive, | pl2 1 


7.16 RELATION BETWEEN REFLECTION COEFFICIENT 
AND VOLTAGE STANDING WAVE RATIO (VSWR) 


VSWR is defined as 


V 
VSWR s —ex 


min 
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_1+lpl 


1-Ipl 
Proof We can write 


Vmax =IV;1+1V, 


=1V;1[1+ Ipl] 
Similarly, 
Vain ^A Vi - IV,I3 Vil (1-1pl) 
V; (1 +Ipl 
vewR=s= tle) 
Vi 1- lpl) 
1+lpl 
VSWR = Taipi Hence proved. 


S ranges between 1 and o or 1«S«»e 


We can also write |p| as 


When the line is terminated by purely resistive load, 


Zo 5 
GS it wy SIR 
R; 0 JE 


S TAR > Zo 
Z0 


7.17 LINES OF DIFFERENT LENGTH— 


x, LINES 


A|> 


à 
"2 


By selecting a terminated line of suitable length, it is possible to produce the 
equivalent of a pure resistance, inductance and capacitance or any desired 
combination thereof. 


Equivalent circuits for shorted and open lines are shown in Table 7.3. 
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Table 7.3 Equivalent Circuits for Shorted and Open Lines 


Length of line Equivalent circuit element 
Shorted line Open line 
À 
I< d Inductor Capacitor 
À ewe TW 
i Tank circuit Series-resonant circuit 
A 
à «I« 2 Capacitor Inductor 
À "NN TN 
ae Series-resonant circuit Tank circuit 


In Table 7.4, lines of different length with short and open ends along with 
their equivalent circuits are shown. 


Table 7.4 Equivalent Circuit and Impedance 


Transmission line Equivalent circuit Input impedance 


Zi = t jzotan DI 


Zi m 

= T zi = — jzo cot Bl 
MK— 1<a/4 —9| | 
O- 9 
Zi uM 
> = 1 zi = t jzotan DI 
MK— X/A«1«X/2 — 


O 
Zi 
zi = —jzo cot Bl 


q C 
M— X/A«1«X/2 | 
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Transmission line Equivalent circuit Input impedance 
- EE 

Zi —— TN 229 = 2 

o. = d RI tanhal 
k— x/4 —9 

o o L———4 

i E .25 2 
9———— —9 = ' RI tanhal 
—— 4/2 —9 


7.18 LOSSES IN TRANSMISSION LINES 


Losses in transmission lines are of three types: 


Losses 


Copper losses Dielectric losses Radiation losses 


Copper Loss 


These losses occur because of the following reasons: 


1.PR power loss This is due to dissipation as a result of heating in pure 
resistance. Its features are: 


(a) Copper loss is small if there are no current loops, that is, the line should 
be properly terminated without producing standing waves. 

(b) Copper loss is more if zọ is small. This is because, if zo is low, current is 
high. If the current is high, copper loss is more. 

2.Skin effect Its features are: 


(a) When an AC signal at high frequency is applied to the transmission lines, 
the current is confined to the surface (skin) of the conductors. This is 
known as skin effect. This effect reduces the cross-sectional area of the 
conductor with increase in frequency. 


(b) Decrease in cross-sectional area increases the resistance. 


(c) Increased resistance increases power losses. 
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3. Crystallisation Its features are: 


(a) Copper losses increase due to ageing of the transmission line. Losses are 
more when the line is subjected to high temperature, high winds and 
moisture. Moreover, bending of the line back and forth causes the line to 
become brittle and cracks appear. This effect is known as crystallisation of 
the conductors. 


(b) Crystallisation increases resistance in the conductors which in turn increases 
copper losses. 


Dielectric Losses 
These losses exist due to improper characteristics of dielectric. 
Salient features: 


(a) These are due to I? R power dissipation because of the heating of the solid 
dielectric material between conductors in transmission lines. These losses 
are proportional to the voltage across the dielectric. 


(b) With increased frequencies, solid dielectric properties worsen and hence 
transmission lines with solid dielectrics have limited applications. 


(c) Lines with air dielectric are used at high frequencies, as air dielectric loss 
is very small. 


Radiation Losses 


Salient features: 


(a) These losses are high when the spacing between the lines is high as the 
transmission line acts as an antenna. Therefore, radiation losses are more 
in parallel-wire lines than in coaxial lines. 


(b) At high frequency, 4 will be small and hence the transmission lines are 
not useful at high frequencies. 


Problem 7.1 A transmission line with air as dielectric has zy =50Q and 
a phase constant of 3.0 rad /m at 10 MHz. Find the inductance and capacitance 
of the line. 


Solution A line with air dielectric is lossless as o - 0. 
R=0=Ganda=0 


and B =oVLC 22x f VLC 
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Re WBIC. d 
B  2nfN4LC œC 
or, es Ps a =0.9549x 10? 
@Ry 2nx10’ x50 
C 29549 pF/m 
T 
A — =R,=50Q2 
S VC 0 


L =50*C =2500x 954.9107!” 


L = 2387.25 nH/m 


Problem 7.2 A lossy cable which has R=2.25Q/m, L=1.0uH/m, 
C=1pF/m, and G=0 operates at f=0.5 GHz. Find the attenuation constant 
of the line. 


Solution The propagation constant is given by 
Y =a+jp=VZY 
Z =R+ job 


Y =G+joC=joC [AsG=0] 


Y =y(R+ joL) (joC) 


= (2.25 j2mx500x10°x1.0x10~°)x j2 500% 10° x1x10-? 


=1.125x10 + j3.142 (m^!) 


œ -21.125x10? (m7) 


Problem 7.3 A transmission line in which no distortion is present has the 


following parameters: zy =50 Q, a — 0.020 m", v—-0.6v0sg. Determine R, L, G, C 
and wavelength at 0.1 GHz. 


Solution For a distortionless line the condition is 


RC =GL or G=5C 
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and ues L 
C 
C 
[vi -RG- nC 
-È 
Zo 
and hence 
R — (Zo 
= 20x10 x50=1.0Q/m 
reman ; = 277 nH/m 
v 0.6x3x10 
o? 400x10~° 
.R 190 


G =400u mho/m 


Uzo 0.6X3x10" x50 
8 
rte E 
f 0.1x10 


Problem 7.4 For a transmission line which is terminated in a normalised 
impedance z,, VSWR - 2. Find the normalised impedance magnitude. 


Solution Normalised impedance, z, 


els 
Zo 
s - VeWR-2-.1*/P! 
1- pl 
S-1 2-1 1 
Or, lpl = = = 


— S+1 2+1 3 
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We have 

Z-Z 

Ipl = 2—2 
ZL +Zo 
Abos 

_| 40 1 

7L 44) 3 
Zo 

Iz, I 2 


Problem 7.5 A lossless transmission line used in a TV receiver has a 
capacitance of 50 pF/ m and an inductance of 200 nH/m. Find the characteristic 
impedance for sections of a line 10 metre long and 500 metre long. 


Solution The characteristic impedance of a lossless transmission line is 


L 
Zo = E 
The inductance, L of the line 
-200nH/m 


For 10 m line, 
L 2200x107? x10 = 2000x107? 
=2x10°H 
C =50 pF/m 
For 10 m line, 
C 250x107 x1025x107? F 


The characteristic impedance, Zo 


2x10 
5x101? 


= 0.4x104 


zo = 63.245 


The inductance of 500m line 


L 2200x107? x 500 
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—10,0000x10? 
L=10*H 
The capacitance of 500 m line 
C -50x10 ? x 500 
—-25000x10 ? 225x10? F 


The characteristic impedance, zy of 500 m line 


j - F- | 10 
0UYC  Y25x10? 


= Jo.04x1074 x10? 


= 40.4x10^? x10? 
= 40A4x10* 


= 0.632x10? 


Zo 26320 


Problem 7.6 A two-wire open air line, whose diameter is 2.588 mm, is 
used in several applications. The wires are spaced at 290 mm between the 
centres. Find out the characteristic impedance of the line. 


Solution Radius of the wire 


6 = L 1.294 mm 


2 


Spacing between the wires is 


s = 290 mm 


The characteristic impedance of the two-wire open air line is 


Zo = 276 logio - 


290 
= 276 logio 1294 


- 276 logy) 224.11 
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= 276x 2.350 
zo =648.7 Q 


Problem 7.7 A copper coaxial line has an outside tubing of thickness 
1.8 mm and its outside diameter is 30 mm. The thickness of the inner tubing is 
1.0 mm and its outside diameter is 8 mm. Find the characteristic impedance of 
the line. 


Solution Diameter of the outside conductor is 
d, =30-2x1.8 = 26.4 mm 
Diameter of the inner conductor is 
d, =8-2x1.0 = 6.0 mm 


For a coaxial cable, zp is 


=138 logio 4.40 


zo =88.79Q 


Problem 7.8 If a signal of 30 MHz is transmitted through a coaxial cable 
which has a capacitance of 30 pF/m and an inductance of 500 nH/m. (a) Find 
the time delay for a cable 1 m long, (b) propagation velocity, and (c) propagation 
delay over a cable length of 10 m. 

Solution 

(a) The time delay for 1 m long cable is 


ty =VLC 


= (500x107?) (30x10?) 


24 15x10 1? 


ty =3.87 nsec 
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(b) Velocity of propagation, 


Hu 1 metre 
P^ 387x107? 


Uy =2.5839x 10° m/s 
(c) The inductance of 10 metre cable is 


L 2500x10?x1025x10^H 
The capacitance of 10 metre cable is 


C 230x102 x10- 3x10 P F 
The time delay, 


ty - JLC 2 45x10 5 x 3x10 19 
-3.87x10? 


or ty =38.7 ns 


Problem 7.9 The attenuation coefficient of a transmission line is 
0.2 mNp/m. Find the attenuation coefficient in (a) dB/m (b) dB/mile. 
Solution 


(a) Attenuation coefficient in Np/m is 


a -02x10? Np/m 
Attenuation coefficient in dB/m is 


a —8.686x0.2x10? 


o —1.7372x10? dB/m 


(b) 1 mile =1609m 


The attenuation coefficient, œ in dB/mile is 


a =1.7372x 107 x 1609 


œ =2.795 dB/ mile 


Problem 7.10 A lossless transmission line is terminated in a load 
impedance of 30—- j 23 OQ. Find the phase constant and the reflection coefficient 


of a line of length 50 m. Characteristic impedance, zy =50Q. Wavelength on 
the line = 0.45 m. 
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Solution 


z, -(30- 23) Q 


Zo =50Q 
à =0.45m 
| 250m 


Phase constant, 


B= = = 13.9626 rad/m 
Reflection coefficient, 
RISE 
ZL + Zo 
_ 30- j23- 50 
30 — j234- 50 


| (20+ j23) 
— (80— j23) 


p =- (0.1431+ j0.3071) 


Problem 7.11 A coaxial cable has zọ of 75Q and a capacitance of 
70 pF/ m. Find its inductance per metre. If the radius of the inner conductor is 
0.292 mm and the relative permittivity of the dielectric is 2.3, determine the 


radius of the outer conductor. 


Solution Radius of the inner conductor, 


r; 20.2922 mm 
We have 
L 
Zo =, — 
0 yc 
L 2 
— =Z 
or, C 0 


L-22C 275^ x70x10 ? 


L 20.3937 H/m 
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For a coaxial cable, zy is also given by 


Zz see n) 
0 5 


or, log e Zo Je, 
i 


J 138 


PAI 0.8242 


13 


— = Anti log 0.8242 = 6.671 


% =0.292x 6.671 


% =1.9479mm 


where h =radius of the outer conductor. 


Problem 7.12 A lossless transmission line of length 100 m has an 
inductance of 28uH and a capacitance of 20 nF. Find (a) propagation velocity 
(b) phase constant at an operating frequency of 100 kHz (c) characteristic 
impedance of the line. 


Solution Length of transmission line, 


| - 100m 
Inductance of the line 
= 28uH 
28x10 
Inductance/ metre DIAM TE 0.284H /m 
100 
Capacitance of the line = 20 nF 
Capacitance per metre 
-9 
= one =0.20 nF/m 
100 


(a) Propagation velocity, 


TRANSMISSION LINES fel hay 


1 
0.281076 x0.2x10? 


v, 21.336x10? m/s 


(b) Phase constant, 


_ 2nx100x10? 
1.336x10? 


2n 10° 
*X— 
1.336 108 


B 24702x10? rad/m 


(c) Characteristic impedance of the transmission line, 


—6 
2 - |2- 028x10" ES 
C 0.2x10 


Zo 237420 


Problem 7.13 The dielectric material between two conductors of a lossless 
coaxial cable has €¢,=4 and p, -1. Diameter of the inner conductor is 2 mm. 
Characteristic impedance of the 10 m long cable is 50Q. Determine the diameter 
of the outer conductor of the coaxial cable. 


Solution The expression for inductance and capacitance of a coaxial 


cable is 
pode. 
27 ud 
and C= oie. 
fn do 
d; 
where u = permeability = ito LL, 


€ = permittivity 2e9e, 
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dọ = diameter of outer conductor 
d; = diameter of inner conductor 


The expression for the characteristic impedance, Zp is 


Zo = 


\ 


u duo _ _ 4mx10” 
€ €,€), 4x8.854x107? 


E =1.8836x10? 
E 


4, 4o || 50X27 
d,  18836x10? 


Here 


—1.6678 


do _ 61.6678 _5 399 
d; 


dy = Djx5.322x5.3 


dy =10.6 mm 


Problem 7.14 A transmission line is lossless and is 25 m long. It is 
terminated in a load of z; = 404 j30Q at a frequency of 10 MHz. The inductance 
and capacitance of the line are L 2 300 nH/m, C - 40 pF/ m. Find the input 
impedance at the source and at the mid-point of the line. 
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Solution The length of transmission line = 25 m. 


Load impedance, 


Zp =40+ j30 
Inductance, 
L =300 nH/m 
Capacitance, 
C 240 pF/m 


Characteristic impedance, 
» - f- 300x10? _ 
° YXc Y40x10 2? 


B -oJ/LC 
-2n f VLC 


Phase constant, p 


= 2nx10x10° 4300x107? x 40x 10722 
=2nx10’ x107H x J/300x 400 


= 2nx346.41x107 


B =0.2176 rad/m 


Input impedance at the source end is 


E E Ed 


Zo + jz, tan BI 


_ 75 | 40 j30+ j75tan(0.2176x25) 
75+ j(40 + j30)tan(0.2176x 25) 


Z; = 37.116 - j23.165Q 


Similarly, input impedance at 12.5m from source end is 


4, -75 | 40+130+ j75 tan (0.2176x12.5) 
f ^" | 754 j(40+ j30) tan (0.2176x 12.5) 


Zi = 33.154 + j3.198Q. 


Fig. 7.8 
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7.19 SMITH CHART AND APPLICATIONS 


Smith chart is a polar plot of the reflection coefficient in terms of normalised 
impedance, r + jx. In other words, it is a graphical plot of normalised resistance 
and reactance in the reflection coefficient plane. 


It was designed by Phillip H. Smith in 1939. 


Construction of Smith Chart 


It is constructed within a circle of unit radius (lp!<1) as in Fig. 7.8. 


Construction of Smith chart on unit circle 


Smith chart provides the relation between reflection coefficient, p load, 
z, and characteristic impedance, zy. Here, the impedances are always 
normalised with respect to characteristic impedance, 


that is, ed ae 
ZL T Zo 
or, p -IplZ0, =p, + jp; 


Smith charts are constructed in terms of normalised impedances (z; / zo) 
to avoid construction of one chart for each zy. Normalised load impedance is 


Z E 
Zu ———-TtjX 
Zo 


z,-1l 


n 


P =p, + jp; = 
z +1 


n 


= (1+p,)+ jp; 
(l=97)= Jp; 


or, 


A oe 


(1-5, +? 
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XE 2pi 
=p, ep? 
2 2 
yen ao edi) 
i2 |" | TP i (2 Ko) 
2 2 
and i -D «(0723 (3 (7.9) 
x) Xx) 


The Equations (7.8) and (7.9) are the equations of circles like 


-k + (y- y! ca 
Equation (7.8) is known as r-circle and Equation (7.9) is known as x-circle. 


The resistance circle has centre at (p,, e" ol and radius of | i 


1«r' ] 1er) 
as in Fig. 7.9. 


Fig. 7.9 circles 


The reactance circle has centre at 
1 

(Br pi) 1| 2) 

x) 


as shown in Fig. 7.10. 


and radius -(; 
x 


Fig. 7.10 The reactance circles 05 4 2 


a "y ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 


Salient features of r and x-circles 

1. The centres of all r-circles lie on p,-axis where p, is the real part of the 
reflection coefficient. The centre straight line is called p, axis. 

2. The r = 0 circle having unity radius and centre at the origin is the largest. 


3. The r-circles become progressively smaller as r increases from 0 to e 
ending at the point (p, =1, p; 21) for open circuit. 


4. All circles pass through the (p, =1, p; 20) point. 

5. The centre of all x-circles lie on the p, =1 line. 

6. The x-circles for x » 0 (inductive reactance) lie above p, -axis and those for 
x <0 (capacitive reactance) lie below the p, -axis. 

7. The x =0 circle becomes p, -axis. 


8. x-circle becomes progressively smaller as |x| increases from 0 to œ ending 
at the point (p, =1, p; 20) for open circuit. 


9. All x-circles pass through the (p, =1, p; 20) point. 


10. The Smith chart consists of two sets of circles or arcs of circles. The complete 
circles lie on the centre line on the chart. These circles correspond to various 


R ) 


values of normalised resistance | r= —2 along the line. 
Zo J 
11. The arcs of the circles on either side of the straight line correspond to various 
iX 
Ri 
Z0 J 


values of normalised line reactance, | jx= 


12. The circles are orthogonal to each other. 


À 
13. The perimeter of the outer rim of the chart is of z length. 


Applications of Smith Chart 


It can be used to: 
1. find the parameters of mismatched transmission lines 
2. find normalised admittance from normalised impedance or vice-versa 
3. find VSWR for a given load impedance 
4. design stubs for impedance matchings 
5. find the reflection coefficient 
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6. locate a voltage maximum on the line 


7. find the input impedance of a transmission line. 


7.20 STUBS 


A stub is a piece of transmission line. It can be short circuited at the far end 
or open circuited. It has a pure reactance or susceptance. It is used to cancel 
out reactance or susceptance of a transmission line. In other words, it is used 
for impedance matching. 


In general, shorted stubs are more frequently used since open ended stubs 
tend to radiate. The design parameters of stubs are (1) stub length and (2) stub 
distance from the load. The matching of transmission lines is done by the design 
of a single stub or a double stub. 


Design of Single Stub Matching 
The design consists of the following steps: 
1. Given z; and zo of transmission line, normalise z;, or, find 
Zu =Z; [Zo =r+jx 
2. Mark the point on the Smith chart where r-circle and x-arc intersect. 


3. Draw a circle with the radius equal to the distance from the centre of the 
chart to the point. 


4. Draw a straight line from this point through the centre of the chart to the 


À 
other half of the chart, that is, travel around it through a distance of Fi (or, 


straight through) to find the load admittance. As the stub is placed in parallel 
with the main line, it is easy to deal with admittances to make stub 
calculations. 


5. Mark the point where the straight line intersects the circle drawn. This point 
gives the normalised admittance, (g + jb). 


6. Note the point where the circle cuts the centre straight line of the chart to 
the right side of the centre. Read the value of that point. It gives VSWR 
straight away. 


7. Note the point nearest to the load at which the normalised admittance is 
1+ jb. This is the point where + jb intersects the r = 1 circle. Moreover, this 
is the point at which a stub, designed to tune out + jb component, will be 
placed. 
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8. Note the distance travelled round the circumference of the chart. This is the 


distance of the stub from the load. 


9. Move clockwise round the perimeter of the chart and find the point at 
which the susceptance tunes out + jb susceptance of the line. For example, 
if the line admittance is 1+ jb, the required susceptance is — jb. 


10. Note the distance in wavelengths from ee, je» of the chart to the new point 
(Example: susceptance is —b). This gives the length of the stub required. 


A typical stub is shown in Fig. 7.11. 


Generator Ə Zo 


> 
1+ jb 


Fig. 7.11 Shorted stub connected to a 
transmission line 


— Stub — 


distance 


Problem 7.15 Find the input impedance of 75Q lossless transmission line 


of length 0.14 when the load is a short. 
Solution Load impedance, 
zz, =0, Q (short) 


Characteristic impedance, 


Zo = 75Q 
Length of the line -0.1A 
The normalised load impedance is 
Zn = Ta x =0 
Zo 75 


Steps Involved 


1. Start from the point P,, at the left of the rim of the chart. P., is intersection 


of r=0, x=0. 
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2. Move clockwise from P,, through the perimeter of the chart by 0.1X towards 
generator. Mark point P, (Refer Fig. 7.12). 


0.14 
x = 0.725 


0 0.25. 


Fig. 7.12 Lossless transmission line 
where load is short 


3.At P, r=0 and x=0.725, that is, z;, = normalised input impedance 
=0+ 0.725. 


4. The input impedance, 


Zi —ZQ Zin 
=75 (j0.725) 
Zi = 194.375, Q 


Analytical method The expression for z; (for lossless line) is 


E + jZp tan | 
=Z9 | ——. 


Zo + jz; tan B4 


If zy, =0, short circuit 
Zi = zo tanpZ 
2n \ 
-j75t —^4 (0.1X 


= j75 tan (0.27) 
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—j75 tan36? 
Zi = 54.3750 


Problem 7.16 Find the input impedance of a 75Q lossless transmission 
line of length (0.1A) if it is terminated in open circuit. 


Solution ] =0.1A 
Z; =œ (open) 
Zo = 75Q 


The expression for input impedance is 


Zr + jzo tan x 


V =Z 
i(lossless) 0 É + Jer tan p^ 


If the load is open circuit, 


ZI -—oo 


Zo ‘ 
i= = —Z j cot p/ 
^ j tan B of eot B 
= -75j cot B/ 2 — 75j cot s Jom 


- —j75 cot(0.2n) - -j75x 1.3764 
; 2-j108230 


N 
| 


Smith chart method 
1. Start from the point P, at the right of the rim of the chart. 


r=0 
circle 


Fig. 7.13 Lossless transmission line terminated in 
0.10 open circuit 
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2. Move clockwise from P,, through the perimeter of the chart by 0.14, towards 
generator. Mark point P, (Refer Fig. 7.13). 
3. At P, r=0, x=-1.37, that is, the normalised input impedance. 


Zin -0-j1.37 
4. Input impedance, 
Zi =Zo Zin — 79 (- 1.37) 
z; =—j103.23, Q 


Problem 7.17 A transmission line of length 0.404 has a characteristic 
impedance of 100Q and is terminated in a load impedance of 200 + 7180Q. Find 
the 

(a) voltage reflection coefficient 

(b) voltage standing wave ratio 

(c) input impedance of the line 
Solution The data is 


zı = 200+ j180 Q 


Zo =100 Q 
1 204A 
200 + j180 
pouce ET LO gg 
zo 100 


(a) (i) Refer Fig. 7.14. Locate the point 2.0+ j1.8 on the Smith chart. It is 
represented by A. 


(ii) Draw a circle of radius equal to OA. This OA is |p! and it is equal to 
0.591, 


(iii) Draw a straight line OA and extend it to B. Read 0.207 in wavelength 
towards the generator. 


(iv) The phase angle of the reflection coefficient is given by 
(0.250 — 0.207) x 4n. = 0.043 x 4n = 31? 
Hence the reflection coefficient is 


p 20.591 Z31? 


(b) The reflection coefficient !p!=0.591 circle meets the positive real axis op, 
at r — 4, that is, 


VSWR =S=4 
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Fig. 7.14 


(c) To determine z;, 


(i) Move B at 0.207 by a total of 0.40 wavelengths towards generator. 
Movement is made from 0.40 to 0.50 to 0.107. This point is represented 


by C. 
(ii) Draw a line joining the centre and point C. This intersects circle at D. 
(iii) Read the values of r and x at this point, that is, r2 0.4 and x 20.72. 
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Normalised input impedance 
=0.4+ j0.72 
Input impedance = zo (0.4+ j0.72) - 100 (0.4 + j0.72) 
zi =40+ j72, Q 


Problem 7.18 Design a stub to match a transmission line which is connected 
to a load impedance of z; =(450— j600) Q. The characteristic impedance of the 
line is 300 Q. The operating frequency is 20 MHz. 


Solution f =20 MHz 
EUN Uu 
£20310" 


zı, -(450— j600) Q 
Zo =300Q 


1. The normalised load impedance is 
450—j 
Zo 300 


N 


. Identify the point of intersection in Fig. 7.15, r=1.5 and x= -2.0. 


. Draw a circle with a radius of OA. It cuts the centre line at 4.8. Therefore, 
VSWR - 4.8. 


4. Draw a line OA and extend it to B. This point, B represents normalised 
admittance, y,, that is, y,, 2 0.22 + j0.35. 


W 


5. The drawn circle cuts r=1 circle at C. This point corresponds to 1+ j17. 
6. The distance of D to E on the rim of the chart is the stub distance from the 
load. 
The stub distance — (0.181 — 0.053) A =0.128A 


—0.128x15 =1.92 m 
7. As the load has a susceptance of +j1.7, the stub is required to provide a 
susceptance of —j1.7. Therefore, mark a point by moving clockwise on the 
lower half of the chart. It is marked by F. Its distance from the short circuit 
admittance point is given by 
0.3342 — 0.25 = 0.08427. 
Stub length = 0.0842 


= 0.0842 x 15 = 1.263 m 
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Stub distance = 
1.92 m 


Stub length = 
1.263 m 


Fig. 7.15 


The designed stub parameters are: 


Stub length =1.263m 
Stub distance =1.92m 


7.21 DOUBLE STUBS 


For the design of any device, it is convenient to have more parameters in designer’s 
control for more freedom. For this purpose, to match the load with the transmission 
line, a second stub of adjustable position is included. A typical double stub is 
shown in Fig. 7.16. 
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NE 


Zo 


Fig. 7.16 Double stub transmission line 


It is also possible to use a triple stub tuner for more design convenience. 


In single stub matching the stub is placed on the line at a specified point. 
Its location varies with z; and frequency. This creates some difficulties as the 
specified point may occur at an undesirable location. In such cases, double stubs 


A X 3X 3A 
16' 8' 16' 8 
so on and the lengths of the two stubs are adjusted to match the load. 


are used. Here the distance between them is fixed such as an 


Design Methodology 


Step 1 Fix the distance between the two stubs and keep stub 1 at the location 
of the load. 


Step 2 Draw the circle corresponding to the normalised conductance, g - 1. 


d 
Step 3 Obtain the normalised distance of AT 


d 
Step 4 Rotate the circle in anticlockwise direction by X wavelengths towards 


the load and draw. The point which represents y, is located here. 
Step 5 Locate y; =g, + jb. 
Step 6 Draw g=g, circle. This intersects the rotated g=1 circle at one or two 
points where y; =, + jb. 
Step 7 Locate the corresponding y» points on the g=1 circle. y; =1+ jbo. 
Step 8 Find the stub length /, between the points representing y; and yz. 
Step 9 Find the stub length 1, from the angle between the point representing 
-jb and Psc: 
The stub distances from the load need not be found as d is fixed. 


In Table 7.5 given on the next page, propagation characteristics of EM waves 
in free space, in waveguides and in transmission lines are compared. 
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» Transmission lines transfer information from one point to another. 

» They are characterised by the presence of distributed constants R, L, G and C. 
» Transmission lines are used as impedance matching devices, stubs. 

» Coaxial cables are used to connect TVs to antennas. 

» Microstrips are used in integrated circuits. 

» Twisted pairs and coaxial cables are used in computer networks such as Ethernet. 
» Optical fibres are characterised by negligible attenuation and infinite bandwidth. 


» Equivalent circuit of a uniform transmission line is shown in Fig. 7.17. 


R G R G 


Fig. 7.17 


> The characteristic impedance of a pair of transmission lines is Zọ =/Z/Y. 


> The propagation constant of a transmission line is y; = JZY =a, + jj. 


> For a lossless transmission line R Z0, G=0, Zp = x 


ATEI 


» For a distortionless transmission line, 


ee 
pue 
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a, =VRG, B; 2 oJLC 


R L 


» For a lossless and distortionless transmission line, ù= x 
VLC 
» Loading of transmission lines is the introduction of inductance in series with the 
line. 


Z,+Zoj tanh tly 


» Input impedance of transmission line is Z; = Zo É E 
Qn] emna y 


ZUR mE 


> Input impedance of a lossless transmission line is Z; = Ro E NUUS 
UD IC 


> For a matched line Z; = Zp. 


> For RF lines, @L>>R, @C>>G, a-— CIA X 


Zo J 


Z; + j Zo tan BI * 
Zo +j Z; tan Bl 


> For RF lines, the input impedance is Z; = Zo | 


» The reflection coefficient, jeans 
L tZ 

1+Ipl 

> VSWR = ENT 


> VSWR varies between 1 and ee. 


» For resistance terminated load, 


OE UN AM 
Rr, 
Zo 


» The losses in transmission lines are due to copper, dielectric and radiation. 


» Smith chart is useful to measure transmission line parameters. 
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» The design parameters of a single stub are its length and its distance from the 


load end. 
1 
> Velocity of propagation in lossless line is v, = x 
ty of propag "LC 
A . e 
> VSWR is defined as —— x 
min 
» Characteristic impedance is defined as — or SS 
i r 


V 
» Reflection coefficient is defined as ——x 
jf 
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OBJECTIVE QUESTIONS 


1. Guided waves require conductors for their existence. (Yes/ No) 
2. Microstrip can be used as a transmission line. (Yes/ No) 
3. A transmission line can be used as a resonant circuit. (Yes/No) 
4. A transmission line can be used as a filter. (Yes/No) 
5. A transmission line can be used as a waveshaping network. (Yes/No) 


6. The normalised input impedance of a transmission line, z; =— xz; is normalised 


ZL 
load impedance. (Yes/No) 
7. The input impedance of a transmission line is a function of its length. 
(Yes/No) 
itle] 
8. VSWR = (Yes/No) 
1-|p| 
1+p 
9. VSWR = 7-6 (Yes/No) 
10. VSWR Sal (Yes/No) 
; 1+|p| 
11. A stub can be shorted at one end. (Yes/No) 
12. A stub can be open ended at one end. (Yes/No) 


13. The magnitude of voltage along the perfectly matched transmission line is 


(Yes/No) 


0 —— x Fig. 7.18 
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14. 


15. 


16. 


17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 


27. 
28. 
29. 
30. 


31. 


32. 
33. 
34. 
35. 


The inductance of a transmission line depends on the permeability of the medium 
between the conductors. (Yes/No) 
Capacitance of a transmission line depends on the dielectric constant of the medium 
between the conductors. (Yes/No) 
The resistance in a transmission line depends on €, of the medium between the 
conductors. (Yes/No) 
The line resistance is expressed in units of ohm/m. (Yes/No) 
Step function is a long pulse. (Yes/No) 
Impulse function is a very short pulse. (Yes/No) 
Principal wave is 


To exist, TEM wave requires 

A line is said to be a uniform transmission line 
The length of a microstrip line is usually 

The analysis of a transmission line can be made by 
A transmission line is said to be lossless 


The input impedance of a transmission line is if there is a short circuit 
at the receiving end of the line. 


For quarter-wavelength line, the input impedance at the sending end is 

The input impedance of one-half wavelength long line is 

A transmission line is said to have a discontinuity at a point if 

The reflection coefficient of a transmission line for a load impedance of z; is 
The transmission coefficient of a transmission line for a load impedance of z, is 
The transmission coefficient of a transmission line is 

VSWR = 

A stub is a 

VSWR of a perfectly matched transmission line is 
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36. The input impedance of a transmission line is 


37. The characteristic impedance, zg of a transmission line is of forward 
voltage to current. 


38. The transit time in a transmission line is 

39. The transit time is given by 

40. If VSWR =2, the magnitude of reflection coefficient is 

41. The characteristic impedance of a lossless transmission line is 
42. The propagation constant in a transmission line is 

43. The propagation constant in a lossless transmission line is 


44. Tracking of forward and backward waves along a transmission line is done by 


45. Lattice diagram is a 

46. Microstrip transmission lines are used in 

47. The phase constant of a transmission line is 

48. The velocity of propagation in a transmission line is 

49. If z; is pure resistance and is greater then zo, VSWR is 
50. If z; is purely resistive and is less than zo, VSWR is 


51. A practical transmission line has propagation constant equal to 


Answers 
1. Yes 2. Yes 3. Yes 4. Yes 5. Yes 
6. Yes 7. Yes 8. Yes 9. No 10. No 
11. Yes 12. Yes 13. Yes 14. Yes 15. Yes 
16. No 17. Yes 18. Yes 19. Yes 20. TEM wave 


21. Two or more conductors 


22. If the conductors are separated by the same dielectric, if they have same cross- 
sectional area along the length of the line and if they have same dimensions 
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23. 
25. 


26. 


29. 


32. 


36. 


38. 


39. 


40. 
44. 


47 


A few mm 24. Smith chart 
If the conductors have o =o and if the dielectric between the conductors has 
o=0 
z tanhrl 27. z; =z, Í Zr, 28. z; =Z; 
— 2 
Zo changes at the point — 30. Ce D Jr educ 
(zr * Zo) Zp + Zo 
V 
1+p B eee 34. A piece of transmission line 35. One 
Via 
a um 37. The ratio 
I 
The time taken for the wave to travel from one end to the other 
I, x I -length of line, v is the velocity of propagation of the wave 
v 
L 
1/3 41. Zp JE 42. JZY 43. jo LC 
Lattice diagram 45. A time-distance diagram 46. PCBs 
SAMIR, STE aes yt Eu ee. 51. a+ jp 


KG Zo ZL 


MULTIPLE CHOICE QUESTIONS 


1. If the load impedance in a transmission line is 100+ j200Q and characteristic 
impedance is 1009, the normalised load impedance is 


(a) 1+j2Q (b) 10,0004 j 20,0002 
(c) 1+ 72002 (d) 100+j2Q 


2. If the normalised load impedance of a transmission line is 3+ /4O, the normalised 
admittance is 
(a) 0.6- 70.8 mho (D 1-j1.0mho 
(c) 1-*j1.0mho (d) 0.6—0.8 mho 


3. If zy =50Q, z; 2 504 100j for a quarter wave transmission line, its input impedance 
is 
2,500 50 50-- j100 50+ 7100 
Q) L———— Oe — (9 x 00 —L— 
50 + j100 50+ 7100 2,500 50 
4. If the load impedance of one half-wavelength is 50+ j150Q, its input impedance 
is 
(a) 50-7150 (b) 50+ 7150 
(c) 50+ 71002 (d) 1471.50 


5. If the load impedance in a transmission line is z; and zy is the characteristic 
impedance, reflection coefficient is 


(a) (zy 720) (b) (zy * zo) (c) ZL (d) 


(zr, * Zo) (zr, — Zo) Zo Zr 


Zo 


6. If reflection coefficient in a transmission line for a given load is 0.54 70.5, VSWR 
is 


(a) 1 (b) > (c) 2 (d) -% 

7. If maximum and minimum voltages on a transmission line are 4 V and 2 V 
respectively, VSWR is 
(a) 0.5 (b) 2 (c) 1 (d) 8 

8. If the sending voltage and currents on a transmission line are 200 V and 2 amp for 
a given load the input impedance is 
(a) 100Q (b) œ (c) 0.012 (d) 2002 
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9. If the voltage and current at the receiving end of a transmission line for a given 
load are 3.0 V and 200 mA respectively, the load impedance is given by 


(a) 6000 (b 1500 (c) 15000 (d) 150 
10. A lossless transmission line characterised by a distributed inductance of 


300 nH/m and capacitance of 50 PF/m operates at no load. Its characteristic 
impedance is 


(a) 600 (b) 6000 (c) 77.45 (d) 7745Q 


11. The velocity of propagation of a wave along a transmission line of length 100 m is 
2.8 x 105 m/s. The delay on the transmission line is 


(a) 3.57 ns (b) 357 ns (c) 0.357 ns (d) 2.8 us 


12. A 100 km long transmission line has an inductance of 27 mH. Its distributed 
inductance per metre is 


(a) 27 mH (b) 2.7uH (c) 0.27HH (d) 27HH 

13. A 100 km long transmission line has a capacitance of 20 nF. Its distributed capacitance 
per metre is 
(a) 0.20 PF (b) 20 PF (c) 20 nH (d) 0.20 nF 


14. A 100 m long lossless transmission line is operating at 100 kHz. If the velocity 
propagation of the wave on the line is 1.4 x 10° m/s, the propagation constant is 


(a) 4.487 rad/m (b) 4.487 m rad/m 
(c) 44 m rad/m (d) 0.4487 m rad/m 


15. A voltage of 2 cos 10? t volts is applied to a parallel plate transmission line. If the 
plate separation is 2 mm, the electric field between the plates at the source end is 


(a) 1,000 cos 10? t V/m (b) cos 10?:V/m 
(c) 10 cos 10^ t V/m (d) cos 10? t mV/m 
16. A sinusoidal voltage with a wavelength of 100 cm is applied to a transmission line 


along which the velocity of propagation of the wave is 2.9x 10* m/s. The frequency 
of the source is 


(a) 2.9 MHz (b 2.9 GHz 
(c) 0.29 GHz (d) 0.20 MHz 
17. If the magnitude of the reflection coefficient on a transmission line for a given load 
is 1/3, VSWR is 
(a) 3 (b) 2 (o) 13 (d) 0.5 
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18. A 50Q transmission line is connected to a load impedance yielding a VSWR of 
unity. The load impedance is 
(a 500 (b) 1000 (o) 1Q (d) 0€ 

19. A load impedance of 100O is connected to a 50Q line. VSWR of unity is obtained 
by connecting 
(a) another 50Q in series with z, (b) another 50Q in parallel to z; 


(c) another 100Q in parallel to z, (d) another 100Q in series with z; 


20. If the reflection coefficient at a point on a transmission line is — 0.5, the transmission 
coefficient is 


(a) 0.5 (b -0.5 (c) 1.0 (d) 0 
Answers 
1. (a) 2. (a) 8. (a) 4. (b) 5. (a) 
6. (b) 7. (b) 8. (a) 9. (b) 10. (c) 
11. (b) 12. (c) 13. (a) 14. (b) 15. (a) 


16. (c) 17. (b) 18. (a) 19. (c) 20. (a) 
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m. 


10. 


11. 


EXERCISE PROBLEMS 


. A parallel wire transmission line is made of copper. The separation between the 
wires is 1.0m in air. The conductor radius is 2.0 mm. Find L, C and G. 


. A copper parallel wire transmission line operates at 1 MHz. For copper u, =uUọo, 
€,=€9, 6,=5.8x10’ mho/m. The radius of the wire, a= 2.0 mm. Find Ra; and 
R 


ac* 
. A transmission line is characterised by 
R=107Q/m, G=1.0umho/m and C=1.0nF/m. 
Determine the characteristic impedance if the operating frequency is 1.59 kHz. 


. A transmission line has 
R-20.010/m, G-10u mho/m, L=10u H/m, C=1.0u F/m. 


Find the attenuation constant, phase constant and phase velocity. 


. A telephone line of 100 km has R=4Q/km, L=3mH/km, G=1.0u mho/km, 
C=0.015u F/km. It operates at 796 Hz and is connected to a load impedance of 
200Q. Find the series impedance, shunt admittance, characteristic impedance and 
reflection coefficient. 


.A 100km telephone line has R=4Q/km, L=3mH/km, G=1.0u mho/m and 
C=15nF/m. It operates at f =796 Hz. Find the attenuation and phase constants. 


. A coaxial cable has air dielectric. Its outer radius is 2.0 mm and inner radius is 
1.0 mm. Find its characteristic impedance. 


. A pair of transmission lines are separated by 1.0 m and each wire has a radius of 
1 cm. Find zo. 


. A uniform transmission line operating at 10 kHz has zg of 50Q and propagation 
constant, y=(0.1+ 70.1) m 1. Find R and L. 


A uniform transmission line operating at 1 KHz has zy =75Q and a propagation 
constant of (0.1+ 70.2) m 1. Find G and C. 


For a uniform transmission line, the open and short circuit impedances are given 
by z,, 2504 j25Q, z =60-j20Q. Find zp of the line. 


RADIATION 
AND ANTENNAS 


Antenna is a radiator and sensor of EM waves. It is also a 
transducer and impedance matching device. It can be designed 
to direct EM energy in desired directions and suppress it in 
unwanted directions. 


The main aim of this chapter is to provide the fundamentals of antennas. They include: 


antenna definition, functions, properties and parameters 

basic antenna elements 

radiation mechanism, radiated power and radiation resistance of current 
elements, dipoles and monopoles 

directional characteristics of basic elements 

solved problems, points/formulae to remember, objective and multiple choice 
questions and exercise problems. 


Do you know? 


The Mobile telephone, TV, radio, satellite, or any type of modern communication is 
not possible without one type of antenna or the other and no radar works without 
an antenna. 


EMF theory is essential for solving all types of antenna and free space problems. 


Broadcast antennas transmit at various radio frequencies, depending on the channel, from 
about 550 kHz for AM radio upto 800 MHz for some UHF television stations. 
Frequencies for FM radio and VHF television lie in between these two. 


8.1 GENERAL SOLUTION OF MAXWELL’S EQUATIONS 


The general Maxwell’s equations and retarded potentials are repeated here for 
the sake of continuity and clarity. 


VxH=D+J 
VxE =-B 
V.D=p, 
V.B =0 
where H = magnetic field, (A/m) 


D = displacement electric flux density (c/m 2) 


D = D = displacement electric current density (A / m?) 


J = conduction current density (A/m 2 
E - electric field (V/m) 
B = magnetic flux density (wb/m 2j 
: B : : 2 
B = 3r = magnetic current density (V/m ^) 


From these equations, it is possible to obtain general solutions for E and H 
fields in terms of potentials and also expressions relating potentials and their 
sources. 


8.2 EXPRESSIONS FOR E AND H IN TERMS OF 
POTENTIALS 


By definition, vector magnetic potential, A is given by 


VxA =B=uH 
Or, VxA -uH 
But uH =-VxE 
VxA =-VxE 
or, Vx(E+A) =0 


This is true only if (E+A) represents the gradient of a scalar. Hence, 


E+A --VV 
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E--VV-À 
And we know 
B-VxA 
1 
or, H -—VxA 
u 
Therefore, the general expressions for E and H are given by 
E=-W-A 
H-lyxA 
u 


Expressions Relating Potentials and Their Sources 


Consider VxA =B 
VxVxA zuVxH 
or, VxVxA =HeE+pJ 
or, VV.A- V? A =He[-VV - ÀÁ]4 un] 


--ye VV -ueÀ-puJ 
Curl of A is known and its divergence is not specified. 


Helmholtz Theorem 


This states that any vector like A has unique meaning only if its curl and divergence 
are specified. 


Hence, the divergence of A is 
V.A =-ueV 


This is known as Lorentz gauge condition. 
Using Lorentz gauge condition, we get 


V(-ue V)- V? A =-ue VV -ue ÀA«uJ 
or, V7A-neA =-uJ 
Now consider V.D =P% 
Or, V.E =p,/é€ 


RADIATION AND ANTENNAS irj hay 


V.(-VV - À) =p, /e 
or, V-V+V.A --p,/e 


V?y -ue V =-p, /e 


The final expressions are: 
V?^A-ueÀ =-uJ 


pa. 
€ 


V^ ess weV =- 
For sinusoidal fields, these equations become 


V7A+@ HEA --uJ 


V2V+o2peV --P» 
E 


8.3 RETARDED POTENTIALS 


The potentials for static fields are 


The potentials are usually established due to time varying field only after 
some amount of propagation time. This propagation time depends on the distance 
between the point of the potentials from their sources and velocity of propagation 
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of EM fields. As a result, the potentials are retarded by a time, r/v 9. These 
potentials are known as retarded potentials, and they are expressed as 


TAG e (paeem) d 
Ate 3 T 


LU 
AND -+f J (r 2o) ay 


It is well known that a uniform plane wave propagating in r direction has 
a phase variation represented by e^". Including this phase factor, the above 
potentials are given by 


V (r, t) x 1 Í pou t-r/'og) Asli 66 
4re 4 Y 


u çp J(e t-r/vo) Ee 
AC] : 0^ oiro 
V 


8.4 ANTENNA DEFINITION 


Antenna or Aerial means the same. 
An antenna is defined in the following ways: 
1. An antenna is a piece of conducting wire or rod with excitation. 
2. An antenna is a source or radiator of Electromagnetic waves. 
3. An antenna is a sensor of Electromagnetic waves. 
4. An antenna is a transducer. 
5. An antenna is an impedance matching device. 


8.5 FUNCTIONS OF AN ANTENNA 


1. It is used as a transducer, that is, it converts electrical energy into EM 
energy on the transmitting side and it converts EM energy into electrical 
energy on the receiving side. 


2. It is used as an impedance matching device, that is, it matches the transmitter 
and free space on the transmitting side and it matches free space and the 
receiver on the receiving side. 


3. It radiates in the desired directions and suppresses in the unwanted 
directions. 
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4. [t is used as a radiator of EM waves. 
5. It is used as a sensor of EM waves. 


8.6 PROPERTIES OF AN ANTENNA 


1. It has identical impedance when used for transmitting and receiving 
purposes. 


2. It has identical directional characteristics when it is used for transmitting 
and receiving purposes. 


3. It has the same effective length when it is used for transmitting and receiving 
purposes. 


These properties can be proved using reciprocity theorem. 


8.7 ANTENNA PARAMETERS 


1. Antenna Impedance, Z, [Itis defined as the ratio of input voltage to input 
current, that is, 


Z,5—Q 


Vi 
i 
Z, is a complex quantity and it is written as 

Za R,*jX, 
Here, the reactive part X, results from fields surrounding the antenna. The 
resistive part, R, is given by 

R, =R, +R, 
Here R, represents losses in the antenna. R, is called radiation resistance. 


2. Radiation Resistance, R,  R, is defined as the fictitious or hypothetical 
resistance that would dissipate an amount of power equal to the radiated 
power. 


ower radiated 
Or, R, = P 


D 

Truss 

3. Directional Characteristics These are also called radiation characteristics 
or radiation pattern. These are of two types: 


(a) Field strength pattern It is the variation of the absolute value of field 
strength as a function of 0. 


That is, | E vs 0 | is called field strength pattern. 
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(b) Power pattern It is the variation of radiated power with 9. 


That is, | P vs0 | is called Power pattern. 
More generally an antenna radiation pattern is a three dimensional variation 
of the radiation field. 
4. Effective Length of Antenna, (L,4) Itis used to indicate the effectiveness 
of the antenna as a radiator or receiver of EM energy. 


Legg of transmitting antenna Itis that length of an equivalent linear antenna 
that has a constant current along its length and which radiates the same 
field strength as the actual antenna. 


Refer Fig. 8.1. 


Fig. 8.1 Definition of effective length of transmitting antenna 


L,g of transmitting antenna is defined mathematically as 


1 H 
lar (Tx) =F 104 
-H 


Leg Of receiving antenna It is defined as the ratio of the open circuit 
voltage developed at the terminals of the antenna under the received field 
strength, E, that is, 


Bite 
EO os 
Effective length of an antenna is always less than the actual length. 
5. Radiation Intensity, (RI) It is defined as the power radiated in a given 
direction per unit solid angle, that is, 


r? E? 


RI=r P= watts/unit solid angle 


No 
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Here No = intrinsic impedance of the medium, (Q) 
r = radius of the sphere, (m) 
P= power radiated-instantaneous 
E = electric field strength, (V/m) 
RI = RI (0, 6) isa function of 0 and $ 


6. Directive Gain, (g4) Itis defined as the ratio of radiation intensity in that 
direction to the average radiation intensity, that is, 


RI RI 
Sd E = 
(RD, w,/4n 
4n (RI 
Ww, 


w, = radiated power 


7. Directivity, D It is defined as the ratio of the maximum radiation intensity 
to the average radiation intensity, that is, 


D= (£4 res 
D in dB =10 log (4) max 


8. Power Gain, (g p) It is defined as the ratio of radiated power to the total 
input power, that is, 


4n (RI) 
p = 
Wy 
where W, =W, +W, 


wW i= ohmic losses in the antenna 


9. Antenna Efficiency, (n) It is defined as the ratio of radiated power to the 
input power, that is, 


Wy Wy 8 p 


th = Emm an 
WwW, W,+W ga 


10. Effective Area It is defined as 


or, A, = 
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where wr = received power (watt) 


P = power flow per square metre (watts/m?) for the incident 
wave 


11. Antenna Equivalent Circuit It is a series R,, L, and C, circuit (Fig. 8.2). 


Ra La Ca 


d e 
Za 


Fig. 8.2 Antenna equivalent circuit 


The main difference between the antenna equivalent circuit and an RLC 
circuit is that R,, L, and C, vary with frequency. As a result, the antenna 
conductance peak appears not at resonant frequency but at a frequency 


slightly away from f, (Fig. 8.3). 


fr 


Fig. 8.3 Antenna conductance and susceptance 
variation 


8.8 BASIC ANTENNA ELEMENTS 


The basic antenna elements are: 


1. Alternating current element or Hertzian dipole 
2. Short dipole 


3. Short monopole 
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4. Half wave dipole 


5. Quarter wave monopole 


1. Alternating Current Element or Hertzian Dipole It is a very short linear 
antenna in which the current along its length is approximately constant. 


2. Short Dipole It is a linear antenna whose length is less than * and the 


approximate current distribution is triangular. 


3. Short Monopole [t is a linear antenna whose length is less than A and the 


approximate current distribution is triangular. 


4. Half Wave Dipole Itis a linear antenna whose length is à and the current 


distribution is sinusoidal. 


À 
5. Quarter Wave Monopole [t is a linear antenna whose length is 5 and the 


current distribution is sinusoidal. 


8.9 RADIATION MECHANISM 


When a transmitting antenna is excited with an alternating voltage, the initial 
motion of a wave which is propagated through space is started by the balanced 
motion of charges in the antenna. The transmitting antenna has characteristics 
similar to those of a resonant circuit. 


When energy is supplied to it, resonant oscillations occur in the antenna 
and violent variations in charge form an electric vector. The same violent motions 
of charges create a magnetic field about the antenna in the same manner as a 
magnetic field expands and collapses about a resonant circuit tank coil. 


If energy is continuously applied to the antenna, energy moves away from 
the antenna into space in the form of EM waves. It may be noted that it is not 
the original antenna charges themselves that move through space but rather the 
motion they create. The charges around the antenna are set in motion first and 
they, in turn, set other charges further separated from the antenna into motion. 
This disturbance fans out from the antenna into space. 


Wave motion of charges forms an electric field and a magnetic field which 
result from the motion of charges. These electric and magnetic fields are 
perpendicular to each other. The motion of these fields in the form EM waves 
has no boundaries and expand spherically. The EM energy density decreases 
with distance as they propagate. 
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8.10 RADIATION FIELDS OF AN ALTERNATING 
CURRENT ELEMENT (OR OSCILLATING ELECTRIC 
DIPOLE) 


The concept of an alternating current element, I dl cos wt is of theoretical interest. 
But the theory developed for this can be extended to practical antennas. To 
derive radiation fields of antenna elements including current element, the concept 
of retarded vector magnetic potential is very useful. 


Derivation of radiation fields consists of the following steps: 
1. Write expression for retarded vector magnetic potential. 
2. Write expressions for the components of A in Cartesian coordinates. 
3. Express A in the components of the spherical coordinate system. 
4. Obtain the components of H from uH - Vx A. 
5. Obtain the component of E from B= - + vxn (as J=0 for space). 
Sip 
Consider an alternating current element at the origin of a spherical coordinate 
system (Fig. 8.4). 


Z 
A 


» y 


Fig. 8.4 Alternating current element at the origin 


The vector magnetic potential, A (r, t) is given by 


A (r, t) =f JEET ay 


As the element is z-directed, A is also z-directed. 
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The volume integral in the above equation can be simplified by taking 
integration over the cross-sectional area of the element and an integration along 
its length. We know, 


J J.ds =I 
S 
dl 
and J tat =1al 
0 
ere u TALCO OCL 
4n r 


This means A has only z-component and A, =0, A, =0. 


Changing Cartesian components into spherical coordinate components, we 


have 
A, =A, cos0 
Ag ——A, sinO 
Ay 70 
But we know 
H= L VxA 
u 


H, =} (VxA), 
u 
1 

Hy =} (VxA)g 
u 


and Ay = 1 XA 


1 9 9A 
= — (sin 0 A, )— —9. 
i ursin® E ure) oo | 


As Ay =0 and Ag # f (0), H, =0. 
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9 (rA 
Similarly, Hg = : : pde DM =0 [as A, = f(6)] 
u [rsinOü ð r or 
Hy = : E (rAg) S| 
ur Lor 00 
Here Ag ——A, sin0 
u Idl cos o (t- r/og) sin 0 
4n r 
A, =A, cos0 


-H Idl coso (t — r/'oy) 


cos 0 
4n T 


Substituting the expressions of Ag, A, and simplifying, we get 


] r r 
—Qsino|t- — cosQ| t — — 
Idl sin | 3 | J 
Ay = 


t 2 
4r 1 Vo r 


From Maxwell’s first equation, we have 
VxH =D=cE 
1 
E-— |(VxH) dt 
€0 
From this, we get 


(o 2 


Idlsin®|] œ sinot; , $05 e - " sin Of, 
ros r^ Vo or? 


ATE 9 


and : 2 


. 2I dl cos® | cos ot; i sin © f, 
rf Vo or? 


ANE 


where ty jq 


RADIATION AND ANTENNAS MEG] =a 


The total field components of an alternating current element are 


Ho 


dl mef Q sin Of, d 


4n fug r? 


Idlsin O | œ sin cot; cos@t, sin@t, 
ys + + 


ANE 9 ros r^ Vo wr 


T 


_ 2Idlcos® E sin = 


AT Eg T^ Vo ar 


H, =0, Hg =0 and E, =0 


8.11 RADIATED POWER AND RADIATION 
RESISTANCE OF A CURRENT ELEMENT 


The derivation of the expression for radiated power consists of the following 
steps: 


1. Obtain field components as in Section 8.10. 
2. Obtain expression for radiated power using Poynting vector. 
3. Obtain average radiated power. 


4. Obtain total power radiated from Pr = f Pw ds. 
5. Identify expression for radiation resistance. 
Poynting vector is 
P -ExH watts/ m? 
Py =-E, Hy 


ee 2I dlcos ð cof, siot, ) 
j r? vo or? 7 


[e | osin 0f, " cos Of ) 


ANE g 


4n rúg r2 j 


_ 2I? dl? cos sin | sin* wt, cos?ot, sSinot; cosat, , osinot, d 


167° e, rf vo rf vo or? r? vj 
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But 2 sin cos0 = sin 20 


sin 20 ty 


sin Wt, cos Qt; = 


sin ot, — cos? ot, =Cos 20t, 


Using these identities, Py becomes 


oc I’ dl’ sin20 | cos20t, sin20f, sin 20; 
i lene, rí Vo 2or° pus bs 


Po represents the instantaneous power flow in 0-direction. But the average 
value of cos 201, or sin 201, over a cycle is zero. Hence (Po) =0 at any value 
of r. This means power in 0-direction surges back and forth. 


Similarly, P, -Eg Ay 
Using the expressions of Eg and H,, we get 


B I? qi? sin? 0 E Wt, cos Qf, n cos? Of; @sin@t, cosM@t, 
n. 


2 5 4 3.2 
161^ 6€6 Qr r“ Vo T" Vo 


4 


sin? Ot, @sin 0f, cosOf; u o? sin? Of, 
r Vo r? vg r^v 


_ Pdl sin? 0 | sin 20t; „cS 20t _ sin 20t; | œ (1—cos 20t,) 
; 167° e, 207? r Do r vp 2r° We 
It is obvious that the average value of P, is 

o I? di sin? 6 


25:3 3 
321^ r^ Eg VO 


r(av) — 


2 
wl dl sin0 

or, eee | ) watt / m? 

2 4nr Vo | 
where No = Po L12007 Q 

E0 

The total power radiated 
Pr = f P ta) ds 


surface 
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P, (av) is independent of $ and hence the elemental area ds on the spherical 
shell is 


ds 2 2n? sin0 de 


Now Py becomes 


p -[m oe | nego flog 0 p use de 
I E 2 j 


4nr Vo 16x và i 
r T 
But [sin? odo Sce “se? 9d Ed 
3 b 3 
0 
no 6 I? dl? 
a ST 
12109 
Here I is the peak value of current. 
As I5 V21 et 
I5 221i 


Equation for P; becomes 


p, — No o dl” Iy 
TI > Une. 
61.09 


D 
or, Pr =80n" ts I2, watts 


A] 
This is in the form of P = 1? R. Hence the coefficient of I st has the dimensions 
of resistance and it is called Radiation Resistance. 


Radiation Resistance of a Hertzian dipole 


2 
3 = 801? 4 Q 


A) 


8.12 RADIATION, INDUCTION AND ELECTROSTATIC 
FIELDS 


The field components of current elements are: 


Hy 


_ Idlsin 0 | o sin Of, , £08 Ot, 


An rDo r? 
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 ldlsin0 | o sin Of, NI Of, 2 sin d 


B 4n1€9o rvs T Vo oor 


EN 


. 2I dl cos0 | cos Ot, " sin Of, 

AN Eg r? Vo wr 
. : 1 1 : 1 
Hy field consists of terms 5 and 75; X -z term dominates over " term at 
r r 
. . 1 . . 
points close to the current element. When r is small, -> term is called Induction 
r 


Field. 
1 , l 
On the other hand, z term dominates over m term when r is large. This 


1 
7 term is called Radiation Field or distant field or far-field. 


The expression for Eg consists of three terms, 


, 


1 
r 
. . 1 . 
expression for E, consists of — and -5 terms. The -5 term is called 

r r r 


Electrostatic Field. 
In short, 


1 
» term in E and H fields is called Radiation Field 


1 
—; term is called Induction Field 
r 


1 
n term is called Electrostatic Field 


If the induction and radiation fields have equal amplitudes, then from the 
expression of Hy, we have 


I dl œ sin 0 ddl sin 0 
Ar Vo 4nr 


At a distance of r — = induction and radiation fields have equal amplitudes. 
T 
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8.13 HERTZIAN DIPOLE 
Hertzian dipole is defined as an infinitesimal current element Idl which does 
not exist in real life. 

or 


Hertzian dipole is a short linear antenna which, when radiating, is assumed 
to carry constant current along its length. 


As Hertzian dipole and alternating current elements are virtually the same, 
the radiated power and radiation resistance are given by 


2 
Pr = 80x? (3 les watts 


2 
» = 80x? (4 Q 


A] 


8.14 DIFFERENT CURRENT DISTRIBUTIONS IN 
LINEAR ANTENNAS 


The possible current distributions are: 
1. Constant current along its length—valid in Hertzian dipole. 


2. Triangular current distribution (Fig. 8.5). 


= i 


Current element 


eee Current distribution lee 
ma l< zi ilte 
T ume js = > 
(a) Short dipole (b) Short monopole 


Fig. 8.5 Short radiating elements 
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For triangular current distributions, 


2 
R, [shor dipole, | « i| = Uns B Q 


) AJ 


2 
R, | Short monopole | < Ae 10x? 1) Q 
8) A] 


3. Sinusoidal current distribution (Fig. 8.6). 


Current distribution 


P" Current distribution 


LC | 


(a) Centre Fed Dipole ee (b) Monopole 


Fig. 8.6 Sinusoidal current distribution in dipole and monopole 


4. Exact current distribution—This can be determined using the method of 
moment technique. The method is briefly presented in Chapter 9. 


8.15 RADIATION FROM HALF WAVE DIPOLE 


Radiated power by half wave dipole, Pr = 73.01 2 
Radiation resistance of half wave dipole, R, =73Q 


Proof The proof consists of the following steps: 
1. Write expressions for the assumed current distribution in the element. 
2. Obtain expression for vector magnetic potential, A. 
3. Obtain H from A. 


4. Obtain E from Gh No 
H) 
5. Obtain average radiated power, P,, 
6. Obtain total power radiated. 
7. Obtain the value of radiation resistance. 


The sinusoidal current distribution is represented by Fig. 8.7. 
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Observer 


Fig. 8.7 Sinusoidal current distribution Ig sin B (H + Z) 


I-lI, sinB (H-Z) for z>0 
=I,, sinB (H + Z) for z«0 
Here ], = Current maximum 


The vector potential at a point, P due to the current element I dz is given by 


NE Bd gz 
4nd Az 


Here d is the distance from the current element to the point P. Let r be the 
distance of P from the origin. The total vector potential at P due to all current 
elements is given by 


dA =dA,a, = 


pene 
Z An fuod 


di j^ ae QUIM gy E fe ae Z) QUIE gy 
An is an d 


It is of interest here to consider radiation fields. d in the denominator can 
be approximated to r. But in the numerator, d is in the phase term and it is given 


by 
d=r-z cosO 


Now A, becomes 


0 H 
dim u py -jpi- -2cos0) g gH (= UE Z) e Pe zcos9) Jz 
r "An A 
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I, e" | ? , F ! 
alme [sinB(H +z) eĴBzc0s0 are J sinB(H-z) efBzcos® g7 
4nr s 1 
For a half wave dipole, 
u-^ 
4 
But sin B (H + Z) =sinB cosBz+cosBH sin pz 


sin (H — Z) =sinBH cosBH - cosBH sinBz 


2n 2n À T 
As =—~, sinBH = sin — x—=1, cosBH =cos —=0 
P À P A 4 P 2 


sin B (H + Z) =sinB (H — Z) 2 cospBz 


Using these values, A, becomes 


ul echt j 0 f +j 0 
A; Cm ONE I = [cosBze jBzcos® g7 
Tr JH 4 
0 
But [cosBze cos8 Jz — [cosBz a jBz cos dz 


MA 
I 
A, £ mM e iBr [fest (e JPz cose qug -iDeeose «| 
4nr 5 
MA 


2 zm em | [cosiBz (eM? + e959) + cos {Bz (1— so i 
TY 
0 


_ Init a | sin [Bz 1 + cos0)} | sin {Bz (1 — cos9) Ds 
^ Amr B(1 + cos) B (1— cos) 


0 


(1— cos0)cos = cos0)4 (1+ cos0)cos = casu 
NIMES 2 ] 2. ] 
4n Dr sin? 0 
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I cos Č cos® 
2m e JBr m MN 
Z 2nBr sin’ 0 
1[ 0 re) 
H, = rA A 
But we have IL Hg : ET 9) 36 1 
1[9 Q 
-—|—r(-A.sin0)- — (A, cosO 
JEU -sin9)- 2. (A, co | 
H, =-sin® —2 
Hite or 
3 p Qi COS E sexe) 
Hence LH, = vm — J+ sing 
or 2nBr sin^0 + 
T A680] 
. Lig, COS| — cosO4 
Ay EIL ie [; J 


2nr sinO 
We also know that 


; cos z coso 
g, = 1120r], ei QS 
2nr sinO 


T 
| j60L, QUE COS É cose] 
r sinO 


The magnitude of E for the radiation field is 


cos E PE 
601,,, J V/m 


E, = 
o T sino 
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Eg and H, are in time phase. Hence the maximum value of Poynting 
vector is 


fi = (Eg )max (Ho )max 


cos a 1553 cos i eue 
601,,, 2 J x Ej 2 ] 


T sinO 2nr sin 8 = 


J 
_ 3012, cos E eiii 


Tr sin? 0 


N 


The average value of Poynting vector is one half of the peak value. 


2(T P 
1 04 
1572 cos E cos 


Bob J 
7o qu sin? 0 

2 | cos 2 EN 

= No In 2 J 
or, Py = 3.5 MT 
8n^r sin’ 0 


Therefore total power radiated through a spherical surface half wave dipole is 


p cos? G ebd 
Pr =$ Py ds- 20m J ] ony? sin 0 d0 


sin? 0 


pn cos? E cose.) 
4n sinO 


n COS ‘ta = 2 
The numerical evaluation of the integral Í dð by Simpson's 


or the Trapezoidal rule gives a value of 1218. 
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2 No 17, 


P 
b 4n 


120n 12 
= Om 41.218 = 36,5412, 
4n 


As I, = V21 eff; Pr becomes 


Pr =36.54X 2x IZ 


Pr =73.08 QI2,, watts 


The coefficient of I oe is nothing but radiation resistance. That is, 


R, 273.080 


8.16 RADIATION FROM QUARTER WAVE MONOPOLE 


Radiated power of quarter wave monopole, P; =36.512;;, watts. 
Radiation resistance, R, 236.50 


Proof Consider Fig. 8.8 in which a monopole with current distribution is 
shown. 


Observer 


Image es Ij, sin B (H + Z) 


Fig. 8.8 Monopole 


Obtain P,,, exactly as described in half wave dipole, that is, 


2| t 
cos’ | — cos 0 
. No I, E | 
w  $m^r sin? 0 
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As the monopole is fed by a perfectly conducting plane at one end, it radiates 
only through a hemispherical surface. Therefore, the total radiated power is 


Pr =f Pra ds 
p x/2 cos? (5 “eee. 
= ult m — J 2nr sin0 do 
8n r sin’ 0 


= Tom ) qo 
4T sin” 0 
1/2 cos? | 2 nese) 
Numerical evaluation of the integral J em dð by Simpson's 
sin 
0 
or the Trapezoidal rule gives a value of 0.609. 
2 
No I m 
Pr -——— x0.609 
T 4m 
-182712 
As I m 7 V2 Lag 


Pr = 86.5412, , Watts 


The Radiation resistance, 


R, 236540 


8.17 RADIATION CHARACTERISTICS OF DIPOLES 


Electric field as a function 0 in free space for a dipole of length 2H is given by 


Eo 


| j60L, e!P [ cos (BH cos 0)- cosBH 
s r sin 0 


The amplitude of Eg is 


El = 60I,, | cos (BH cos 0)— cos BH 
EET" sin 0 
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The normalised (Eg) is 


60I,, | cos (BH cos 8)— cos BH 
r sin 0 
Eol, 601, 

r 


E (BH cos 9) - cos d 


sin 0 


[Ee], 


The radiation patterns are the variation of [Eo], with 0. These patterns for 
different lengths of dipole are shown in Fig. 8.9. 


(a) Horizontal patterns of dipole of length 2H 


(b) Vertical pattern of short dipole CX) 


(c) Vertical pattern of dipole of length - 


dha 


ES 


(d) Vertical pattern of dipole of length à Coe O 
1 


(e) Vertical patterns of dipole of length 3% 


(f) Vertical pattern of dipole of length 2X 


Fig. 8.9 Radiation patterns of dipoles 
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Problem 8.1 Find the radiation resistance of a Hertzian dipole of length 
A XX A 
Ey MERE 2 —X 
40 60 80 


Solution The radiation resistance of a Hertzian dipole of length dl is 


2 
R, «80x? G Q 


AJ 


2 
nde R, =80n? a) 
40 40 A) 
R, 204930 
itd R, =80n? 
60 60 
or, R, 202190 
1 
ay eee R, 2801 — 
80 80 
or, R, 20.1230 


Problem 8.2 Find the directivity of a current element, I dl. 
Solution The amplitude of electric far-field of a current element is 


IdisinOÓ œ 
E= Ny 
4n€o rog 


A œl dlsinð 


Bi 2 
ANE 9 F'VO 


2nf Idlsin® 
.. 2nf ldlsinð [secans = 1 
Aneyr Vio €o 
Ho €o 


But No =., A=— 
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hu ATE 
or, ga f yHo€o 
0 


2 60rIdl sin 0 
Ar 


Maximum radiation occurs at @=17/2 


| 60nd 


max Xs 


The radiated power of the current element is 


2 
w, =807? (A I? watts 
à) 


If w, is assumed to be 1 watt, then 


I = ——— ampere 
Ta E 
60 
E =—— V/m 
max r /80 
The maximum radiation intensity is given by 
RI = r? prs 
Tlo 
H r? 60? 
1207 17x80 
RI= ES 
8n 


The maximum directive gain, 2; (max) 


gq (max) _ 4n (RI) 


=4nx — (as w, =1 watt) 
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The directivity of current element 


D = 2, (max)-1.5 
Or 


Dias) =10 logio 1.5 1.76 dB 


Problem 8.3 Find the directivity of a half wave dipole. 
Solution For a half wave dipole, 


_ 601 


E ae, 


max 


But w, =73I 2 2 watts 


For w, =lw, 


_ 4n (RI) 


Ww, 


84 (max) 


=4n (RI) 


D 

rE 2 

=4mx as Rea 
Tlo 


| Anxr 60° 1 


No r? 73 


_ 4nx60x60 1 
120n 73 


= 220 = 1.644 
73 


gq (max) =D=1.644 


Problem 8.4 An antenna whose radiation resistance is 300Q operates at a 
frequency of 1 GHz and with a current of 3 amperes. Find the radiated power. 
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Solution Radiated power, 

w, -I?^R, 
= 3? x 300 
=9x 300 

w, = 2,700 watts 


Problem 8.5 What is the effective area of a half wave dipole operating at 
500 MHz? 


Solution The effective area of an antenna is 


~ 500x 10° 


seed 
5 


Directivity of half wave dipole is 
(84 ) max -D-1.644 


2 
Ae NUN x1.644 
An 


A, =0.047 m? 


Problem 8.6 Find the effective area of a Hertzian dipole operating at 
100 MHz. 


Solution As f=100 MHz 


8 

ic 3x A 23 

10 
Directivity of the Hertzian dipole, 
Dz1.5 
A, = effective area 
2 2 
A A.D 2 3^x1.5 -107m? 

4n 4n 


A, 21.07 m? 
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Problem 8.7 An EM wave of 1 GHz is radiated by an antenna to cover a 
distance of 100 km. Determine the time taken by the wave to travel the above 
distance. 


Solution The time taken by the EM wave is 
t=— 
Vo 
where d=100km 
t, = velocity of propagation 
a 100x 1,000 
3x10° 
10? 
3x 10° 


= 0.333x107 
t =333u sec 


Problem 8.8 The directivity of an antenna is 30 and it operates at a frequency 
of 100 MHz. Find its maximum effective aperture. 


Solution D =30 
f =100 MHz 
vo 3x108 
Xx = my ET 
f 100x105 
Maximum effective aperture 
2 
tu 
4n 
_ 3x30 270 
4n 4n 


Aem = 21.48 m? 
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2 p2 


r 
> Radiation intensity, RI = watts/unit solid angle. 


0 
Anx(RI) 


> Directive gain, g4 = 
Ww, 


» Directivity, D=(g4) 


max* 


Anx(RI) 


» Power gain, c 
Wt 


> Antenna efficiency, N= So x 
Sd 


2 


; received power 
» Effective area, A, ET or A, P 
T 


power flow of incident waves 


1 
» Far-field is represented by ^ field term. 


1 
» Induction field is represented by mm field term. 


2 
> Radiation resistance of a Hertzian dipole is 80x? (4 Q. 


1 
» Electrostatic field is represented by ^3 term. 
r 


» The far-field and induction field have equal magnitudes at rox 
T 


» Radiation resistance of half wave dipole is 73Q. 


> Radiation resistance of quarter wave monopole is 36.5Q. 
» Horizontal pattern of vertical dipole is a circle. 


» Radiated power flow of a vertical dipole is in the radial direction. 


oo N A a 
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OBJECTIVE QUESTIONS 


. An antenna is a transducer. (Yes/No) 
. An antenna is a sensor of EM waves. (Yes/No) 
. An antenna acts as an impedance matching device. (Yes/No) 
. Effective length of a wire antenna is always greater than the actual length. 
(Yes/No) 
. Directive gain = Power gain for an antenna. (Yes/No) 
. The radiation fields are nothing but far-fields. (Yes/No) 
. The radiation pattern of vertical and horizontal dipoles are identical. (Yes/No) 
. The patterns of half wave dipole and quarter wave monopole are identical. 
(Yes/No) 
. The radiated fields of z-directed half wave dipole consists of Eg, E,, H,, Hg, 
terms. (Yes/No) 
. The radiated fields of z-directed dipole consists of only Eg, E, and Hg. 
(Yes/No) 
. Effective area of antenna is a function frequency. (Yes/No) 
. Electric and magnetic dipoles have the same physical structure. (Yes/No) 
. Magnetic dipole is a small current loop of wire. (Yes/No) 
. Input and radiation resistances are the same. (Yes/No) 
. The radiation resistance of a current element depends on frequency. (Yes/No) 
. The differential current element is nothing but Hertzian dipole. (Yes/No) 
. Delayed and retarded potentials mean the same. (Yes/No) 
. Jdo = IdL (Yes/No) 
. Radiated power of a current element depends on frequency. (Yes/No) 
. The units of scalar and vector magnetic potentials are the same. (Yes/No) 
. Electrostatic field contributes to the radiated power. (Yes/No) 
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22. Induction field does not contribute to radiation power. (Yes/ No) 
23. Electrostatic field does not contribute to radiation power. (Yes/ No) 
24. Array increases the directivity. (Yes/ No) 
25. Beam width is decreased by array. (Yes/ No) 
26. If the number of elements are increased, the beam width is reduced. (Yes/No) 
27. Dipole is an omnidirectional antenna. (Yes/No) 
28. Isotropic and omnidirectional antennas mean the same. (Yes/No) 
29. Dipole and monopole mean the same except in length. (Yes/No) 
30. Power gain and directive gain are the same. (Yes/No) 


31. Radiation resistance of half-wave dipole is more than that of quarter monopole. 


(Yes/No) 
32. Power gain and efficiency of antennas are the same. (Yes/No) 
33. Effective area of receiving antenna depends on frequency. (Yes/No) 


34. The effective area of an antenna is independent of the length of the antenna. 
(Yes/No) 


35. The units of radiation intensity are 

36. Directivity is 

37. Efficiency of an antenna is 

38. Efficiency of an antenna in terms of directive and power gains is 
39. Effective area is 

40. The far-field is indicated by the presence of 

41. The induction field is indicated by the presence of 

42. The electrostatic field is indicated by the presence of 

43. The radiation resistance of an isolated half wave dipole is 
44. The radiation resistance of a quarter wave monopole is 
45. The current distribution in a half wave dipole is 


46. The current distribution in alternating current element is 
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47. The current distribution in short dipoles is 

48. The directivity of current element is 

49. The directivity of half wave dipole is 

50. If a current element is x-directed, vector magnetic potential is 
51. Radiation resistance of a short monopole is 

52. Radiation resistance of a short dipole is 

53. At LF and VLF, polarisation often used is 

54. dB; means 

55. dB,, means power gain in dB 

56. Antenna used in mobile communications is 

57. If a current element is z-directed, vector magnetic potential is 
58. If vector magnetic potential has only A,, E, is 

59. Radiation resistance of current element is 

60. Radiation resistance of quarter wave monopole is 

61. Directional pattern of a short dipole in the horizontal plane is a 
62. Directional pattern of a horizontal halfwave centre-fed dipole is 
63. Effective length of a dipole is always than the actual length. 
64. The directivity in dB of half wave dipole is 

65. The directivity in dB of current element is 

66. Effective area of a Hertzian dipole operating at 100 MHz is 

67. The radiation pattern of a horizontal dipole is of 

68. The radiation pattern of vertical dipole is of 

69. Vector magnetic potential has the unit of 

70. Retarded magnetic potential has the unit of 

71. Radiated power is contributed by only. 


72. The radiation resistance of quarter wave dipole is 
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73. The radiation resistance of half wave dipole is 
74. The total resistance of an antenna is 
75. Power gain of an antenna is 


76. The antenna of z, impedance radiates maximum power when the transmitting line 
feeding the antenna has an impedance of 


77. Directive gain of Hertzian dipole is 
78. If the signal level is 1 mW, power gain is 


(a) 0 dBm (b) 1 dBm (c) 10? dBm (d) 10 dBm 


79. Whip antenna has a physical length of 


(a) A/4 (by à/2 (c) 34/2 (d) X 
80. For a 300Q antenna operating with 5 A of current, the radiated power is 
(a) 7,500 W (b) 750 W (c) 75 W (d) 1500W 
Answers 

1. Yes 2. Yes 3. Yes 4. No 5. No 
6. Yes 7. No 8. No 9. No 10. Yes 

11. Yes 12. No 13. Yes 14. No 15. Yes 

16. Yes 17. Yes 18. Yes 19. Yes 20. No 

21. No 22. Yes 23. Yes 24. Yes 25. Yes 

26. Yes 27. Yes 28. No 29. No 30. No 

31. Yes 32. No 33. Yes 34. No 

35. Watts/unit solid angle 36. Maximum directive gain Dee. 

(w, + w) 


2 


X 1 1 1 
38. 2, / 84 39. ax 84 40. » term 41. zm term 42. zm term 


43. 73Q 44. 36.50 45. Sinusoidal 46. Constant 47. Triangular 
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2 2 
48. 1.5 49. 1.64 50. x-directed 51. 100 B Q 52. 200 B Q 


A J 
53. Vertical 


54. Power gain of the antenna in dB relative to isotropic antenna 


55. Compared to 1 mW 56. Whip antenna 57. z-directed 
2 

58. Zero 59. 807" B Q 60. 36.50 61. Circle 

62. Figure of eight 63. Less 64. 2.15 65. 1.64 

66. 1.07 m? 67. Figure of eight shape 68. Dumbell shape 

69. Wb/m 70. Wb/m 71. Far-field only 72. 36.50 

73. 73 Q 74. R, +R; 75. The product of efficiency and gain 


* 


76. z; 77.1.5 78.0 dBm 79. 4/4 80. (a) 
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MULTIPLE CHOICE QUESTIONS 


1. Input resistance of an antenna is 


(a) R, (b) R, (c) RK, +R, (d) R,-R, 


2. The radiation resistance of a current element is 


dl Y dlY 
3650 b) 730 801^ | —4 d) 801|—4 
(a) (b) (c) B j (d) B j 
3. Horizontal dipole has the directional characteristics of 
(a) circle (b) figure of eight (c) four lobes (d) ellipse 
4. Retarded vector magnetic potential has the unit of 
(a) wb/m (b) V/m (c) V/m? (d) wb-sec/m 
5. Radiation resistance of half wave dipole is 
dl Y 
(a) 73Q (b) 360 (c) 80x? (4 (d) 2920 


6. Effective length of half wave dipole is 
(a) >A/2 (b «4/2 (c) 0.554. (d) 0.64 


7. Far-field consists of 
1 1 
(a) — term (b) — term (c) — term (d) r term 
r r 7 
8. Induction field consists of 
1 1 1 2 
(a) — term (b) -term (c) > term (d) r^term 
r r r 
9. Radiated power is proportional to 
(a) R (b = () 7 (d) 1 


10. The resonant length of a dipole is 
(a) A/2 (b) 0.6X (c) 0.4 (d) 0.354 
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11. The length of Whip antenna is 
À À 3X 


= b) = d 

@) 5 6) 5 © 5 (d) 2 
12. For a 300Q antenna operating with 4 A of current, the radiated power is 

(a) 7,500 W (b) 4,800 W (c) 480 W (d) 75W 
13. If the signal level is 1 W, the power gain is 

(a) 1dB (b) 0 dB (c) 10 dB (d) 10 dBm 
14. The vector magnetic potential of x-directed half wave dipole is 

(a) x-directed (b) y-directed (c) z-directed (d) 60-directed 
15. The directivity of current element is 

(a) 1.5 (b) 1.64 (c) 1.76 (d) 2.15 
16. The directivity of half wave dipole is 

(a) 1.5 (b) 1.64 (c) 1.76 (d) 2.15 
17. If half wave dipole is operating at one wavelength, its effective area is 

(a) 03m? (b 12m? (c) 0.012m? (d) 120m? 
18. Radiation resistance of dipole of length 0.1A is 

(a) 2Q (b 20€ (c) 2002 (d) 73Q 
19. Radiation resistance of a monopole of length 0.1AX is 

(a) 4Q (b) 20 (c) 8Q (d) 1 
20. If the maximum directive gain of an antenna is 2, its directivity is 

(a) 4 (b) 2 (c) 1 (d) 6 

Answers 

1. (c) 2. (c) 3. (b) 4. (a) 5. (a) 

6. (b) 7. (a) 8. (a) 9. (c) 10. (a) 

11. (b) 12. (b) 13. (b) 14. (a) 15. (a) 


16. (b) 17. (a) 18. (a) 19. (a) 20. (b) 


EXERCISE PROBLEMS 


1. The field amplitude due to half wave dipole at 10 km is 0.1 V/m. It operates at 
100 MHz. Find the dipole length and its radiated power. 


2. What is the length of a half wave dipole at frequencies of 10 MHz, 50 MHz and 
100 MHz? 


3. Find the maximum effective area of an antenna at a frequency of 2 GHz when the 
directivity is 100. 


4. Obtain the gain of an antenna whose area is 12 m? and operating at a frequency of 
6 GHz. 


5. Find the radiated power of an antenna if a current of 10 amperes exists and its 
radiation resistance is 32.0Q. 


6. What is the radiation resistance of an antenna if it radiates a power of 120 W and 
when the current in it is 10 amperes. 


7. Find the directivity, efficiency and effective area of an antenna if its R,=80Q, 
R; =10Q. The power gain is 10 dB and antenna operates at a frequency of 100 MHz. 


8. If the transmitting power is 10 KW, find the power density at distances of 10 km, 
50 km, 100 km assuming the radiator is isotropic. 


9. If the current element is z-directed, find the far-field components of H. 


10. Derive an expression for distant 0-field component of E for a dipole of length L. 


11. (a) Find the current required to radiate a power of 50W at 60 MHz from 0.1A 
Hertzian dipole. 


(b) Determine the radiation resistance of the element. 


12. Find the radiation efficiency of a Hertzian dipole of length 0.034 at a frequency of 
100 MHz if the loss resistance is 0.010. 
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ADVANCED TOPICS 


Electromagnetic Interference is nothing but electromagnetic 
pollution. It is neither seen nor sensed nor is it audible and 
hence it is a silent threat. 


The main aim of this chapter is to provide the basics of advanced topics related to field 
theory. They include: 


secondary sources of EM fields 

reciprocity and reaction concepts 

induction and equivalence theorems 

EMI/EMC concepts 

EMI sources and effects of EMI 

biological hazards 

EMC standards, ESD and EMP 

numerical techniques of EMF theory—FDM, FEM, MOM techniques 


solved problems, points/formulae to remember, objective and multiple choice 
questions and exercise problems. 


Do you know? 
During thunders a field of about 20 KV/m is produced. 


9.1 INTRODUCTION 


An elementary treatment of some advanced topics required at the undergraduate 
level of Engineering is provided in this chapter. Some biological effects of 
electromagnetic radiation are also presented. 


9.2 SECONDARY SOURCES OF ELECTROMAGNETIC 


FIELDS 
In the first and second Maxwell’s equations, namely 
VxH =D+J 
and VxE =-B, 


D is displacement electric current density, J is conduction current density 
and B is the magnetic displacement current density. These relations are good 
enough to solve most of the problems that were considered till now. 

However, there are many cases where the knowledge of fictitious magnetic 
currents and charges is extremely useful. Although the fields are generated by 
electric current and charge distributions, it is possible to compute the fields from 
the equivalent distributions of fictitious magnetic currents and charges. 

For example, an electric current loop is considered to be equivalent to a 
magnetic dipole. The EM field generated by a small horizontal electric current 
loop is identical to that of a vertical magnetic dipole. Similarly, the fields produced 
by magnetic current loop and electric dipole are the same. 

Keeping these facts in mind, the first and second Maxwell’s equations are 
written as: 


VxH =D+J (9.1) 


and VxE =-B-M (9.2) 
where M is the magnetic conduction current density (V /m?). Analogy of surface 
electric current density, J, is the surface magnetic current density, M,. It is 
evident from Equations (9.1) and (9.2) that there exists full symmetry and duality 
in Maxwell's equations. These current densities are defined as 
J; = Em x H 
and M, s Exa, 
Maxwell's equations for magnetic currents in the absence of electric currents 


are given by 


VxH" -ecE".4J 
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In the absence of magnetic currents, they are expressed as 
VxH' =cE°+J 


VxE' =-u Hf 
The superscripts e and m refer to fields due to electric and magnetic currents 
respectively. 


It is interesting to introduce Vector electric potential, bringing analogy from 
magnetic fields. 


Vector electric potential, F is defined as 


VxF s-cE" 
1 eM (r) 
; F=— | ———dv 
n ral T 


v 


9.3 RECIPROCITY IN ELECTROMAGNETIC FIELD 
THEORY 


If the currents J^, M* produce fields E*, H* and if the currents J’, M" produce 
fields E", H" ina linear and isotropic medium, then the Maxwell's equations 
are: 


VxH* =aE* +J“ 
VxE* --bH* - M* 
VxH" zgE" +J” (9.3) 
VxE" - -pH" - M" 
where a=0+ joe, b= jou. 
Using the properties of isotropic media, from Equation (9.3), we can write 
J (E! x H* - E! xH).dS =| (E*.]/ —H* .MY -EY .J* +H! .M*) do 
S v 
(9.4) 


If all the sources are contained within a finite volume, the far-fields constitute 
spherical waves and the surface integral of Equation (9.4) becomes zero. Hence 


J (E* .J’ - H* . M") do =| (EY .J* - H” .M* )dv (9.5) 


v v 
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Equation (9.5) is written as 


(x, y) =(y, x) (9.6) 
where (x, y) =| (E* JY -H* .M”) do 
and (y, x) =Í (EY .J* -H .M*) dv 


v 
(x, y) represents reaction of field y on the source x. Similarly, (y, x) 
represents reaction of x on y. 


The principle of reciprocity is an inter-relationship between any two 
source-field pairs. Equations (9.5) and (9.6) are the expressions of such pairs. 
It is possible to state that if 


Cg, y) = (y, x) 
then the reciprocity exists. 


9.4 REACTION CONCEPT 


If x and y represent two sets of source currents and fields, then according to the 
principle of reciprocity, we can write the above as 


(x, y) 7 Cy, x) 
Here (x, y) is known as ‘reaction’ of field x on source, y and (y, x) is 
known as 'reaction' of field y on source x. 


(x, x) represents the reaction of field x on its own source x and it is known 
as self-reaction. 


Self reaction is defined as 


(x, x) 2 - [| H.Mdv, (watt) 


9.5 INDUCTION AND EQUIVALENCE THEOREMS 


Let the region 1 represented by u4, ©}, €, contain a system of sources, 5, and 
let region 2 represented by M2, 05, E2 contain no sources (Fig. 9.1). 


S, indicates the presence of sources and Sf indicates source free region. 
In region 1, the actual fields are (E; + E,, H; + H,) and in region 2 the fields 
are E; and Hb. 
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HL 91 €1 


S 
Region 2 f 


U2, 02, E2 
Source 


S1 
Region 1 free 


Fig. 9.1 Regions containing sources and source 
free regions 


Induction theorem states that the induced or scattered fields are produced 
by electric and magnetic current sheets and the current densities are represented 


by 
J, =a, XH; 
M, =-a, XE; 
where H; = (Hj -H;,) 
E; = (Ep - Ej) 


Ep = tangential component of E; 
E, = tangential component of E, 
H = tangential component of H, 
H,, = tangential component of H, 

E; = induced electric field 
H; = induced magnetic field 
a, = unit normal vector to the sheet 


Equivalence theorem states that current distributions and induced fields 
are related by 


J; =a, xH; 
M, =—-ā,; xE; 
where H; =H, [H;, =0] 


E; =Eņ [E;, =0] 


It is clear from this theorem that the Equivalence Theorem is a particular 
case of Induction Theorem, that is, when region 1 and region 2 have the same 
constants, there are no reflected waves. Under these conditions both the theorems 
are identical. 
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9.6 ELECTROMAGNETIC INTERFERENCE AND 
COMPATIBILITY (EMI/EMC) 


EMI/EMC Engineering is a unique and specialised subject. It came into 
prominence with the tremendous advances in technology and proliferation of a 
variety of electronic instruments and devices which produce electromagnetic 
emissions. In fact, the world is highly saturated with such emissions from a 
variety of sources. The effect of such sources is spread throughout the electronic 
spectrum. 


EMI is defined as the undesirable signal which causes unsatisfactory 
operation of a circuit or device. 


EMC is defined as the ability of electronic and communication equipment 
to be able to operate satisfactorily in the presence of interference and not be a 
source of interference to the nearby equipment. 


Electromagnetic susceptibility (EMS) is the capability of a device to respond 
to EMI. 


Basic types of EMI These are of two types. They are: 


(a) Intra-EMI EMI is said to be intra-EMI if the functional characteristics of 
one module within an electronic equipment or system is disturbed due to 
EMI from another module. 


(b) Inter-EMI EMI is said to be inter-EMI if the functional characteristics of 
one equipment is disturbed due to EMI generated by another equipment. 


9.7 EMI SOURCES 


These are divided mainly into two types: 


I. Natural II. Man-made 


— 


. Natural EMI sources are of the following types: 
Terrestrial and Extra-terrestrial 


1. Terrestrial sources These are atmospheric thunderstorms, lightning 
discharges and precipitation static. 


2. Extra-terrestrial sources These are sun-disturbed and quiet, cosmic noise 
and radio stars. 


II. Man-made EMI sources are many. 
1. Electric power sources These consist of: 


(a) Generation equipment, conversion (step up/down) equipment like 
faulty transformers and faulty insulators. 
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(b) Transmission equipment like pick-up and re-radiation and faulty 
insulations. 


(c) Distribution equipment like faulty transformers, faulty wiring, faulty 
insulation, poor grounding, pick-up and re-radiation. 


2. Electronic communication devices These are: 
(a) Police radio 
(b) All types of radars 
(c) Cellular and mobile communication 
(d) Satellite communication 
(e) Point-to-point communication 
(f) Television and Radio 
3. Machines and Tools These are: 

(a) Industrial machines 

> Electric cranes 

> Fork-lift trucks 

> Milling machines 

» Printing presses 

> Punch presses and so on 
(b) Office/business machines 

» Computers 

> Cash registers 

> Electronic typewriters 

> Photocopiers and so on 
(c) Welders and heaters 

> Arc welders 

> RF stabilised welders 

> Induction heaters and so on 
(d) Transporters 

> Elevators 

> Escalators 

> Conveyer belts and so on 
(e) Power tools 


> Electric drills and grinders 
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> Mixers 
» Electric hand-saws and so on 
(f) Appliances 
> Air-conditioners 
> Refrigerators 
» Microwave ovens 
» Vacuum cleaners 
> Electric lawn mowers and so on 
4. Ignition systems 
(a) Engines 
(b) Vehicles 
» Automobiles 
> Aircrafts 
> Tanks 
> Trucks 
» Tractors and so on 
(c) Tools 
> Auxiliary generators 
> Lawn mowers 
> Portable saws and so on 
5. Consumer and medical electric systems 
(a) Lights 
> Fluorescent lamps 
> Faulty incandescent lights 
> Neon lights 
> RF excited gas displays 
> Light dimmers and so on 
(b) Entertainment 
> Home computers 
> Cassette players/recorders 


> Television receivers 
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(c) Appliances 
> Electric shavers 
» Washing machines 
> Grinders /mixers 
> Vacuum cleaners 
(d) Medical equipment 
» X-ray machines 
> Defibrillators 
> Ultrasonic scanners 
» Scanners 
6. Nuclear These are: 
(a) Nuclear submarines, ships and nuclear aircraft 
(b) Nuclear detonators 
(c) Nuclear power stations 


The devices which are susceptible to EMI are listed below. 


EMI 
receptors 
Natural Man-made 

— Man 

—— Animals 

— Plants 

ae Industrial Consumer & Ordinance 
receivers Medical 
m Broadcast [— Controls | — Biomedical 
— Relay — Amplifiers — Audio/Hi-Fi 
communication — Sensors | — Computers 

I— Radar —— Computers — Public address 
— Telephone and so on systems and so 


— Navigation and so on on 
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A typical inter-system EMI environment is shown below. 
* Ship 
(E, S) 


* Power lines * TV 3 Aircraft 
(E) (E, S) (E, S) 


*FM Æ% Computers Æ Radio 
(E, S) (E, S) (E, S) 


3X Telecommunications 3* Automobiles 
(E, S) (E, S) 


3* Police radio 
(E, S) 


* Walkie talkie 3X* Microwave links 
(E, S) (E, S) 


* Wireless transmitter 
(E, S) 


E represents Emitter 


S represents Susceptible 


EMI is coupled in two ways: 
1. By conduction—Here the EMI is routed along power supply and signal lines. 


2. By radiation—Here the EMI is coupled through radiation from wires and 
antennas. This can be either through near-fields or far-fields. 


9.8 EFFECTS OF EMI 


EMI is considered to be a silent and unknown threat. On many occasions, 
intermittent malfunctions or random failures of equipment are experienced by 
several users. They are attributed to be due to the presence of EMI. In view of 
this, the threat due to EMI is silent and has proved to be hazardous. 


Common effects of EMI 


(i) Annoying effects Very often, momentary and random disturbances occur 
in radio and television reception. 


(ii) Disturbing effects EMI causes unwanted reset and change of status in 
settings in computers and digital equipment. Malfunctioning of computer 
keyboards is also noticed. 
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(iii) Catastrophic situations Burning of electronic components, loss of data, 
change of threshold settings, improper or unwanted operations and 
sometimes biological hazards occur very often due to EMI. 


9.9 METHODS TO ELIMINATE EMI OR DESIGN 
METHODS FOR EMC 


The effective methods to eliminate EMI are: 

(i) Shielding 

(ii) Grounding 

(iii) Bonding 

(iv) Filtering 

(v) Isolation 

(vi) Separation and orientation 

(vii) Circuit impedance level control 
(viii) Cable design 

(ix) Cancellation techniques in frequency or time domain 

(x) Proper selection of cables, passive components 

(xi) Antenna polarisation control 

(xii) Balancing 

The first four methods are popular for different applications. A few basics 

are presented below. 


Shielding 


The main object of shielding is to restrict radiations to a specified region to 
prevent it from entering susceptible devices. The quality of shielding is expressed 
in the form of shielding effectiveness of the material. Shielding of materials can 
be solids, screens and braids. They can be in the form of boxes, partitions, cables 
and connector shields. 
Shielding effectiveness (Se) It is defined as the ratio of incident power 
to transmitted power. 


Se (dB) =10log “t 
t 


For electric fields, we have 


E 
Se (dB) = 20log zn 
t 
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For magnetic fields, 
H. 
dB) =20log — 
The shielding effectiveness for electric fields in dB can be written as the sum 
of three terms, that is, 
S, (dB) = Rag + Aag + Map 
where Rag = reflected loss 
Agp = absorption loss 
Mag = multiple re-reflections and transmission losses 


Shielding is done by good conducting materials. Some examples of shielding 
materials are silver, copper, aluminium, gold, brass and bronze. 


Reflection loss is very high at low frequencies and for high conductivity 
materials. 


It is expressed as 
o, ) 
m 


where ©, =conductivity relative to copper 


Rag =168+ 101logio | 


The absorption loss for the materials (u, 6, »»1) is given by 
Agp = 8.6859 t/8 


where t = thickness of the shield 
8 = depth of penetration 


The multiple reflection loss is given by 


2 
Map =201logj9 HS zu ean Qua 


gis 


Map is negligible for shields made of good conductors (n ««no). If t2» 6 
1 
d =0=— xX 
and p 3 
Map = 20log,511— e724 e174 | 


The effective magnetic shielding materials are the ones with high permeability. 


Examples: Mumetal, Steel. 
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Grounding 


Grounding provides a conducting path between electronic devices and the ground. 
Ground is nothing but some reference point. It is a circuit concept. 


The ideal ground is characterised by zero potential and impedance. 
The types of grounding techniques are: 


(a) Floating ground: It isolates circuits from a common ground plane. Sometimes 
it may be hazardous. 


The ground plane is in the form of a wire or a conductive rod. 


(b) Single-point grounding: It reduces the effects of facility ground currents. 
This is used to control EMP energy. 


(c) Multiple point grounding: It reduces ground lead lengths. 


Bonding 


It provides a low-impedance path between two conducting surfaces. It is a part 
of grounding and represents its physical implementation. 


It creates a homogeneous structure for current flow and suppresses the 
creation of potentials between two metallic parts. 


Bonding is useful to protect against the effects of shocks and to protect 
circuits from current return paths. They reduce potential difference between the 
devices and carry large faulty currents. 


Bonding is of two types: 


Direct bonding is made by metal-to-metal between the connected elements. 
Indirect bonding is made by contact using conductive jumpers. 


Bonding quality is represented by its DC and AC resistances and also bonding 


effectiveness. 
Rigen 
Os 
NE 
ac — c8w 
where l= length of the bond, (m) 


6 — conductivity, (mho/ m) 
s= cross-sectional area, (m?) 
8 = depth of penetration, (m) 
w= width of the bond, (m) 
Bonding effectiveness (Be) It is defined as the difference between 


induced voltage in the case of an equipment with a bond trap and the induced 
voltage in the case of an equipment without a bond trap. It is expressed in dB. 
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Filtering 


These are used to filter out conducted EMI. The filtering effectiveness is expressed 
by Insertion loss (IL). It is defined as 


V 
IL = 201og VS 
02 


where Vo; = output voltage with filter 


Vo, = output voltage without filter 
For low pass inductive filters, 


oL) 
Insertion 1 -10log | 1 +—-dB 
nsertion loss og | 2R) 
For low pass capacitive filter, 

ORC 
Insertion loss =10log É + 4 dB 


where w=angular frequency =2n f 


9.10 NEED FOR EMC STANDARDS 


EMC standards are required for trouble free co-existence and to ensure satisfactory 
operation. They are also required to provide compatibility between electrical, 
electronic, computer, control and other systems. Standards are required as 
manufacturer-user interaction and user’s knowledge on EMI are limited. 


They are also required for establishing harmonised standards to reduce 
international trade barriers and to improve product reliability and life of the 
product. 


9.11 EMC STANDARDS 


These are of two types: 


Military Standards 


These include emission and susceptibility standards. Emission standards specify 
emission limits in voltage or current, power or field strengths in specified 
frequency ranges. Susceptibility standards specify conducted spike or radiated 
field parameters. 


Military EMC standards are made in order to ensure system-to-system 
compatibility in a real time military environment. Equipments are classified based 
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on their deployment environment. In these standards, test procedures are well 
defined. Military standards are more stringent than civilian standards. Most of 
the military standards are broadly based on MIL-STD 461 and 462. 


Civilian Standards 


Civilian EMC standards are applicable for equipments used for commercial, 
industrial and domestic applications. The emission standards are specified to 
protect broadcast services from interference. These also take into account the 
physiological interference effects experienced by human beings. 


9.12 ADVANTAGES OF EMC STANDARDS 


The advantages are: 
1. Compatibility, reliability and maintainability are increased. 
2. Design safety margin is provided. 
3. The equipment operates satisfactorily in EMI scenario. 
4. Product life is increased. 
5. Higher profits are possible. 


9.13 EMC STANDARDS IN DIFFERENT COUNTRIES 


S. no. Standard Meaning Country 

1. CISPR (IEC) | Committee International Special International 
Perturbations Radioelectriques—Europe | Committee 

2. FCC Federal Communications Council USA 

3. SAE Society of Automobile Engineers Trade Association 

Technical Committee 

4. VG Military Standard Germany 

5. VDE Verband Deutscher Electrotecknikev Germany 

6. ISI EMI measurements and India 
measuring apparatus 

7. DEF STD 59-4] British MIL—STD UK 

8. GAM-EG-13 | France MIL—STD France 

9. CENELEC European committee for electro- Europe 
technical standardisation 

10. EN European Norms Europe 
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9.14 BIOLOGICAL EFFECTS OF EMI/EMR 
(ELECTROMAGNETIC INTERFERENCE, 
ELECTROMAGNETIC RADIATION) 

EM waves, light, heat, X-rays and gamma rays are all different forms of 

electromagnetic radiation. However, they differ in their wavelength. These 


radiations have hazardous effects on man and material. The effects can be divided 
into two categories: 


1. Thermal Effects 
2. Non-thermal Effects 


1. Thermal Effects The effects of EM radiation whose frequencies range 
between 0.1 to 100 GHz are given in Table 9.1. 


Table 9.1 Effects of EM Radiation 


Frequency Effect 
(GHz) 
0.1 Warming of exposed areas. 
0.15-1.2 Overheating occurs and causes damage to internal organs. 
1.0-3.3 Lens of the eye and kidneys are susceptible to damage when tissues 
are heated up. 
3.3-10 Noticeable skin heating occurs. 
10-100 Skin acts as either a reflector or an absorber and hence heating takes place. 


The damaging levels depend on frequency, ambient temperature, body 
resistance and weight of individuals. 


Exposure over an energy density of 10 mw/cm at any frequency is considered 
to be not safe. 


2. Non-thermal Effects 
(i) Minor changes in human blood properties take place. 
(ii) Buzzing sound is heard upon exposure to EMR. 
(iii) Abnormalities of the chromosome structure occurs. 
(iv) Movement, orientation and polarisation of protein molecules are noticed. 
(v) Epigastric distress, emotional upsets and nausea have been noticed. 


Radiation limits in the frequency range of 0.1 to 100 GHz when personnel 
are exposed to EM radiations are: 


(i) The average incident power density should not exceed 10 mw / cm? for 
exposures greater than 30 seconds. 
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(ii) The average incident energy density should not exceed 300 mJ/ cm? for 
intermittent exposures between 3 and 30 seconds. 


(iii) According to IEEE, safe power density level is 2 W/m’. 


9.15 ELECTROSTATIC DISCHARGE (ESD) 
ESD results from the separation of static charge. 


Effects of ESD: 


1. High electrostatic field is created by the charge separation prior to the ESD 
arc. 


2. High arc discharge currents are generated. 


Methods of Separation of Charge 


Rubbing of two types of insulating material causes charge to be separated from 
one material to the other. The charge separation creates high fields and hence 
causes a voltage difference between the two materials. This leads to a breakdown 
of the air and intensive arcs are produced. A direct conduction path will result 
if one material comes in contact with a conductor. This phenomenon is a familiar 
one when we walk across a carpet on a dry day and touch a metallic doorknob. 
When the resulting arc current enters sensitive devices, they are damaged. 


9.16 ORIGIN OF ESD EVENT 


If two neutral insulators are brought in contact, charge is transferred from one 
to another. When they are separated, they become charged. At this time, one 
material is positively charged and the other one is negatively charged. The degree 
of charge transfer depends on many factors. For example, if Nylon is rubbed 
against Teflon, electrons will be transferred from Nylon to Teflon. Hence Nylon 
acquires (+)ve charge and Teflon acquires (-)ve charge. 


In fact, touching an insulator with a conductor creates charge separation but 
the degree is less than that of two insulators. 


Grounding a conductor will bleed off the charge but grounding an insulator 
will not. 


ESD wrist straps can be worn to prevent building up of charge. 


If a high resistance of the order of 1 MQ is connected from the installer's 
wrist to earth ground, any static charge stored on the body's skin is discharged 
to the ground. 
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It is interesting to know some facts about the frictionally generated charges. 


(i) Sparks with a voltage of about 5 KV are generated when a man walks on 
a rug on a dry day, touches a metallic body and hits. Nothing happens to 
the man as the charge is less even when the voltage is high. On the other 
hand, when the charge is high with less generated voltage, it can be fatal. 


(ii) The charges attract dust particles and damage electronic chips and circuits. 
(iii) They may cause fire and explosion in inflammable environment. 

ESD causes component destruction by: 

. direct conduction 

. secondary arcs or discharges 

. capacitive coupling 


Ae WN e 


. inductive coupling 
The techniques to prevent the ESD effects are: 
. Prevent occurrence of ESD event 


N HM 


. Prevent coupling 
3. Create an inherent immunity to ESD event. 


9.17 ELECTROMAGNETIC PULSE (EMP) 


Whenever a nuclear detonation takes place, energy is released and this appears 
as electromagnetic pulse. These pulses affect the operation of electrical and 
electronic equipment even at great distances. The far-field characteristics of the 
radiated EMP produced by a single high altitude detonation is found to have 
significant variation in amplitude, wave shape and propagation characteristics. 
These depend on weapon yield, location of the observer, the height and location 
of the burst and orientation of earth’s magnetic field. 


The EMP amplitude spectrum covers a broad frequency range which extends 
from low to microwave frequencies. 


A typical EMP waveform can be represented by 


E(t) = m (eont cg) 
a 


where t = time in seconds 


-01 ty — Oy tı 


a= normalisation factor =e —e 


t =time to peak value 


E =E (ti) 
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a, =1.5x10° 5 


s) 
œ» =260x10° 1) 
2 s) 


The Fourier transform of the equation is 


E (jo) _ En - (2:5 0) 
a (JO+ 01) (JO+ Oy) 


A typical EMP wave form is shown in Fig. 9.2. 


A 
50 + 
(3 
> 
4 
AQ 

l » 
0 
— > 
t (sec) 2 Fig. 9.2 A typical EMP wave 
x 10-6 form 


9.18 NUMERICAL TECHNIQUES FOR THE ANALYSIS 
OF ELECTROMAGNETIC FIELDS 


Most of the engineering problems / models are in the form of differential equations. 
Systems with one independent variable can be modeled by ordinary differential 
equations. But systems with two or more independent variables require the use 
of partial differential equations. It is possible to obtain the solution for some of 
these equations in closed form. But majority of the large sets of simultaneous 
differential equations and non-linear ones do not have analytical solutions and 
hence the application of numerical techniques is required. 
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The most useful numerical techniques are: 
(i) Finite Difference Method (FDM) 
(ii) Finite Element Method (FEM) 
(iii) Method of Moment (MOM) 


In all these methods, discretisation of a continuous region into a finite number 
of sections is made. Moreover, they require the solution of a set of algebraic 
equations only. The solution of differential or integral equations is not required. 
These methods are extremely useful for the design as well as analysis of an 
electromagnetic system. Problems involving the determination of current 
distribution in a current element or a dipole and the field distribution in a slot 
are easily solved by these methods. 


For modeling static field systems, Laplace's and Poisson's equations can be 
used. These require the solution of differential equations. It is possible to obtain 
analytical solutions when the regions have regular geometrical shapes like 
triangular, circular, elliptical, rectangular and so on. But for arbitrarily shaped 
regions, the field solutions are obtained using FDM, FEM and MOM techniques. 


9.19 FINITE DIFFERENCE METHOD (FDM) 


It is a numerical technique in which the domain is divided into a number of 
discrete points. It consists of a set of difference equations. FDM is useful to solve 
the spatial distribution of electromagnetic fields in different media. 


Solution by this method is approximate and error can be reduced by taking 
more number of discrete points in a specified region. For example, Poisson's 
equation can be solved for V (x, y, z) in any arbitrary region using the boundary 
conditions. However, the analysis for fields in an arbitrarily shaped region is 
complex by this method. 


9.20 FINITE ELEMENT METHOD (FEM) 


FEM is a technique useful to solve the problems containing differential equations 
numerically. This method is easily applicable to solve the problems involving 
arbitrarily shaped regions. The method basically consists of: 


(1) discretisation of the field region 

(ii) derivation of equations for each element 
(iii) assembling of all elements in the field region 
(iv) solving the set of equations 


Solution can be obtained either by Iterative method or by Band matrix 
method. 
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FEM is a better method than FDM and MOM as it is easy to apply to 
complex regions and it is possible to write universal general purpose programmes 
to solve different types of problems. At the same time, it is constrained by a few 
drawbacks. For instance, the preparation of data is complex and involved. The 
programming part is also involved compared to FDM and MOM. 


9.21 METHOD OF MOMENTS (MOM) 


It is basically an incremental numerical technique. It is useful to find the integrand 
from the integral equation. An equation is known as an integral equation if the 
integrand is an unknown. 


This method makes use of equations of unknown potentials or fields in 
integral form to find out the potential or field distribution in a medium. 


An example of integral equation is 


Vu Es Bat e 
4ne R 


where p, (7 is an unknown. 
r =(x, y, z), r=(x, y, z) 
Pv (r^) =P% (x, y, z’) 
V(r) =V (x, y, z) 
Py is the source of the potential function. r is the distance between the 


source and potential. p, is an unknown function and V is a known function. The 
method of moments consists of the following steps: 


1. Express the integral equation of the potential function in the form of 
P(X) =y 
where F is an integral operator and y is a known function. 
X is an unknown output function. 
2. Expand X as a linear combination of N terms, that is, 
X(x) =a; X4 (X)+ ay X(X) +... + ay Xy (x) 


where ay is an unknown constant and Xy (x) is a known function and is 
called a basis or expansion function. 


3. Express F in the form of 


N 
S 4, F (Xn) y 
n=1 
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This consists of one equation with N unknowns. It is not possible to solve 
it as such. It is required to have N independent linear equations. Hence, 
applying boundary conditions at N points, we have N equations. 


4. Express the above summation in the form of 


N 
Say Xa) =Ym 


n=1 
m =1, 2, 3,...,N 
5. Express the above expression in Matrix form, that is, 
[Enn] lan] — [vs] 


6. Find a, from 


[24] ^I [y] 
For the sake of analogy, we can have 
[an] =U] 
[Enn] = [Zn] 
[Ym] =[Vin] 


[I] =[Z 


BA 


PA 


SOLVED 
PROBLEMS 


Problem 9.1 For a copper shield, find the reflection loss in dB at (a) 1 KHz and 


(b) 10 MHz. 
Solution (a) f =1kHz 
For copper o, -Lpg,-1 


Rap =168 + 10log19 LM 
is 


T 


SEM A 


1 
=168+10lo —+ 
810 s 


= 168 — 30 
Rag =138 dB 
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(b) At f= 10 MHz 


1) 
= 168-70 
Rag =98 dB 


Problem 9.2 Determine reflection loss for a steel shielding at (a) 10 KHz and 
(b) 10 MHz. For steel, u, 21,000, o, =0.1. 


Solution (a) f -10kHz-10* Hz 
u, =1,000 
6, =0.1 
TE 
Rag =168+10log,, | ————+! 
om fran J 


= 168 + 10log, (10 ?) 


Rap =88 dB 
(b) f =10MHz 
Rag = 168+ 10logio [sur] 
= 168-110 
Rap =58 dB 
Problem 9.3 For nickel shield, find the absorption loss when ¢/8=1, t/6=2, 
t/ 6-4. 


Solution If t/6-1 
Aag —8.68591/8 

—8.6859x1 
Aap —8.6859dB 


If t/8=2 

Aap —8.6859t/ 8 
= 8.6859x 2 

Aag —17.3718 dB 
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If t/5=4 
Agp = 8.6859 / 6 
= 8.6859 x 4 


Agp = 34.7436 dB 


Problem 9.4 Find multiple reflection loss due to a shielding material for which 
n««m, and t/d=0.1. 
Solution We have 
Mag -20log,g I1 679 972078] 
=20 logio [ere e710? | 


Map = 14.8 dB 
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» The General form of second Maxwell’s equation is VxE--B- M. 
> The surface electric current density is J, =a, xH. 
» The surface magnetic current density is M, =Exa,,. 


» The vector electric potential is defined as 


VxF s-cE" 
M 
=>] E ton 
4n T 


v 
> Self-reaction is defined as (x, x) =- Í H.M dv. 
v 


» The principle of reciprocity gives an inter-relationship between any two-source 
field pairs. 


> By reciprocity, (x, y) = (y, x). 

» Most of the devices and systems are sources of EMI and also they are susceptible. 
» Systems should be EMC designed for long life. 

» EMI sources are natural and man-made. 

» Domestic electric appliances are sources of EMI. 

» Automobiles are sources of EMI. 

» Medical devices and instruments are susceptible to EMI. 


» Shielding, grounding, bonding, isolation and filtering are the major EMC design 
techniques. 


» Military and civilian EMC standards are different in EMI permissible limits. 
» FEM, FDM and MOM are important numerical techniques. 

» ESD is more hazardous during lightning. 

» An electric current loop is equivalent to a magnetic dipole. 


» The electromagnetic fields produced by a small horizontal electric current loop 
are identical to that of a vertical magnetic dipole. 


» The fields produced by magnetic current loop and electric dipole are the same. 
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OBJECTIVE QUESTIONS 


1. Electric power lines are sources of EMI. (Yes/No) 

2. Computers are susceptible to EMI. (Yes/No) 

3. Walkie Talkies radiate and they are susceptible to EMI. (Yes/No) 

4. Automobiles are sources of EMI. (Yes/No) 

5. Aircraft is not susceptible to EMI. (Yes/No) 

6. Submarines are not susceptible to EMI. (Yes/No) 

7. Radar is a man-made source of EMI. (Yes/No) 

8. Human beings are susceptible to EMR. (Yes/No) 

9. Animals are susceptible to EMR. (Yes/No) 

10. Medical equipment is susceptible to EMI. (Yes/No) 
11. Kitchen mixie is a source of EMI. (Yes/No) 
12. Hair drier is a source of EMI. (Yes/No) 
13. Television is susceptible to EMI. (Yes/No) 
14. Fluorescent lamp is a source of EMI. (Yes/No) 
15. Isolation is a method of EMI control. (Yes/No) 
16. Grounding is a method of EMC design. (Yes/No) 
17. Proper cable design reduces EMI. (Yes/No) 
18. Washing machines are sources of EMI. (Yes/No) 
19. Light dimmers in automobiles are sources of EMI. (Yes/No) 
20. Cell phones are sources of EMI. (Yes/No) 
21. FEM is more useful than FDM. (Yes/No) 
22. FEM is a numerical technique using a set of algebraic equations. (Yes/No) 
23. Numerical evaluation of integrals is more accurate than the numerical evaluation 
of differential equations. (Yes/No) 


E 
E 
E 
. EMI is mainly from 
E 
E 
E 
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. Reciprocity exists in field theory. 

. If. (x, y)=(y, x) reciprocity is said to exist. 
. It is easy to shield electric fields than to shield magnetic fields. 

. Reflection loss is very large for electric fields and plane waves. 

. Reflection loss is usually small for low frequency magnetic fields. 
. Shielding is said to be excellent, if the attenuation is » 90 dB. 

. The unit of magnetic conduction density is 

. The unit of surface magnetic current density is 
. Surface magnetic current density is defined as 
. Vector electric potential, F is defined by 

. The unit of vector electric potential is 

. The unit of reaction is 

. Self-reaction is represented by 


. Reciprocity in field theory is said to exist if 


MI means 
MC represents 


MS means 


MI enters the system by 


MI can be controlled by 


MI from antennas can be controlled by 


. Filtering is a technique suitable to control 
. Two types of EMC standards are 

. FCC means 

. CISPR represents 


. The main advantage of EMC standards is that 


(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 
(Yes/ No) 


(Yes/ No) 
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50. 
51. 
52. 
53. 
54. 
55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 


VDE is standard. 

The main effects of EMI/EMR are 

High EMR susceptible organs of human beings are 
ESD means 

ESD originates due to 

The safe EMR exposure limit is 

The effect of ESD is that 

ESD causes 

EMP means 

The damaging levels due to EMR in human beings depend on 
Two major sources of EMI are 

FDM means 

FEM represents 

MOM means 


The unit of self-reaction is 


Answers 

1. Yes 2. Yes 3. Yes 4. Yes 5. No 

6. No 7. Yes 8. Yes 9. Yes 10. Yes 
11. Yes 12. Yes 13. Yes 14. Yes 15. Yes 
16. Yes 17. Yes 18. Yes 19. Yes 20. Yes 
21. Yes 22. Yes 23. Yes 24. Yes 25. Yes 
26. Yes 27. Yes 28. Yes 29. Yes 30. V/m? 
31. V/m 32. M, =Exa,, 33. VxF=-eE” 
34. Farad-Volt/ m 35. Watts 36. (x, x) 


T = PIE 38. Electromagnetic interference 
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39. Electromagnetic compatibility 40. Electromagnetic susceptibility 
41. Man-made and natural sources 42.Conduction and radiation 
43. Shielding 44. Polarisation control 45. Conducted EMI 

46. Military and civilian 47. Federal Communications Council 


48. Committee International Special Perturbations Radioelectriques 
49. Product life is increased 50. German EMC standard 

51. Thermal and non-thermal 52. Eyes and kidneys 

53. Electrostatic discharge 54. Separation of static charges 
55. 10 mW / cm? for exposures greater than 30 seconds 

56. Intense arc discharge current takes place 

57. Component destruction 58. Electromagnetic pulse 

59. Frequency and ambient temperature 

60. Nuclear detonations and lightning 

61. Finite difference method 62. Finite element method 

63. Method of moment 64. Watt 
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MULTIPLE CHOICE QUESTIONS 


1. Maxwell's equation is 


(a VxE=-B+J (D VxE--B-M 
(c) V.E--B (d) V.D=-B 
2. The unit of magnetic conduction current density is 
(a) V/m (b V/m? (c) A/m? (d) A/m 
3. The unit of surface magnetic current density is 
(a) A/m (b) V/m (c) A/m? (d) A/m? 
4. According to reciprocity in EMF theory 
a) (x, y)=(y, x) (b 6p. x) 
(c) (x, y)=(%, 2) (d) GG x)=(y, 2) 
5. Self-reaction is defined by 
(a) (a, a)- | H.M dv (b) (a, a) =—| H.M dv 
v v 
(c) (a, a)- | HM dv (d) </a, a) =| M.Hdv 
v v 


6. The unit of self-reaction is 


(a) watts (b) watts/m? (c) volt-amp (d) amper? 


7. The surface electric conduction current density is 


(a) J;ca,xH (b J,-Hxa, (c) J;-a,.H (d) J,-H 
8. The surface magnetic conduction density is 

(a) M=a,xE (D M=-a,xE (c) M-E.a, (d) M=E 
9. The system which is not susceptible to EMI is 

(a) transmission lines (b) computer keyboard 

(c) television (d) aircraft 
10. Radar is 

(a) conventional EMI source (b) natural EMI source 


(c) not an EMI source (d) unconventional EMI source 
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11. Lightning is 
(a) a source of EMI (b) a natural source of EMI 
(c) a man-made source of EMI (d) is not a source of EMI 


12. EMI occurs in a system due to antenna by 
(a) conduction (b) radiation 
(c) filtering (d) isolation 
13. EMC method is 
(a) shielding (b) conduction 


(c) radiation (d) non-conduction 


14. American EMC standard name is 


(a FCC (b) VDE 
(c) ISI (d) VG 
15. Bio-effects are more prominent in the frequency range of 
(a) HF (b) UHF 
(c) Microwave (d) LF 
16. EMR effects are not prominent in 
(a) human beings (b) semiconductors 
(c) conductors (d) insulators 
17. FEM is 
(a) empirical method (b) numerical method 
(c) analytical method (d) none of these 


18. EMI is more hazardous in 
(a) television (b) radars 
(c) spacecrafts (d) trains 
19. Cell phones create 
(a) conducted EMI (b) radiated EMI 
(c) filtering (d) shielding 
20. VDE is EMC standard in 
(a) America (b) India 
(c) Japan (d) Germany 
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Answers 
1. (b) 2. (b) 8. (b) 4. (a) 5. (b) 
6. (a) 7. (a) 8. (b) 9. (a) 10. (a) 
11. (a) 12. (b) 13. (a) 14. (a) 15. (c) 


16. (d) 17. (b) 18. (c) 19. (b) 20. (d) 


EXERCISE PROBLEMS 


1. For silver shield, find the reflection loss in dB at 
(a) 1 kHz (b) 10 MHz (c) 100 MHz 


u, =1, 0, 21.05 for silver. 


2. Find the reflection loss for aluminium shielding at 
(a) 100 KHz (b) 10 MHz 
For aluminium, u, =1, o, —- 0.61. 
3. Determine absorption loss when t/&=1.3, t/6=2.5, t/8=3 for steel shield. 


4. Find the multiple loss due to a shielding material for which 12100 and t/8- 02, 
t/5=0.4. 


OBJECTIVE QUESTIONS 
AND ANSWERS 


An objective-type examination improves sharpness, 
prudent judgement, depth of knowledge, overall 
understanding, logic and concepts of the subject. A 


subjective-type examination improves communicaion 
and explanatory skills of the subject. 
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1. If Coulomb's force on 2 C due to 5C is 10a, (N), the force on 5 C due to 2C is 


(a) —10a, (N) (b) 10a, (N) (c) 10a, (N) (d) -10a, (N) 
2. Gradient of a potential and equipotential surface are 

(a) orthogonal to each other (b) in the same direction 

(c) out of phase (d) at 45° with one another 


3. The work in moving a charge between two points depends on 


(a) the path (b) Q, E and the path 
(c) Q and E only (d) Q, E and end points 
4. Unit of potential is 
(a) Joules (b) N/C 
(c) N/Joules (d) Joules/C 
5. Field due to infinitely long line charge along z-axis varies with 
(a) 0 (b) z 
(c) p (d) both $ and z 
6. When the surface density is in y-z plane, field varies with 
(a) y (b) z 
(c) x (d) both y and z 


7. Under static conditions, p, inside an ideal conductor is 
(a) 0 (b) œ (c) high (d) finite 
8. Under static conditions, E inside an ideal conductor is 
(a) 0 (b) œ (c) very high (d) finite 
9. Under static conditions, H inside an ideal conductor is 
(a) 0 (b) œ (c) very high (d) finite 
10. Boundary condition on E,4, at an ideal conductor/ free space interface is 
(a) 0 (b) œ (c) very high (d) finite 
11. In free space, for static fields, 
(a) VxE=0 (b) VxE=-B (c) VxE=-H (d) VxE=% 
12. Which of the following is correct? 
(a) V.E=p, (b) V.E=p,/e  (c) V.E=-p, (d) V.E-eop, 


o 
13. For steady charge density 
(a) V.J=0 (b V.J=p, (c) V.J=-py (d) V.J=ecE 


14. If the number of magnetic lines of force that cut across a conductor increases, the 
amount of induced voltage is 


15. If the number of turns in a coil is high, the induced voltage is 


16. An induced voltage exists only when the flux is changing. (Yes/No) 


d 
17. The flux of 1 mwb increasing to 1.01 mwb in 1.0 second produces a flux change ad 


dt 
equal to 
(a) 0.01 mwb/s (b) 1.01 mwb/s 
(c) 0.1 mwb/s (d) 1uwb/s 
18. Faraday’s law is useful to find the amount of induced voltage. (Yes/No) 


19. Lines of force of two magnetic fields in the same direction assist each other to 
provide a stronger magnetic field. (Yes/No) 


20. If the magnetic flux of 8 mwb changes to 10 mwb in 1.0 second, the rate of flux is 


(a) 1.0 mwb/sec (b) 2 mwb/sec 
(c) 0 mwb/sec (d) 18 mwb/sec 
21. If the flux changes from 8 wb to 10 wb in 2 seconds, the rate of change of flux is 
(a) 2 wb/sec (b) 1 wb/sec (c) 0 wb/sec (d) 1 wb/sec 
22. When a magnetic flux cuts across 200 turns at the rate of 2 wb/s, the induced 
voltage is 
(a) 400 V (b) 100 V (c) 600 V (d) OV 


23. When flux changes at a constant rate, the induced voltage is 
(a) constant (b) 0 (c) © (d) -ee 


24. The S.I unit of magnetic flux is 
(a) Weber (b Coulomb (c) Tesla (d) Gauss 

25. If a magnetic flux of 4u wb passes through an area of 5x10 * m?, the flux density 
is 
(a) 8 mT (b) 80 mT (c) 0.8 mT (d) 0.08 mT 


26. The divergence of the curl of a magnetic field is 


(a) zero (b) œ (c) a vector (d) finite 
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27. The curl of a gradient of scalar magnetic potential is 


(a) œ (b) a scalar (c) zero (d) ampere 


28. Unit of vector magnetic potential is 


(a) wb/m (b) Tesla (c) Volts (d) Ampere 
29. Unit of scalar magnetic potential is 

(a) Ampere (b) Tesla (c) Volt (d) wb/m 
30. Unit of permeability of a medium is 

(a) Henry (b) Henry/m (c) Farad/m (d) Weber 
31. Unit of magnetic susceptibility is 

(a) no units (b Henry/m (c) wb/m (d) wb 
32. The direction of H is the same as that of 

(a) B (b A (c) E (d D 
33. Unit of V? is 

(a 1/m (b 1/m? (c) none (d) A-m 
34. V is 

(a) a scalar (b) a constant 

(c) a vector (d) integral operator 


35. Ampere's law is applicable for 


(a) open path only (b) closed path only 

(c) either open or closed path (d) square path only 
36. The tangential component of a magnetic field is continuous across any discontinuity. 

(Yes/ No) 

37. The normal component of magnetic flux density is continuous. (Yes/ No) 
38. Force on a charge at rest due to a magnetic field is 

(a) zero (b) a constant (c) œ (d) finite 
39. Scalar magnetic potential in a region where J is present, is 

(a) zero (b) œ (o) VxH (d) finite 


40. Scalar magnetic potential exists when the field is produced by a current element. 
(Yes/ No) 


OBJECTIVE QUESTIONS AND ANSWERS lE MESE 


41. Unit of torque is 


(a) the same as that of force (b) Newton-m? 

(c) Newton-m (d) Newton/m 
42. Magnetic field lines are closed loops. (Yes/No) 
43. When the current in a current element is upwards, the direction of the magnetic 

field is clockwise. (Yes/No) 
44. If the current in a current element is downwards, the direction of the magnetic field 

is along ag. (Yes/No) 
45. The direction of magnetisation is 

(a) that of H (b) that of A 

(c) that of E (d) that of D 
46. Mi = M (Yes/ No) 
47. The units of self-inductance and mutual-inductance are the same. (Yes/ No) 


48. Energy stored in an inductor is 


(a) LI (by 1/2LI° (c) 1/2LV? (d) 1/2VI? 
49. Unit of magnetic dipole moment is 

(a) C-m (b) Amp-m (c) Amp/m (d) Amp-m? 
50. Magnetic susceptibility of free space is 

(a) zero (b) 1 (c) My (d) Mo 
51. Magnetisation satisfies the relation 

(a) VxM=], (b) VxM=J 

(o) VxM=0 (d) VxM-I, 


52. The self-inductance of two coils are 4 H and 9 H. If the coefficient of coupling is 0.5, 
the mutual-inductance between the two coils is 


(a 12H (b 3H (c) 6mH (d) 10H 
53. Magnetic field in a perfect conductor is 

(a) high (b) zero 

(c) moderate (d) finite 


54. The net magnetic flux emerging from any closed surface is 
(a) zero (b) constant (c) unity (d) finite 
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55. The force on a charge due to magnetic field is 
(a) QVB (b) QV.H (c) Q(V x B) (d) zero 


56. A conductor 1m long carries a current of 5 mA and is at an angle of 30? with 
B=1.5 wb/m?. The magnitude of the force is 


(a) 7.5 mN (b) 5 mN (c) 3.75 mN (d) 75N 
57. The first Maxwell's equation in free space is 

(a) VxH=D+J (b) VxH=D 

(c) VxH=0 (d VxH=J 
58. Identify which of the following waves do not exist in hollow waveguides: 

(a) TE (b) TM (c) TE and TM (d) TEM 
59. Poynting vector is given by 

(a) ExH (b) E.H (c) HxE (d) H.E 
60. Poynting vector gives 

(a) rate of energy flow (b) direction of polarisation 

(c) electric field (d) magnetic field 
61. E.H of a uniform plane wave is 

(a) EH (b) 0 () nE? (d) nH? 
62. Identify the scalar quantity: 

(a) V (b) E (c) H (d) A 
63. The minimum value of VSWR is 

(a) 0 (b) 1 (€) -1 (d) 0.1 
64. VSWR is 

(a) V max / Vmin (b) V min / V max (c) V max Vmi (d) V max ui 
65. Poisson's equation is 

(a) v?v 2-p/eg (b V?V-p/eg 

(o) V2v=0 (d V?v-]J/eg 


66. In conductors, 
(a) VxD=0 (b) VxD=p 
(c) VxD-J, (d) VxE=J, 


OBJECTIVE QUESTIONS AND ANSWERS 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


The unit of magnetic current density is 
V V A A 
(a) —; (b) — (c (d) — 
m _ m 
If a dielectric material is placed in an electric field, the field intensity 
(a) increases (b) does not change 
(c) becomes zero (d) decreases 
For static fields 
(a) VxH=Di+J (D VxH=J 
(c) VxH=0 (d VxH=D 
Two waves are said to be out of phase if their phase difference is 
(a) 180° (b) 360° (c) 90° (d) 270° 
Absolute permeability of free space is 
(a) 4nx107 A/m (D 4nx10-’ H/m 
(c) 4nx10 F/m (d) 4nx107 H/m? 
For a static magnetic field 
(à) VxB-p (b VxB=pJ 
(o) V.B-uggJ (d VxB=0 
The electric field in free space is 
@ = 6) F () eoD o 2 
E0 Ho $ £0 
For a uniform plane wave in the x-direction 
(a) E,-0 (D H,=0 
(c) E, =0 and H. 20 (d) E,-0 
A transmission line whose Zo =75Q is terminated by 750. Its input impedance is 
(a) 75Q (D 1500 
(o) 375Q (d) 3000 
Displacement current density is 


(a) D (b) J 
(c) 90D/ot (d) oJ/ot 
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77. If T is the coefficient of reflection, VSWR is given by 


1-ir'i 14 ITI TE 1+IT1? 
IIT] >) in f qc (os cipe 


(a) 


78. Depth of penetration in free space is 
(a) a (b) 1/a (c) 0 (d) infinity 


79. When an EM wave is incident on a dielectric, it is 
(a) fully transmitted 
(b) fully reflected 
(c) partially transmitted and partially reflected 
(d) none of these 


80. In circular polarisation of EM wave 
(a) E,-E, (b) E,«E, (c) E,>E, (d) E,*E, 
81. Cut-off wavelength for dominant mode in a rectangular waveguide is 


(a) 1 (b) 0 (c) very high (d) 2a 


82. If the dimensions of the narrow and broad walls of a waveguide are 3 cm and 
4.5 cm, cut-off wavelength for the dominant mode is 


(a) 6 cm (b) 9.0 cm 
(c) 13.5 cm (d) 1.5 cm 
83. Magnetic field due to an infinitely long current element is 
(a) I/4np (b) I/2np 
(c) I* /2np (d) I*/4np 
84. Tesla is the unit of 
(a) magnetic flux density (b) magnetic flux 
(c) magnetisation (d) magnetic susceptibility 


85. If a line is terminated in an open circuit, the VSWR is 


(a) 0 (b) 1 (c) oe (d) -1 
86. Complex Poynting vector, P is 
(a) P-ExH (D P-ExH 
1 


(c) P=>EXH (d P=HxE 
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87. 


88. 


89. 


90. 
91. 


92. 


93. 


94. 


95. 


96. 


At the line surface of a dielectric 

(a) D, -D, (b) D, -D, =P; 
_ Ps 

(c) D, -D, =J; (d) D; -D, = = 

Brewster angle is the 


(a) angle of incidence at which no reflection occurs 
(b) angle of reflection 
(c) angle of transmission 


(d) angle of refraction 


Distortionless condition for a transmission line is 

(a) LG=RC (D LR=GC (c) GR=LC (d) LC=Q 
Intrinsic impedance of free space is 

(a) 1201Q (b 3000 (c) 7522 (d) 73Q 
The reflection coefficient is generally 

(a) complex (b) scalar (c) real (d) imaginary 
The velocity of an EM wave in a medium whose €,=2, u, -2 is 

(a) 3x10? m/s (b) 3x10? cm/s 

(c) 15x10* m/s (d) 15x10? cm/s 

Time varying electric field is 

(a) E--VV (b E--VV-À 

(c) E--VV-B (d) E--VV-D 

The polarisation of dielectric material results in the 

(a) creation of electrons (b) creation of electric dipoles 
(c) creation of eddy currents (d) creation of magnetic dipoles 
Any electric and magnetic field, irrespective of the fields of EM waves, are 
(a) perpendicular to each other (b) parallel to each other 

(c) may have any direction (d) are in the same direction 


Uniform plane wave is 


(a) longitudinal in nature 
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(b) transverse in nature 
(c) neither transverse nor longitudinal 
(d) vertical 


97. The surface impedance of a conductor is nothing but 
(a) Zo (b) reactive impedance 
(c) load impedance (d) E,/], 

98. In a homogeneous medium, the direction of E is the same as 


(a) D (b) B (c) H (d) P 


99. Magnetic susceptibility of a medium is 


Em 


(a) = b) = (c) 


H H (d) 


B 
100. Polarisation and direction of propagation of EM wave are one and the same. 

(Yes/ No) 
101. The direction of propagation of EM wave is obtained from 


(a) ExH (b) E.H (c) E (d) H 


102. When an EM wave undergoes reflections while propagation, its group velocity v is 
(a) greater than free space velocity vg (b) greater than phase velocity 
(c) equal to vo (d) less than vo 


103. A medium is isotropic if 


(a) €=0 (b) e=1 

(c) e= scalar constant (d) E=% 
104. A hollow rectangular waveguide acts as a 

(a) high pass filter (b) low pass filter 

(c) band pass filter (d) low frequency radiator 
105. Equation of continuity is 

(a) V.J=p, (b VxJ=-p, 

(c) V.J=-p, (d) VxJ=p, 
106. The electric field inside a conducting sphere is 

(a) uniform (b) zero 


(c) maximum (d) minimum 
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107. If VSWR is 2, magnitude of the reflection coefficient is 


(a) 1/2 (b) 1/3 (c) 1 (d) -1 
108. The velocity of EM wave in a conductor is 

(a) very high (b) 3 x 10° m/s 

(c) greater than 3 x 10° m/s (d) very low 


109. The velocity of propagation in a lossless transmission line is 


1 1 L 

a) 7 b= c) 3x10? m/s d E 

(à) JEC (b) Jig es (c) OE 
110. The characteristic impedance of a lossless transmission line is 

() |= (b VEC © FE (d) E 

C LC L 


111. The reflection coefficient, when a wave is incident normally on a perfect conductor, 
is 


(a) 0 (b) 1 
(c) greater than 1 (d) œ 
112. Inductance increases with the permeability of the core. (Yes/No) 
113. Inductance decreases with length for the same number of turns. (Yes/No) 


114. The current in an inductor changes from 10 to 16 mA in 2 seconds. The rate of 
change of current is 


(a) 3 mA/s (b) 6 A/s (c) 6A (d) 3A 

115. The current in an inductor changes by 100 mA in 24 sec. The rate of change of 
current is 
(a) 50000 A/s (b) 100 A/s 
(c) 50A/s (d) 50 mA/s 

116. The inductance of a coil which induces 20 V when the rate of change of current in 
4 A/s is 
(a) 5H (b 10H (c) 80H (d) 16H 


117. The induced voltage across a 2 H inductance produced by a current charge of 
12 A/s is 


(a) 24 V (b) 48 V (c) 1/3 V (d) 8 V 
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118. A coil L; produces 1004 wb of magnetic flux. Out of this, 504 wb is linked with a 
second coil, L5. Then the coefficient of coupling is 


(a) 0.50 (b) 2 (c) 50 (d) 4/3 

119. If two coils of L; =L, 2400mH have coefficient of coupling of 0.2, the mutual 
coupling is 
(a) 80 mH (b) 40m (c) 800 mH (d) 20 mH 

120. In an inductance of 10 H with a current 3 A, energy stored in the inductance is 
(a) 45] (b) 30] (c) 300] (d) 3.3] 


121. If magnitude of magnetic flux density in free space is 41x10 7 wb/m?, the magnetic 
field strength is 


(a) 1A/m (b) 4nx10" A/m 

(c) 1 wb/m (d) 4nx107 wb/m 
122.The unit of Ug is 

(a) H/m (b) Henry (c) F/m (d) H/m 
123. The unit of €, is 

(a) Farad (b F/m (c) F/m (d) H/m 
124. Unit of reluctance is 

(a) Henry (b) Henry/m (c) Weber (d) 1/Henry 
125. J in free space is 

(a) 0 (b) œ (c) E/o (d) none 
126. One Neper is 

(a) greater than 1 dB (b) less than 1 dB 

(c) equal to 1 dB (d) 4.3 dB 


127. For a good conductor, the depth of penetration is 
(a) p (b) œa (c) 1/p (d) œ 


128. At low frequencies, Earth is a 
(a) good conductor (b) bad conductor 
(c) excellent conductor (d) a good capacitor 


129. Unit of Poynting vector is 
(a) Watts (b) Watts/m? (c) Volt-amp (d) Joules 
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130. If reflection coefficient is complex, VSWR is 
(a) scalar (b) complex (c) zero (d) œ 


131. If Z; is purely resistive and Zo > Zz, VSWR is 


Žo b 4 0 d) 1 
(a) Z (b) A (c) (d) 
132. Zo is defined as 
V V V V; 
QS (p) Ge Orn (d) + 
I; Los max I; 


133. The static electric field at the surface of a conductor is directed normal to that 


surface everywhere. (Yes/No) 
134. The conductor surface is an equipotential surface. (Yes/No) 
135. Electric field is conservative. (Yes/No) 
136. Magnetic field is conservative. (Yes/No) 
137. Charge density within a conductor is 

(a) zero (b) œ (c) moderate (d) high 
138. The surface charge density resides 

(a) on the exterior surface (b) on the interior of the surface 

(c) on the middle of the conductor (d) in the interior depth 


139. In static conditions, the current flow in a conductor is 


(a) zero (b) œ (c) moderate (d) low 


140. The current density in silver (o=61.7x10°Q/m) when the electric field is 
1.0 V/m is 
(a) 617 x 10° A/m? (b) 617 x 10° A/m? 
(c) 617 x 10° A/m? (d) 0.617 x 10° A/m? 


141. The charge stored in a 40H F capacitor with 50 V across it is 
(a) 2.0 mc (b) 20 mc (c) 200 mc (d) 0.2 mc 


142. The charge stored in a capacitor when a constant current of 24A flows for 
20 seconds is 


(a) 40uc (b) 10uc (c) 400p¢ (d) 200uc 
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143. The capacitance of a capacitor which is charged to 40u c when 20 V is applied 
is 


(a) 2uF (b) 800uF (c) 20uF (d) 200uF 

144. The voltages across a capacitor of 10uF when a constant current of 5 mA flows for 
1 sec is 
(a 50V (b) 500 V (o) 5V (d) 0.5 V 


145. If free space is replaced by a dielectric material between the plates of a capacitor, 
the stored energy in the capacitor 


(a) decreases (b) increases 


(c) remains the same (d) zero 


146. Unit of energy density in an electrostatic field is 


(a) Joule/m? (b) Joule/m? (c) Joules (d) Joules/m 
147. If the electric susceptibility of a medium is 3, the permeability is 
(a) 4F/m (b) 35.416 x 10? F/m 
(co) 2 F/m (d) 8 F/m 
148. Energy stored in a capacitor is 
(a) proportional to e, (b) inversely proportional to e, 
(c) independent of e, (d) proportional to 1/e, 


149. Magnetic torque on a loop is 
(a) a vector (b) a scalar (c) a constant (d) zero 


150. Magnetic dipole is 
(a) a pair of charges (b) a current loop 
(c) a conductor (d) an electric dipole 


151. Reluctance is 
(a) the reciprocal of resistance (b) the reciprocal of inductance 
(c) the reciprocal of capacitance (d) the reciprocal of permeance 


152. The unit of magnetic charge is 
(a) Coulomb (b) Ampere 
(c  Ampere-metre square (d) Ampere-metre 


153. If the flux passing through a cube is equal to 10H c, the total charge enclosed by the 
cube defined by 0<x<2, 0<y<2 and 0<z<2 is 


(a) 10uc (b) 6uc (c) 10/3uc (d) 80uc 
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154. Equation V.(-e VV)-p, is Poisson's equation. (Yes/ No) 


155. The electric susceptibility of air is 


(a) 0 (b) 2 (c) 1 (d) 4 
156. An electrostatic field cannot maintain a steady current in a closed circuit. 
(Yes/ No) 
157. In electrostatics, voltage and potential difference are equivalent. (Yes/ No) 
158. Except in electronics, voltage and potential difference are not equivalent. 
(Yes/ No) 
159. There are no isolated magnetic poles. (Yes/ No) 
160. There are no isolated magnetic charges. (Yes/ No) 
161. The lines of magnetic flux are continuous. (Yes/ No) 
162. The electric flux lines are continuous. (Yes/ No) 
oB 
163. pn represents 
(a) magnetic current (b) magnetic current density 
(c) magnetic flux density (d) magnetic flux 
164. The electromagnetic field inside an ideal conductor is 
(a) zero (b) œ 
(c) maximum (d) minimum 
165. Time varying field can exist in a conductor (6 < e). (Yes/ No) 


166. Surface charge density, p, and J, can exist on the surface of a perfect conductor. 
(Yes/ No) 


167. At the interface between two dielectrics, J, is 
(a) zero (b) 1 (Cc) œ (d) high 


168. J, can exist at the boundary between a conductor and a perfect dielectric. 
(Yes/ No) 


169. p, can exist at the boundary between a conductor and a perfect dielectric. 
(Yes/ No) 
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170. A field can exist if it satisfies 
(a) Gauss's law (b) Faraday's law 
(c) Coulomb's law (d) all Maxwell's equations 


171. Source free region means 


(a) o=0 (b) py =0 

(c) J=0 (d) Py =0,6=0, J=0 
172. If o = 2.0 mho/m, E = 10.0 V/m, the conduction current density is 

(a) 5.0 A/m? (b) 20.0 A/m? 

(c) 40.0 A/m? (d) 20A 
173. Maxwell's equations give the relations between 

(a) different fields (b) different sources 

(c) different boundary conditions (d) different potentials 
174. Boundary condition on J is 

(a) a,x(-J2)-0 (b) a,.01-J2)-0 

(c) h=) (d) (-J2)xa, =0 
175. Boundary condition on E is 

(a) a,x(E; —E,)=0 (b) a,.(E; -E2)-0 

(c) Ei-E (d) En -En =P; 
176. Boundary condition on H is 

(a) a, x(Hı -H2)=J; (b) a,- (Hı -H5)-0 

(c) a, x(Hy -H2)=J; (d) a,.(H; -H5)-0 
177. Velocity of the EM wave is 

(a) inversely proportional to B (b) inversely proportional to œ 

(c) directly proportional to B (d) directly proportional to o 
178. Velocity of the wave in an ideal conductor is 

(a) zero (b) very large 

(c) moderate (d) small 


179. If a wave in free space has E22V/m, H is 


(a) = A/m (b) 60xA/m 


(c) 120t1A/m (d) 2402 A/m 
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180. If wet soil has o=10°Q/m,e,=15, u, =1, f =60Hz, itisa 


(a) good conductor (b) good dielectric 


(c) semiconductor (d) magnetic medium 


181. If wet soil has o=107 V/m, €,=15, u, =1 at 10 GHz, it is a 


(a) good conductor (b) good dielectric 
(c) semiconductor (d) semi dielectric 


182. The cosine of the angle between two vectors is 
(a) sum of the products of their direction cosines 
(b) difference of the products of the direction cosines of the two vectors 
(c) product of the products of the direction cosines of the two vectors 
(d) division of the products of the direction cosines of the two vectors 


183. Equiphase surfaces are 
(a) planes (b) only lines (c) only cones (d) only circles 
184. The wavelength of a wave travelling along the wave normal to the plane lying in 
y-z plane is 
(a) greater than that along x-direction 
(b) smaller than that along x-direction 
(c) equal to that along x-direction 
(d) zero 
185. The phase velocity v, of a wave travelling along the wave normal to the plane 
lying in y-z plane is 
(a) smaller than v, in x-direction (b) greater than ?, in x-direction 
(c) equal to ?, in x-direction (d) infinity 
186. Electric flux density and field are related by 
(a) D=cE b). p-E (c) D=pE (d Dze,E 
€ 


187. Magnetic flux flowing through a closed surface is nothing but the charge enclosed. 
(Yes/No) 
188. The electric field intensity E at a point (1, 2, 2) due to (1/9) nc located at (0, 0, 0) is 
(a) 33 V/m (b) 0.333 V/m 
(c) 0.33 V/m (d) zero 


a AZE ELECTROMAGNETIC FIELD THEORY AND TRANSMISSION LINES 


189. If E is a vector, then V.VxE is 
(a) 0 (b) 1 (c) does not exist (d) infinity 


190. Maxwell's equation, VxB=0 is due to 


(à B-uH (b) Be 
(c) non-existence of a monopole (d) B=H 
191. For charge free regions, 
(a) V.D=0 (b) V.D=p, 
(o) V.D-2p,/e (d) V.D-ep, 
192. A static electric field cannot exist in the absence of 
(a) H (b B (c) Q (d) M 
193. Velocity of EM wave in free space is 
(a) independent of f (b) increases with increase in f 
(c) decreases with increase in f (d) increases with f? 


194. Divergence theorem is applicable for 
(a) static fields only 
(b) time varying fields only 
(c) both static and time varying fields 
(d) electric fields only 


195. The direction of propagation of EM wave is given by 


(a) the direction of E (b) the direction of H 
(c) the direction of E x H (d) the direction of E. H 
196. For uniform plane wave propagating in z-direction 
(a) E,= (b) H,- 
(c) E,-0, H,=0 (d) E,20,H,-20 
197. For free space 
(a) o=% (b o=0 (co) J#0 (d) Py =e 


198. 1 dB is 


p p p V 
(a) loBio 5 (b) 10 logo 5- (c) loge 5 (d) 10 lo&io y; 
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199. 


200. 


201. 


202. 


203. 


204. 


205. 


206. 


207. 


208. 


209. 


Velocity of propagation of EM wave is 


[Eo Ho 1 E0 
— aM. d sae 
(a) Ho ©) E0 ©) 4Ho€0o (9 Ho 


The electric field for time varying potentials 
(a) E--VV (b) E--VV-À 
(c) E-VV (d) E=-W+A 
The ratio of displacement and conduction current densities is 
€ o We 
(a) — b) = (c) o.e (d) — 
o € o 
The depth penetration of a wave in a dielectric increases with increasing 
(a) o (b) u (c) e (d) X 
The cut-off frequency of dominant mode in a waveguide is 
(a) lowest (b) highest (c) zero (d) se 
The dominant mode in a waveguide is characterised by 
(a) highest cut-off wavelength (b) lowest cut-off wavelength 
(c) zero cut-off wavelength (d) highest cut-off frequency 
The intrinsic impedence of the medium whose o=0,€,=9, p, =1 is 
(a 407Q (b 9Q (c) 120nQ (d) 60xQ 
For time varying EM fields 
(a) VxH=J (D VxH-D-J 
(c) VxE=0 (d) VxH=0 
The wavelength of a wave with a propagation constant =0.1m + 70.27 is 
(a) 10m (b) 20m (c) 30m (d) 25m 
The characteristic impedance Zo of a lossless transmission line is 
() JIC o Z © F @ F 
Ee C L LC 


VSWR =1 is obtained when 
(a) ZL = (b) ZL = oo 
(c) Z,=Zo (d) Z; is reactive 
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210. Relaxation time for good conductors is 
(a) short (b) long (c) zero (d) œ 
211. Relaxation time for good dielectrics is 


(a) short (b) long (c) zero (d) 10 ms 


212. If 6=5.8x10’ mho/m, e,-1 for copper, relaxation time is 
(a) 1.53 x 10? sec (b) 5.8 x 10” sec 
(c) 0.1724 x 107 sec (d) 1.53 ms 


213. For fused quartz, 6-10 mho/m, €,=5.0, the relaxation time is 
(a) 51.2 days (b) 5.12 days (c) 0.512 days (d) 0.0512 days 


214. Within a conductor, p, is 


(a) 0 (b) œ (c) moderate (d) 6 
215. The potential difference between any two points in a conductor is 

(a) zero (b) œ (c) very high (d) 10 V 
216. Electrostatic screening is obtained by 

(a) a conductor (b) a dielectric 

(c) a magnetic material (d) a semiconductor 


217. A wave is totally reflected when 
(a) the angle of incidence (0;) is large (b) ©; is small 
(c) 0; =0 (d) 0;=9, 
218. A wave is totally reflected when 


(a) medium 1 is denser than medium 2 


(b) medium 1 is less denser than medium 2 


(c) €17€2 
(d) 9;-8, 
219. The surface resistance of a flat conductor is equal to its 
(a) DC resistance of § thickness (b) AC resistance of § thickness 
(c) zero (d) œ 


220. For a lossless medium with €,=10, u, 25, impedance is 


(a) 2660 (b) 26.62 (c) 26602 (d) 3772 
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221. If the magnitude of H for a plane wave in free space is 2.0 m A/m, the magnitude 


of E is 
(a) 753.4 mV/m (b) 7.584 mV/m 
(c) 75.34 mV/m (d) 188.5 mV/m 


222. If distilled water has 6-0, €,-81 and p, =0, its impedance is 


(a) 418Q (b 418Q (c) 92 (d) 812 
223. A medium has u, =1 and €,=25. The phase velocity of the wave in this medium is 

(a) 0.6 x 10° m/sec (b) 6 x 10? m/sec 

(c) 0.06 x 108 m/sec (d) 0.6 x 10° cm/sec 


224. The magnitude of H of a plane wave in a medium is 5 A/m. The medium constants 
are €,=4, p, =1. The average power flow is 
(a) 2354 w/m? (b) 23.54 w/m? 
(c) 2354 w/m? (d) 2.354 w/m? 


225. For a plane travelling wave if the electric energy density is 10 mJ/m?, the magnetic 
energy density is 


(a) 10 mJ/n? (b) 10 mJ/m? (c) zero (d) 100 mJ/m? 
226. The electric field, E is due to a fixed charge is conservative because 

(a) VxE=0 (D VxE=-B (c) V.D=0 (d) V.B=0 
227. H field is 

(a) rotational (b) irrotational 

(c) transverse (d) longitudinal 


228. H field in a current-carrying region is not conservative because 
(a) VxH=J (D VxH=0 (c) V.H=0 (d) V.D=0 
229. A magnetic circuit is a followed by the flux in a magnetic material. 


230. Leakage flux, produced by the coil completes its path through the medium 
surrounding the magnetic circuit. (Yes/No) 


231. Magnetic circuits are part 


232. The magnetic flux density in a magnetic material is 
(a) uniform (b) non-uniform 
(c) zero (d) œ 
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233. In series magnetic circuits the magnetic flux in the magnetic material is 
(a) equal to the magnetic flux in air gap 
(b) not equal to the magnetic flux in air gap 
(c) zero 
(d) œ 


234. The fringing of magnetic flux means 
(a) spreading of magnetic flux in the air gap 
(b) flux is zero 
(c) flux is infinity 


(d) flux is moderate 
235. One application of electrostatic field is 
236. One application of magnetostatic field is 


237. Electric field on free charged particle 
(a) increases kinetic energy of the particle 
(b) decreases kinetic energy of the particle 
(c) makes kinetic energy zero 
(d) makes it immobile 


238. Induced electric field is 


(a) conservative (b) non-conservative 
(c) zero (d) infinity 
239. Poynting vector is 
(a) P=E.H (D P=EXxH 
* 1 * 
c) P-ExH d) P-——ExH 
(c) (d) J5 
240. B is said to be linear if 
(a) B and H are parallel (b) B and H are perpendicular 
(c) E and H are parallel (d) E and H are perpendicular 


241. When a plane wave travels in a dielectric medium, the average electric energy 
density and average magnetic density are 


(a) equal (b) zero 
(c) unequal (d) s 
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242. In a dispersive medium 


(a) signal is distorted (b) signal is not distorted 
(c) E=D (d D-H 
243. An example of a dispersive medium is 
(a) conducting medium (b) magnetic medium 
(c) magnetic material (d) non-magnetic material 


244. Brewster angle is an angle of incidence at which there exists 
(a) full reflection (b) no reflection 
(c) both reflection and transmission (d) only transmission 


245. If potential is anti-symmetric, the electric field is 
(a) symmetric (b) anti-symmetric 


(c) not present (d) not related to potential 


246. If a line charge is along the axis of a cylinder, the flux passes through 


(a) the top surface (b) the bottom surface 
(c) both the top and bottom (d) the curved surface 
247. If the line charge is along the axis of a cylinder, the Guassian surface is 
(a) top surface (b) bottom surface 
(c) curved surface (d) not present 


248. If a line charge of p; =10PC/mm is distributed along the z-axis from —«e to ee, 
the electric field on the curved surface of the cylinder whose radius is 10 cm is 
(a) 18 V/m (b) 18 V/m (c) 180 V/m (d) 1800 V/m 


249. If D=10a, C/m?, find the flux crossing 1-m? area that is normal to the axis at 
x=3m. 
(a) 10C (b 30C () 10C (d) 03 C 

250. V.E for the field of a uniform sheet charge is 
(a) zero (b) œ (c) 10 (d) —ee 


251. If E-10ra, T 5a,, V.E is 


(a) e (b) zero 
(c) =% (d) 140 V/m? 
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252. If the field at a point due to a pair of charges at +q on the z-axis is 


E- z (2 cos 0 a, + sin 0 ag), 
4n €9 f 
the -compnent of E is 
Qd LE. 
ey ere (b) 2TE r? (c) 41 €9 r oD p 


253. Two infinite sheets with a charge density p, on each are located at x 2 £2.0 m. The 


field E in -1«x«1 is 


(a) œ (b) = (c) zero (d) en 
254. If E = 10 V/m in free space, D is 

(a) zero (b) 10e, C/m (c) Werp (d) 10eg C/m? 

=0 

255. Conduction takes place when 

(a) there is a direct electrical connection 

(b) there is free space 

(c) the circuits are isolated 

(d) the circuits are widely separated 


256. Induction taken place when 
(a) there is direct electrical connection 
(b) there are more circuits 
(c) there is magnetic coupling 
(d) there is electric coupling 
257. An ideal transformer has 
(a) infinite permeability (b) zero permeability 
(c) H-Ho (d) €=€9 
258. An ideal transformer has 
(a) winding resistance of zero 
(b) winding resistance of oo 
(c) winding resistance of moderate value 


(d) high capacitance value 
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259. An auto transformer is 
(a) an ordinary transformer 
(b) a step-up transformer 
(c) a step-down transformer 


(d) one in which two windings of a transformer are also interconnected electrically 


260. An EM wave in a hollow rectangular waveguide is characterised by 


(a) TEM wave (b) only TE wave 

(c) only TM wave (d) both TE and TM waves 
261. Magnetic susceptibility has units of e. (Yes/ No) 
262. Amperian is the current due to free electrons. (Yes/ No) 
263. {B.ds=0 is always true. (Yes/No) 
264. Magnetisation has units of H. (Yes/No) 
265. Mutual inductance, M depends on 

(a) flux linkage (b) current 

(c) number of turns (d) u and geometrical path 


266. Magnetic dipole means 
(a) two magnetic charges 
(b) a current loop 
(c) two electric charges in magnetic field 
(d) electric dipole 


267. Magnetic dipole moment has 
(a) Weber as unit (b) Tesla as unit 
(c) Amp-m? as unit (d) no units 
268. Magnetic current density has the unit of 
(a) V/m? (D V/m 
(c) A/m (d) A/m? 


269. If an isolated semiconductor is placed in an electric field, the motion of free electrons 
produce an electric field that cancels the external applied field. (Yes/No) 


270. A semiconductor and conductor behave in the same manner when they are subjected 
to electric field. (Yes/No) 
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271. Dielectric strength of a material indicates the maximum E field before break down. 


(Yes/ No) 
272. Polarisation results in bound charge distribution. (Yes/ No) 
273. The electric field just above a conductor is always 
(a) normal to the surface (b) tangential to the surface 


(c) zero (d) œ 
274. The normal component of D in a dielectric medium just above the surface of a 
conductor is 
(a) equal to the surface charge density 
(b) equal to the tangential component 
(c) zero 
(d) infinity 
275. The normal components of D are 
(a) continuous across a dielectric boundary 


(b) discontinuous across a dielectric boundary 


(c) zero 
(d) œ% 
276. The number of lines of force from a point charge of 20 C is 
(a) 10 (b) 20 
(c) 30 (d) 40 


277. Potential difference is equal to the change in potential energy per unit charge in the 
limit Q — 0. (Yes/ No) 
278. In a charge free region, E, 22x, E, -2y and E; is 
(a) -4z (b) 4z (c) 2z (d) 4 
279. An electric field given by E=a, + 2a, +2a, V/m is uniform. (Yes/ No) 


280. The potential distribution within a conducting medium satisfies Laplace's equation 
as long as the medium is homogeneous and the current distribution is time invariant. 
(Yes/ No) 


281. Relaxation time is given by 


ue (b) = E (d) E 


| M 
a 
E 
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282. 
283. 


284. 


285. 


286. 
287. 


288. 
289. 
290. 
291. 


292. 


293. 


294. 
295. 
296. 


The relaxation time for pure water is 

(a) 30 ns (b) 40 ns (c) 50 ns (d) 4s 

The relaxation time for amber is about 

(a) 40 min (b) 70 min (c) 70 sec (d) 70 hrs 

Relaxation time for copper is 

(a) 1.52 x 10°? sec (b) 1.52 sec 

(c) 1.52 minutes (d) 1.52 x 10° minutes 

The permeability of all non-magnetic materials is 

(a) the same as that of free space (b) zero 

(c) œ (d) very high 

Does a charge at rest establish a magnetic field? (Yes/ No) 

Does a charge in motion establish an electrostatic field? (Yes/ No) 

Is 0-4 B.dS true? (Yes/ No) 
S 

For static fields, (ExH).ds - - J.Edv is true. (Yes/ No) 

v 

Phase velocity and the velocity of wave propagation in free space are one and the 

same. (Yes/No) 

TEM does not exist in a hollow rectangular waveguide but exists in waveguides of 

other shapes. (Yes/No) 

If a waveguide for s-band system has a = 7 cm, b = 3 cm and TE,, propagates in 

z-direction, then the cut-off frequency for TE, is 

(a) 2.142 GHz (b) 21.42 GHz 

(c) 0.2142 GHz (d) 2.142 MHz 

Cut-off frequency of TE,, mode for 2.286 cm x 1.016 cm waveguide is 

(a) 6.562 GHz (b) 0.6562 GHz 

(c) 65.62 GHz (d) 6.562 MHz 

For a square waveguide, TE,, = TE,.. (Yes/No) 

R, L, C and G of a transmission line are functions of frequency. (Yes/No) 

The shunt conductance, G of a transmission line is equal to 1/R where R is the 


series resistance. (Yes/No) 
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297. R, L, C and G of a transmission line are known as secondary constants. 
(Yes/ No) 


298. The units of R, L, C and G of a transmission line are Q, H, F, mho. (Yes/ No) 
299. R, L, G, C of a transmission line are called lumped constants. (Yes/ No) 


300. The term long line means 


X 
(a) » length or more (b) œ 
(c) 1,000 km (d) 0.1X length 
301. Short line means its length is much less than ky (Yes/No) 


302. SWR is measured by 


(a) reflectometer (b) voltmeter 
(c) ammeter (d) power meter 
303. Z, of a transmission line is independent of the length of the line. (Yes/No) 
304. Copper loss in transmission line is more if Z, is small. (Yes/No) 
305. Copper loss increases as the transmission line ages. (Yes/No) 
306. Dielectric loss in a transmission line increases with increase in frequency. 
(Yes/No) 
307. Radiation losses are more when the spacing between transmission lines is more. 
(Yes/No) 
308. Radiation losses in coaxial cable are smaller than those of parallel-wire lines. 
(Yes/No) 
309. Radiation losses become small if the frequency is increased. (Yes/No) 
310. Matched load means Z; = Zo (Yes/No) 
311. Crystallisation reduces the copper loses in transmission lines. (Yes/No) 
312. Skin effect reduces the copper loses in transmission lines. (Yes/No) 
313. For air, dielectric losses are very high. (Yes/No) 


314. The r and x circles in Smith chart are orthogonal to each other. (Yes/No) 
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À 
315. The perimeter of the outer rim of the Smith chart is of a length. (Yes/No) 
. P Vaar 
316. VSWR is given by y; * (Yes/ No) 
min 
317. If Ri » Zo, VSWR is given by RK, /Z. (Yes/No) 
318. If Z; =100+j200 and Zo=50Q, the normalised impedance is 
(a) 1+ j2 (b 2+ j4 
(c) 420 (d) 6 
319. VSWR has a range of 1< VSWR < ee. (Yes/No) 
320. VSWR has a range of 0< VSWR < ee. (Yes/No) 
321. VSWR has a range of -e < VSWR < ee. (Yes/No) 


322. The input current in a matched line is 50 mA and the load current is 1 mA. If line 
is 1 km long, attenuation in Nepers is 


(a) 3.9 NP (b) 39 NP 
(c) -39 NP (d) —39 mNP 


323. At low frequencies, Z, of a transmission line is 


IR G 
(a) 1G (b) E 


IL C 
(c) Vc (d) B 


324. At high frequencies Zp) of a transmission line is 


R G L C 
ia) acm (0) ale (c) E e. aT 
325. Unit of phase constant is 
(a) rad/m (D m 
(c) degrees (d) rad/m? 


326. At LF and VLF, polarisation often used is 
(a) vertical (b) horizontal 
(c) theta (d) elliptical 
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327. dB; means power gain of the antenna in dB relative 


(a) dipole (b) isotropic antenna 
(c) dish (d) horn 
328. dB,, means power gain compared to 
(a) 1W (b) 1 uW (c) 1mW (d) 1 MW 
329. If the signal level is 1 mW, power gain is 
(a) 0 dBm (b) 1 dBm 
(c) 10° dBm (d) 10 dBm 
330. Whip antenna has a physical length of 
i "E 
dn 6) 5 
DN (d) X 
331. For a 300Q antenna operating with 5 A of current, the radiated power is 
(a) 7500 W (b) 750 W 
(c) 75 W (d) 7500 mW 
332. Effective area of antenna is a function frequency. (Yes/No) 


333. Antenna used in mobile communications is 


(a) whip antenna (b) dipole 
(c) dish (d) horn 
334. Half-power beamwidth of a dish antenna is 
(a) 70A/D (b) 7OD/A 
(c) 7D/X (d) 7A/D 
335. If a current element is z-directed, vector magnetic potential is 
(a) x-directed (b) y-directed 
(c) 0-directed (d) z-directed 


336. If vector magnetic potential has only A,, Fy is 


337. Radiation resistance of a current element is 


» (al) 2 aly 
(a) 80x (e (b) 800 (c) 80m Q (d) (23 
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338. Radiation resistance of quarter wave monopole is 


339.Directional pattern of a short dipole in the horizontal plane is a 


340. 
341. 
342. 
343. 
344. 
345. 


346. 


347. 
348. 
349. 
350. 


351. 


Directional pattern of a horizontal half wave centre fed dipole is 

Effective length of a dipole is always than the actual length. 

The directivity of half wave dipole is 

The directivity of current element is 

Effective area of a Hertzian dipole operating at 100 KHz is 

FCC means 

(a) Federal Communication Council (b) Foreign Communication Council 
(c) Fixed Communication Council (d) France EC 

VDE is EMC standard of 

(a) USA (b) India (c) France (d) Germany 
Grounding a conductor will the charge. 

EMP is created by 

Shielding is one of the popular methods for 

The average incident radiation power density should not exceed for 


human exposures greater than 30 seconds. 


The unit of self-reaction is 


Answers 

1. (a) 2. (a) 3. (d) 4. (d) 5. (c) 

6. (c) 7. (a) 8. (a) 9. (a) 10. (a) 
11. (a) 12. (b) 13. (a) 14. Higher 15. High 
16. Yes 17. (a) 18. Yes 19. Yes 20. (b) 
21. (b) 22. (a) 23. (a) 24. (a) 25. (a) 
26. (a) 27. (c) 28. (a) 29. (a) 30. (b) 


31. (a) 32. (a) 33. (b) 34. (c) 35. (b) 
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36. No 37. Yes 38. (a) 39. (a) 40. No 
41. (c) 42. Yes 43. No 44. No 45. (a) 
46. Yes 47. Yes 48. (b) 49. (d) 50. (a) 
51. (a) 52. (b) 53. (b) 54. (a) 55. (c) 
56. (c) 57. (b) 58. (d) 59. (a) 60. (a) 
61. (b) 62. (a) 63. (b) 64. (a) 65. (a) 
66. (a) 67. (a) 68. (c) 69. (b) 70. (a) 
71. (b) 72. (b) 73. (a) 74. (c) 75. (a) 
76. (c) 77. (b) 78. (d) 79. (c) 80. (a) 
81. (d) 82. (b) 83. (b) 84. (a) 85. (c) 
86. (c) 87. (a) 88. (a) 89. (a) 90. (a) 
91. (a) 92. (c) 93. (b) 94. (b) 95. (c) 
96. (b) 97. (d) 98. (a) 99. (a) 100. No 
101. (a) 102. (d) 103. (c) 104. (a) 105. (c) 
106. (b) 107. (b) 108. (d) 109. (a) 110. (a) 
111. (b) 112. Yes 113. Yes 114. (a) 115. (a) 
116. (a) 117. (a) 118. (a) 119. (a) 120. (a) 
121. (a) 122. (a) 123. (b) 124. (d) 125. (a) 
126. (a) 127. (c) 128. (b) 129. (b) 130. (a) 
131. (a) 132. (d) 133. Yes 134. Yes 135. Yes 
136. No 137. (a) 138. (a) 139. (a) 140. (a) 
141. (a) 142. (a) 143. (a) 144. (b) 145. (b) 
146. (a) 147. (a) 148. (a) 149. (a) 150. (b) 
151. (d) 152. (d) 153. (a) 154. Yes 155. (a) 
156. Yes 157. Yes 158. Yes 159. Yes 160. Yes 
161. Yes 162. No 163. (b) 164. (a) 165. Yes 
166. Yes 167. (a) 168. No 169. Yes 170. (d) 
171. (d) 172. (b) 173. (a) 174. (b) 175. (a) 
176. (a) 177. (a) 178. (a) 179. (a) 180. (a) 
181. (b) 182. (a) 183. (a) 184. (b) 185. (a) 
186. (a) 187. No 188. (c) 189. (a) 190. (c) 
191. (a) 192. (c) 193. (a) 194. (c) 195. (c) 


196. (d) 197. (b) 198. (b) 199. (c) 200. (b) 
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201. (d) 202. (d) 203. (a) 204. (a) 205. (a) 
206. (b) 207. (a) 208. (b) 209. (c) 210. (a) 
211. (b) 212. (a) 213. (a) 214. (a) 215. (a) 
216. (a) 217. (a) 218. (a) 219. (a) 220. (a) 
221. (a) 222. (b) 223. (a) 224. (a) 225. (a) 
226. (a) 227. (a) 228. (a) 229. Closed path 

230. Yes 231. Rotating machines, relays 232. (a) 
233. (a) 234. (a) 235. (d) Deflect the electrons in CRT 

236. Magnetic separator 237. (a) 238. (b) 239. (b) 
240. (a) 241. (a) 242. (a) 243. (a) 244. (b) 
245. (a) 246. (d) 247. (c) 248. (a) 249. (a) 
250. (a) 251. (b) 252. (a) 253. (c) 254. (d) 
255. (a) 256. (c) 257. (a) 258. (a) 259. (d) 
260. (d) 261. No 262. No 263. Yes 264. Yes 
265. (a) 266. (b) 267. (c) 268. (a) 269. Yes 
270. Yes 271. Yes 272. Yes 273. (a) 274. (a) 
275. (a) 276. (b) 277. Yes 278. (a) 279. Yes 
280. Yes 281. (a) 282. (b) 283. (b) 284. (a) 
285. (a) 286. No 287. No 288. Yes 289. Yes 
290. Yes 291. No 292. (a) 293. (a) 294. Yes 
295. Yes 296. No 297. No 298. No 299. No 
300. (a) 301. Yes 302. (a) 303. Yes 304. Yes 
305. Yes 306. Yes 307. Yes 308. Yes 309. No 
310. Yes 311. No 312. No 313. No 314. Yes 
315. No 316. Yes 317. Yes 318. (b) 319. Yes 
320. No 321. No 322. (a) 323. (a) 324. (c) 
325. (a) 326. (a) 327. (b) 328. (c) 329. (a) 
330. (a) 331. (a) 332. Yes 333. (a) 334. (a) 
335. (d) 336. Zero 337. (a) 338. 36.5 Q 339. Circle 
340. Figure of eight 341. Less 342. 1.64 343. 1.5 
344. 1.07 m? 345. (a) 346. (d) 347. Bleed off 

348. Nuclear detonations 349. EMC design 


350. 10 mW / cm? 351. Watt 
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INDEX 


A 


Ampere’s circuit law, 189, 191, 201 

Ampere’s law, 179, 180, 185, 278 

Antenna efficiency, 481, 505 

Antenna impedance, 479 

Antenna parameters, 479 

Attenuation constant, 297, 300, 301, 303, 305, 346 


Biological effects, 515, 529 
Biot-Savart's, 180, 185, 186 

Bonding, 524, 526 

Brewster angle, 284, 333, 334, 344, 345 


C 


Cartesian coordinates, 242 

Cavity resonator, 351, 395, 396, 405 
Characteristic impedance, 248 

Circular polarisation, 312, 313, 345, 405 

CISPR, 528, 540 

Coaxial line, 415, 418, 438 

Complex Poynting vector, 341, 344, 345, 347, 388 


Conduction current density, 138, 165, 261, 262, 248, 
279, 280 


Conductivity, 136, 137, 143, 229, 248, 253, 261, 282 
Conductors, 67, 130, 136, 276, 279 

Copper losses, 437, 438 

Coulomb, 71, 77, 228, 280 

Crystallisation, 438 


Curl, 23, 53, 57, 193, 194, 206, 207, 228, 237, 249, 272, 
273, 277 


Current densities, 138, 168, 215 

Current distribution, 271 

Current element, 180, 183, 185, 186, 187 

Cut-off wavelength, 44 

Cylindrical coordinates, 17, 18, 24, 55, 56, 62, 63 


D 


Decibel, 27, 58 

Degenerate mode, 394 

Del, 13, 22, 53, 62, 63, 64 

Depth of penetration, 310, 335, 395, 525, 526 
Determinant, 13, 31, 32, 33 

Dielectric losses, 437, 438 

Dielectric materials, 143, 144, 151 

Dielectrics, 143, 144, 149, 151, 166, 168, 169, 175 
Differential length, 21, 69, 83, 85, 189, 245 
Differential volume, 70 

Dipole, 108, 110, 112, 145 

Direction cosine, 314, 315 

Directional characteristics, 474, 479, 511 

Directive gain, 481, 501, 505, 506, 507, 512 
Directivity, 505, 507, 508 

Distortionless transmission line, 429, 463, 464 
Divergence, 22, 121, 124, 128, 139, 228, 250, 273, 277 
Divergence theorem, 52, 54, 68, 161, 226, 244, 247, 251 


Effective area, 481, 503, 506, 507, 513 

Effective length, 479, 506, 508, 511 

Electric dipole moment, 110, 112, 166, 168, 169, 172 

Electric field, 105, 107, 108, 109, 112, 114 

Electric field intensity, 77, 79, 164, 173, 174, 199, 228, 
281 
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Electric flux, 23, 113, 114, 115 H 
Electric flux density, 113, 116, 143 


Electric susceptibility, 147, 166, 168, 169, 173,174,211, Helmholtz theorem, 241, 273, 277 


230 Homogeneous medium, 253, 277 
Electromagnetic field, 69, 241, 242, 264 I 
Electromotive force, 246 
Electrostatic field, 67, 68, 69, 243 Inductance, 217, 219 
Electrostatics, 67, 68, 180 Induction field, 234, 490, 507 
Elliptical polarisation, 312, 313, 345 Induction theorem, 518 
EM wave, 62, 242, 243, 257, 271, 283 Inductor, 217, 219, 225, 233, 235 
EMC, 514, 519 Input impedance, 423, 424 
EMC standards, 527, 528 Intrinsic impedance, 248 
EMF theory, 474, 514, 543 ISI, 528, 544 
EMI, 538, 543, 544 Isotropic medium, 253, 277 
EMP, 514, 531, 541 J 
EMS, 519 
Energy density, 159, 162, 169, 174, 222, 223, 224 Joule, 106, 168, 175 
Energy in a capacitor, 162 L 
Equation of continuity, 139, 165, 174, 243 
Equipotential surface, 108, 167 Laplace, 126, 128, 129, 132 
Equivalence theorem, 517, 518, 514 Line charge, 164, 167, 171, 177 
ESD, 514, 530 Line integral, 189, 190, 191, 197, 265 
Evanescent mode, 407 Loading of lines, 414 
Excitation method, 386 Logarithmic series, 29 
Lorentz force equation, 179, 198, 200 
F Lossless transmission line, 441, 463 
Far-field, 208, 271 M 
Faraday's law, 118, 181, 250, 280 
FCC, 528, 540 Magnet, 180, 181 
FDM, 514, 533 Magnetic dipole, 213, 214 
FEM, 514, 533 Magnetic dipole moment, 211, 213, 214, 232 
Ferromagnetic material, 211, 212, 213, 232 Magnetic flux, 234, 235, 246 
Field pattern, 379 Magnetic flux density, 23, 54, 180, 182, 245, 272 
Filtering, 524, 527, 540 Magnetisation, 212, 213 
Free space, 182, 183, 241, 242 Man-made source, 539, 544 
Matrices, 13, 32, 33 
G Maxwell’s equations, 244, 245, 272 
Gauss s law, 67, 68, 101, 116, 118, 280 ME b. nn 
Gaussian surface, 116, 119, 125, 167, 168, 246 Mutual inductance, 227, 228, 233 


Gradient, 107, 112 


Grounding, 524, 538, 539 N 
Group velocity, 364, 367, 368, 404 
Guide wavelength, 45 Natural sources, 542 


Guided waves, 351, 352, 466 Near-field, 523 


Neper, 27, 28, 58 
Newton, 77, 78, 170 
Normal incidence, 318 


(0) 


Oblique incidence, 284, 345 
Open circuited load, 431 


P 


Pair of lines, 415 

Parallel plate, 150, 256 

Parallel polarisation, 325, 333, 335 
Paramagnetic material, 211, 212, 232 
Permittivity, 78, 131, 132, 150, 248, 253, 256 
Perpendicular polarisation, 328, 332, 334, 345 
Phase shift constant, 296, 307 


Phase velocity, 297, 305, 345, 364, 367, 404, 407, 408, 
413, 429 


Poisson’s equation, 126, 127, 175 
Polarisation, 144, 145, 166 
Potential, 165, 171, 177 
Potential gradient, 107, 165 
Power gain, 27, 58 

Power pattern, 480 

Poynting theorem, 284, 317, 337 
Poynting vector, 54 

Primary constants, 418 
Propagation constant, 282 


Q 


Quality factor, 219, 232, 235 


R 


r-circle, 451, 452, 453 

Radian, 17, 51 

Radiation field, 243 

Radiation intensity, 480, 481, 501, 505, 507 
Radiation losses, 437, 438 

Radiation mechanism, 474, 483 

Radiation resistance, 474, 479, 487, 489, 497 
Reactance circle, 451 

Reaction, 514, 517, 540 

Rectangular waveguide, 369, 373 


Reflected wave, 290, 318, 320, 407, 421, 422, 518 
Reflection coefficient, 54 

Relaxation time, 140, 166, 169, 172, 174 
Retarded potentials, 241, 271, 277 

RF lines, 414, 432, 433, 464 


S 


SAE, 528 

Scalar, 13, 14, 272 

Secondary constants, 414, 425 
Self-reaction, 517, 538, 540, 541, 543 
Shielding, 524, 525, 540 

Shorted load, 431, 432 

Skin depth, 310, 408, 411 

Skin effect, 437 

Smith chart, 450 

Solenoid, 219, 221 

Solid angle, 51, 54, 121 

Spherical coordinates, 19, 20, 24, 112, 196, 242 
Static field, 247, 263, 270, 273, 276, 278 
Stoke, 52, 197, 231, 246, 250 

Stub, 452, 453 

Surface charge, 70 

Surface impedance, 284, 335 

Surface resistance, 389 

Susceptibility, 211 


T 


TE waves, 356, 358, 365 
TEM waves, 351, 384, 385 
Tesla, 174, 176 

TM waves, 44 

Toroid, 218, 221, 232 
Torque, 209, 210, 211, 238 


U 


Uniform plane wave, 287, 288, 352, 356, 478 
Uniqueness theorem, 128 


V 


VDE, 528, 541, 544 
Vector, 107, 110, 116, 128 
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Vector electric potential, 516, 538, 540 W 
Vector magnetic potential, 179, 207, 208 


Velocity of tion, 271, 274 
che psum d Wave impedance, 366, 387 


VG, 528, 544 Waveguide, 208, 380, 384, 387 
Voltage standing wave ratio, 434, 457 Wavelength, 44, 62, 63, 282 
Volume charge, 70, 71, 97, 141 Weber, 171, 174 


VSWR, 434, 435, 452 Work done, 102, 103, 104, 159, 163 


Wave equation, 284, 285, 286 


